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Penalty immersed boundary method for an elastic boundary with mass

Yongsam Kim? and Charles S. Peskin®
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The immersed boundary (IB) method has been widely applied to problems involving a moving
elastic boundary that is immersed in fluid and interacting with it. Most of the previous applications
of the IB method have involved a massless elastic boundary and used efficient Fourier transform
methods for the numerical solutions. Extending the method to cover the case of a massive boundary
has required spreading the boundary mass out onto the fluid grid and then solving the Navier-Stokes
equations with a variable mass density. The variable mass density of this previous approach makes
Fourier transform methods inapplicable, and requires a multigrid solver. Here we propose a new and
simple way to give mass to the elastic boundary and show that the method can be applied to many
problems for which the boundary mass is important. The method does not spread mass to the fluid
grid, retains the use of Fourier transform methodology, and is easy to implement in the context of
an existing IB method code for the massless case. Two verifications of the method are given. One
is a numerical convergence study that shows that our numerical scheme is second-order accurate for
a particular test problem. The other is direct comparison with experimental data of vortex-induced
vibrations of a massive cylinder, which shows that the results obtained by the present method are

quite comparable to the experimental data. © 2007 American Institute of Physics.

[DOL: 10.1063/1.2734674]

I. INTRODUCTION

The purpose of this paper is to propose a simple way to
extend the immersed boundary (IB) method to a situation in
which an elastic moving boundary has mass that cannot be
neglected and to show several examples of the application of
this new methodology. In the examples chosen, the boundary
mass plays a crucial dynamical role. This is in contrast to
most previous applications of the IB method, in which the
immersed boundary or structure was either thin and mass-
less, or thick and neutrally buoyant in the ambient fluid.

What these two cases have in common is that the mass
of the boundary or structure is equal to the mass of the fluid
that it displaces. (In the case of a thin massless boundary, this
is trivially true: the boundary has no mass and displaces no
volume.) The present paper is concerned with the opposite
case, in which the immersed boundary or structure has a
greater mass than that of the fluid it replaces. For a thin
boundary that displaces no volume, this simply means that
the boundary has mass. For a thick immersed structure, it
means that the density of the structure is greater than that of
the ambient fluid.

The IB method was developed to study flow patterns
around heart valves, and is a generally useful method for
problems in which elastic materials interact with a viscous
incompressible fluid. In the IB formulation, the fluid equa-
tions are written in Eulerian form, and the fluid variables
(velocity and pressure) are stored on a fixed Cartesian com-
putational lattice. The equations that describe the immersed
boundary are written in Lagrangian form, and the boundary
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variables (position and Lagrangian force density) are stored
on a discretization of a moving curvilinear coordinate system
attached to the immersed boundary. The Cartesian and cur-
vilinear computational meshes do not coincide, and data are
transferred from one to the other with the help of a regular-
ized Dirac delta function. This whole approach has been ap-
plied successfully to problems of blood flow in the heart,' ™
wave propagation in the cochlea,®’ platelet aggregation dur-
ing blood clotting,8 and several other problems.g_13

In these applications, however, the elastic boundary ei-
ther has no mass in the case of a thin boundary or is neutrally
buoyant in the case of a thick “boundary” like the muscular
heart wall. We use the word “massless” to cover both cases,
the meaning being that the presence of the immersed bound-
ary or structure does not add any mass beyond what would
be there anyway if the boundary or structure were replaced
by fluid. The massless assumption appears in one version of
the mathematical derivation of the IB method>* (see, how-
ever, Ref. 14) and can be applied when the mass of the
moving boundary is too small to have a significant effect on
the overall motions of the fluid and the elastic material. With
the massless assumption, however, we cannot approach
many other problems for which the boundary mass is impor-
tant. Consider, for example, the simulation of a flapping fila-
ment in a flowing soap film as studied by Zhu and
Peskin,li16 who have shown that a massless filament does
not flap at all, and that filament mass is essential for the
sustained flapping that is seen not only in simulations with
mass but also in laboratory experiments.17 Subsequent ex-
periments (Zhang, personal communication) have shown as
predicted that an extremely fine filament fails to flap under
the same conditions in which flapping of a more massive

© 2007 American Institute of Physics
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filament had been seen. Many other examples, in which the
massless assumption is not reasonable, arise in aerodynam-
ics. Since the density of air is so small, it is usually the case
that elastic boundaries immersed in air have mass that cannot
be neglected. Not only the inertial effect of the boundary
mass but also the effect of gravity on the boundary mass are
important. We study such examples in this paper.

In Ref. 15, the method used to handle boundary mass
was to spread that mass out onto the fluid grid, in much the
same manner as boundary force is conventionally applied to
the fluid grid in the IB computations. When this is done, a
variable density p(x,7) appears in the Navier-Stokes equa-
tions, and this complicates the numerical solver of those
equations. Specifically, it makes Fourier methods inappli-
cable and requires that an iterative method such as MULTI-
GRID be used instead.

Our current approach, which was introduced in the Ph.D.
thesis of the first author,'® and which has already been ap-
plied to the aerodynamics of the vocal folds in Ref. 19, stays
much closer to the IB method for the massless case. In par-
ticular, it does not spread mass to the fluid and so it requires
the same constant-density Navier-Stokes solver as is used in
the massless case. The key idea is to split the immersed
boundary conceptually into two Lagrangian components.
One component is massless and interacts with the fluid ex-
actly as in a traditional IB computation; i.e., it moves at the
local fluid velocity and applies force locally to the fluid. The
other component carries mass. It is connected to the massless
component by a system of stiff springs. It has no elasticity of
its own, and does not interact with the fluid directly. Instead,
the massive component of the immersed boundary moves as
though in a vacuum, according to Newton’s law of motion
with the forces being those generated by the system of stiff
springs that connects the massive component of the bound-
ary to the massless component. If the effects of gravity are to
be modeled, then the gravitational force is also applied di-
rectly to the massive component of the immersed boundary.
Because the springs that connect the massive and massless
components of the boundary are stiff, the two components
stay close together, and the system comprised of these two
components acts like an immersed boundary with mass. This
may not be obvious, but will be demonstrated by a conver-
gence study (Sec. IV) in which the spring stiffness increases
as other computational parameters such as meshwidth and
timestep are refined.

Even though the two boundaries (which we call massive
and massless boundaries) are supposed to coincide, we allow
them to separate by an amount that depends inversely on the
stiffness of the spring connecting them. The stiffness param-
eter of this spring is analogous to a penalty parameter in a
constrained optimization problem, which is why we call this
new mass-handling idea the penalty immersed boundary
(pIB) method. We shall see later that, in the limit of infinite
spring stiffness, the two boundaries do indeed coincide, and
moreover that the force applied by the massive boundary to
its massless counterpart converges to a finite limit, which in
fact is equal to the D’Alembert force associated with the
mass of the immersed boundary.

In order to provide further verification that the pIB
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method correctly gives mass to the immersed boundary, we
simulate the vortex-induced vibration of an elastically
mounted circular cylinder and compare the simulation results
to experimental data (Sec. V). Since vortex-induced vibra-
tion has been extensively explored by many researchers ex-
perimentally and computationally, it is a good benchmark
problem for the validation of our numerical scheme. We shall
see that the results obtained by the pIB method are quite
comparable to the existing data both qualitatively and quan-
titatively. Finally, we introduce two three-dimensional (3-D)
problems as applications of the pIB method: windsock and
flag (Sec. VI).

Il. EQUATIONS OF MOTION

We begin by stating the mathematical formulation of the
equations of the motion for a system comprised of a three-
dimensional viscous incompressible fluid containing an im-
mersed, elastic boundary with mass:'*

p(%+u-Vu>=—Vp+,u,Au+f, (1)
V-u=0, (2)
p(x,1) = py + J M(r,s)8x - X(r,s,t)]drds, (3)
f(x,1) = f F(r,s,t)8[x - X(r,s,t)]drds, (4)

Z—)f(r,s,t) =u[X(r,s,1),t] = f u(x, 1) o x - X(r,s,1)]dx,

(5)

F(r,s,t)=— j—i[X(r,s,t),t]. (6)

Equations (1) and (2) are the familiar Navier-Stokes
equations for a viscous incompressible fluid subject to an
applied body force per unit volume f(x,7). The density p(x,¢)
is the nonuniform mass density of the whole system (fluid
+boundary) and u is the constant fluid viscosity. The un-
known functions in the fluid equations are the fluid velocity
u(x,?); the fluid pressure p(x,7); and the force per unit vol-
ume applied by the immersed boundary to the fluid f(x,7),
where x=(x,y,z) are fixed Cartesian coordinates, and 7 is the
time.

Equation (6) is the immersed boundary equation that is
written in Lagrangian form. The parameters r, s label a fixed
material point. The unknown X(r,s,7) completely describes
the motion of the immersed boundary, and also its spatial
configuration at any given time. Note that X(r,s,) repre-
sents a two-dimensional (2-D) surface in three-dimensional
space, which is the case in all the 3-D applications in this
paper. The function F=F(r,s,1) is the force density applied
by the immersed boundary to the fluid, in the sense that
F(r,s,t)drds is the force applied to the fluid by the patch of
immersed boundary drds. The elastic contribution to this
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force density is given by the variational derivative —dE/dX
of the elastic energy functional E[X(-, -,)]. This variational
derivative is implicitly defined by

dE(1) =f %(r,s,t) -dX(r,s,t)drds, (7)

where dX is a perturbation of the boundary configuration and
dE is the resulting perturbation in the elastic energy of the
boundary (to first order).

In this paper, the energy functional E[X(-, -,)] is chosen
a simple way. In a 2-D space, we consider an immersed
boundary as a one-dimensional (1-D) rod and use two elas-
ticities: one that resists stretching and compression, and an-

other that resists bending:
1 S #X
E[X()]=Ecrf< —1)ds+§chf‘%
(8)

where ¢, and ¢, are constants. Regarding a 2-D boundary
immersed in a 3-D space as a shell or membrane, one could
use quite general strain-stress relations.”'" In all our 3-D
simulations, however, we use a very simple law to generate
the elastic force. The 2-D immersed boundaries are modeled
as collections of 1-D rods. Suppose that X(r,s) is an im-
mersed boundary. For a fixed r or s, X(r,s) is a curve that is
parametrized as a function of s or r, respectively. Now each
such curve can be assigned the same strain-stress relation as
is used for the 1-D immersed boundary in our 2-D simula-
tion, and all the forces generated from all these rods are
summed up to make an elastic force F(r,s).

Equations (3)—(5), which we call interaction equations,
involve the three-dimensional Dirac delta function &(x)
=8(x)8(y)8(z), which expresses the local character of the
interaction. The constant py is the fluid density, and M(r,s) is
the mass density of the immersed boundary in the sense that
M(r,s)drds is the mass of the patch drds. In (3) and (4), the
delta function 8(x)=8(x)8(y)d(z) is still three-dimensional,
but there are only two integrals drds. As a result, p(x,f) and
f(x,7) are each singular, like a one-dimensional delta func-
tion with the singularity supported on the immersed bound-
ary. Note that the integrals of p(x,7) and f(x,7) over any
finite volume are finite. In the case of p(x,7), for example,
we may integrate over an arbitrary region () to find

JX

2
ds,
Js

f p(x,t)dx = pyVol({2)
Q
+J JM(r,s)é[X—X(r,s,t)]drdst
Q

=pyVol(Q) + f M(r,s)drds, 9)

X(r,s)eQ

which represents the sum of the mass of the immersed ma-
terial and the fluid that are contained within a fixed space
region (). Similarly, the integral of f(x,#) over such a volume
is the total force applied to the fluid by the part of the im-
mersed material contained within that volume.
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Equation (5) is the equation of motion of the immersed
elastic boundary. It is a consequence of the no-slip condition
that holds in a viscous fluid. This is rewritten in terms of the
Dirac delta function in the second form of Eq. (5). We do so
in order to expose a certain symmetry with Eq. (4), in which
the force generated by the immersed boundary is re-
expressed as a body force acting on the fluid. This symmetry
is important in the construction of our numerical scheme.
Note, however, that the integral in Eq. (5) is a triple integral
(dxdydz), unlike the integral in Egs. (3) and (4). Thus, JX/dt
is finite, unlike p and f.

Note that Zhu and Peskin'>'® use this system of equa-
tions (1)—(6) and solve it directly. This introduces a nonuni-
form mass density p(x,?) [see Eq. (3)]. We avoid this in the
present paper by the use of the formulation described below.

First, we substitute the density defined in Eq. (3) into Eq.
(1), and separate the left-hand side of (1) into two terms: one
involving the constant density p, and the other containing the
singular part of p(x,¢) that comes from the immersed bound-
ary. Then,

ou
p0<5+u~Vu):—Vp+,u,Au+f—fD, (10)

£,(x,1) = f b “D(’;”)M(r,s)a[x-X(r,s,t)]drds, (11)

where D/Dt is the material derivative. Using the relation

#X Du
_’st:_X s7t9t3 12
5.0 = X (50,1 (12)
we can interpret f,(x,7) in Eq. (11) as an Eulerian body force
obtained by using the Dirac delta function to transform the
Lagrangian expression

FD(r,s,t)=M(r,s)i7§(r,s,t), (13)
which is known as the D’Alembert force. In a numerical
procedure, one might try to evaluate Fj(r,s,7) by applying
an explicit time difference to dX/dr as evaluated by Eq. (5)
at the current timestep and at the previous timestep. Fp could
then be applied to the fluid grid like any other immersed
boundary force by using the Dirac delta function. This
method was proposed by Wang and is compared to other
approaches in Ref. 21. The conclusion of that study was that
the direct application of the D’ Alembert force in an explicit
scheme is only numerically stable when the boundary mass
is very small. (Use of the D’Alembert force in an implicit
context has recently been proposed by Mori.) Here we use a
different way of approximating Fj, as described in the fol-
lowing.

We modify the equations discussed so far to make what
we call the penalty immersed boundary (pIB) method.'® To
do this, we introduce two boundaries immersed in a 3-D
fluid; one is a massive boundary Y(r,s,#) having all the mass
of the elastic immersed boundary, and the other is a massless
boundary X(r,s, 7). The massive boundary Y(r,s,?) has mass
density M(r,s) but does not interact with the surrounding
fluid directly. On the other hand, the massless boundary
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Massive boundary

Spring

F Massless boundary B

FIG. 1. Massive and massless boundaries are linked together by a collection
of a very stiff springs with rest length zero.

X(r,s,1) interacts with the fluid: it moves with the local fluid
velocity and exerts an elastic force locally on the fluid. Both
the massless and massive boundaries are supposed to repre-
sent the same material surface. If a pair of corresponding
boundary points moves apart, a restoring force appears in
order to make them move close together (see Fig. 1). The
restoring force Fy acting on the massless boundary is

Fy(r,s,t) = K[Y(r,s,1) = X(r,s,1)], (14)

where K is a constant chosen so that K> F /L, where Fisa
characteristic force density and L is a characteristic length of
the problem in question.

Now the massive boundary Y(r,s,7) moves according to
the following equation:

M(r,s) =—Fg(r,s,1). (15)

PY(r,s,1)
o
Note that the only force acting on the massive boundary is
the reaction force —Fg (we shall add to this a gravitational
force later), and that the massive boundary does not interact
with the fluid directly. On the other end of the spring, the
massless boundary X(r,s,?) applies to the nearby fluid both

its elastic force Fy=—dE/dX and the spring force Fy.

Consider the case in which K in (14) goes to infinity. The
massive boundary Y(r,s,?), then, approaches the massless
boundary X(r,s,t), in which case, using X(r,s,7) only, we
can see that Fg(r,s,1) is the same as —F(r,s,?) of Eq. (13).
Note that, in practice, K cannot be infinite, but we can keep
X(r,s,r) and Y(r,s,r) as close as we like by choosing K
sufficiently large. For two different quantitative demonstra-
tions of this fact, see Secs. IV and V.
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With a large constant K (not infinity), we can use Egs.
(14) and (15) instead of Eq. (13) (D’Alembert force) and
derive the equations of motion for the pIB method as fol-
lows:

ou
pO(E+U-Vu)=—Vp+,u,V2u+f, (16)
V.u=0, (17)
f(x,1) = J F(r,s,t) o x — X(r,s,t)]drds, (18)

%(r,s,t) =u[X(r,s,1),t] = f u(x, ) g x - X(r,s,1)]dx,

(19)

F=F;+Fy, (20)
oE

FE == &’ (21)

Fi(r,s,t) = K[Y(r,s,t) = X(r,s,0)], (22)

M(r,s)% =—Fg(r,s,t) = M(r,s)ge;, (23)

where g is the gravitational acceleration and e; is a unit
vector in the vertical direction (against gravity). We have
here added a gravitational term on the right-hand side of Eq.
(23) in order to allow for the influence of gravity on the
massive immersed boundary. In Eq. (16), the symbol p now
denotes (pressure+pgz). Thus, —Vp=—V(pressure)—pges,
and the gravitational force acting directly on the fluid is au-
tomatically included in Eq. (16) in this manner.

Note that there is no need in the above formulation to
evaluate explicitly the force of the fluid on the immersed
boundary. This would be complicated to do, since it would
require evaluation of the fluid stress tensor at a moving in-
terface of complicated geometry. What we evaluate instead is
the force of the immersed boundary on the fluid (which is
equal and opposite to that of the fluid on the immersed
boundary, by Newton’s law of equal and opposite forces).
We evaluate the force of the boundary on the fluid as the sum
of the elastic force and the penalty force [see Egs. (20)—(22)].
This sidesteps the difficulty of explicitly evaluating the fluid
stress tensor on the two sides of the boundary.

lll. NUMERICAL IMPLEMENTATION OF THE PIB
METHOD

We now describe a formally second-order IB method to
solve the equations of motion.”** The word “formally” is
used as a reminder that this scheme is only second-order
accurate for problems with sufficiently smooth solutions.
Even though our solutions are not smooth (the velocity has
jumps in derivative across the immersed boundary), the use
of the formally second-order method results in improved ac-
curacy (see Ref. 22).
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The specific formally second-order method that we use
is the one described in Ref. 2 generalized here to take into
account the massive boundary that is linked to the immersed
elastic boundary by stiff springs. In this method, each
timestep proceeds in two substeps, which are called the pre-
liminary and final substeps. In the preliminary substep, we
get data at time level n+% from data at time level n by a
first-order accurate method. Then the final substep starts
again at time level n and proceeds to time level n+1 by a
second-order accurate method. This Runge-Kutta framework
allows the second-order accuracy of the final substep to be
the overall accuracy of the scheme.”

We use a superscript to denote the time level. Thus,
X"(r,s) is shorthand for X(r,s,nAt), where At is the dura-
tion of the timestep, and similarly for all other variables. Our
goal is to compute updated u™*!, V'*! where V=dY/dt,
X! and Y™*! from given data u”, V", X", and Y".

Before describing how this is done, we have to say a few
words about the spatial discretization. There are two such
discretizations: one for the fluid and the other for the elastic
boundary.

The grid on which the fluid variables are defined is a
fixed uniform cubic lattice of meshwidth ~A=Ax;=Ax,=Ax;.
Now we introduce the central difference operator D;, defined
for i=1,2,3, as follows:

&(x + he') — d(x — he')
2h ’

(D;¢)(x) = (24)

where €' is the unit vector in the ith coordinate direction. As
the notation suggests, the difference operator in ith direction
D; corresponds to the ith component of the differential op-
erator V. Thus, D,, will be the discrete gradient of p, and
D-u will be the discrete divergence of u.

We shall also make use of the central difference Laplac-
ian L:

3 . ..

P(x + he') + Pp(x — he') — 2p(x)
(LP)x)=2 e . (25)

i=1

The fluid mesh and the elastic boundary mesh defined

below are connected by a smoothed approximation to the
Dirac delta function. It is denoted &, and is of the following
form:

X X X
awo=ro{ ool ol ) s
(%) i L (26)
where x=(x,X,,x3), and the function ¢ is given by
g
_ / _ 2
3=2|r + V1 +4|r] 4r’ i <1,
8
=< _ = _ 2
@(r) 5=2|r| =\=7+12|r| - 4r Cif1=ll<2,
8
L 0, if2<|r.
(27)

The motivation and derivation of this particular choice are
discussed in Refs. 3 and 4.
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We are now ready to describe a typical timestep of the
numerical scheme. The preliminary substep, which goes
from time level n to n+%, proceeds as follows:

First, update the position of the massless boundary
X”+1/2(V,S)Z

Xn+l/2 _X»

VR > u'(x)8,[x - X" (r,8) 1. (28)

X

Here and throughout the paper, 2, denotes the sum over the
cubic lattice in physical space on which the fluid variables
are defined. Similarly, >, ; will denote the sum over rectan-
gular lattice in (r,s) space on which the two boundary posi-
tions X, Y, the force density F, and the mass density M are
defined.

The key to generalizing the formally second-order
method to the massive case is to handle the massive bound-
ary in a manner that closely parallels the numerical treatment
of the immersed boundary itself. Thus, we update Y"*!2 in a
manner similar to X"*!/2:

Yn+1/2 _ Yn Vn (29)
A2

where V" is the velocity vector of the massive boundary (the
known value at time nAt, like u”).

Next, calculate the force density F"*!/2, which is the sum
of two parts; one is an elastic force and the other is from the
spring linked between massless and massive boundaries:

FnK+1/2 — K(Yn+1/2 _ Xn+1/2) , (30)

JE
Fn+1/2 —_ &(XrHI/Z) + F';<+1/2. (3 1)

These are discretizations of Egs. (20)—(22), respectively.

Now we have to change this elastic force density defined
on Lagrangian grid points into the force at Eulerian spatial
grid points to be applied in the Navier-Stokes equations. This
is done by a discretization of Eq. (18),

H2(x) = D, F12(r,5) 8, [x — X" 2 (r,5)JAsAr.  (32)

r,s

With 12 in hand, we can turn to solving the Navier-
Stokes equations:

w2 _ny
p| ———— A ~ 4 E[u Du;+D - (uuy)]" | + D™
=MLM?+1/2+.}‘?+]/27 (33)
for i=1,2,3, and
D-u™2=0. (34)

The notation 5™ is used to distinguish this pressure from

the one that is computed when solving Eqgs. (38) and (39),
below. Note that in Egs. (33) and (34) there are four un-
knowns per grid point, which are /*'?, i=1,2,3, and "',
and that these unknowns enter into these equations linearly.
The four unknowns at different grid points are coupled by
the difference equations. Because these equations have con-
stant coefficients, they may be uncoupled by the use of the
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discrete Fourier transform [implemented by the fast Fourier
transform (FFT) algorithm] into separate systems of four
equations in four unknowns, one such 4 X4 system at each
grid point in Fourier space. If the coefficients were not con-
stant, the discrete Fourier transform could still be applied,
but it would not succeed in uncoupling the system in the
manner described above.

Again we have to calculate the velocity V"*/2 of the
massive boundary in the same fashion:

< Vn+1/2 . V2

n ) =—F'? — Mge,. (35)

This is nothing more than Euler’s method for Eq. (23) and
completes the preliminary substep.

The final substep is the use of u"*!/2, V2112 Xn+1/2 and
Y12 obtained in the preliminary substep to compute the
corresponding quantities at time level n+1 by the second-
order-accurate midpoint rule.

First, using the fluid velocity u and massive bound-
ary velocity V"2, we can find the massless boundary con-
figuration X"*! and massive boundary position Y"*!:

n+1/2

Xn+1 X"
T — E un+1/2(x) 5h[x _ X"+1/2(F,S)]h3, (36)
Yn+l —Y"

At — Vn+1/2. (37)

The last thing that we have to do is to update the fluid
velocity data:

n+l n
uttt —

|
p i v i + E[u ~Dui+D . (uui)]”“/z +l)ipn+l/2

1
= E,LL(M;?“ +ul) + 12, (38)

for i=1,2,3, and
D-u™'=0. (39)

Just as in the case of Egs. (33) and (34), Egs. (38) and (39)
are a constant-coefficient linear system in the unknowns u?”
and p"*'2. This linear system is solved by fast Fourier trans-
form. For the velocity of the massive boundary, we have

n+1 n

M(u) =—F? — Mge,. (40)
At

Since we have now computed u't, vl X+l and YL the

timestep is complete.

To complete the description of the numerical pIB
method, we need to explain the boundary conditions imposed
along the edges of our computational domain. In all cases,
we use periodic boundary conditions that are very conve-
nient for the solution of the linear systems of Eqgs. (33) and
(34) and Egs. (38) and (39) by fast Fourier transform, but we
also break the periodicity in various ways depending on the
application. Note that the ways in which we break the peri-
odicity, explained in more detail below, still allows for the
use of FFT, since we do so not by changing boundary con-
ditions per se but instead by applying forces.
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In all of the applications considered here, we need to
impose an “inflow velocity.” This is done on two (or more
generally an even number of) adjacent parallel grid planes
(or grid lines in the 2-D case). It is very important to use two
adjacent planes rather just one, in order to avoid the spatial
oscillations that would otherwise propagate throughout the
domain via the central-difference structure of our numerical
scheme. Although we typically choose either the first two or
last two grid planes in some coordinate direction, this is of
no fundamental significance, since the underlying domain is
periodic and all grid points are created equal. One conse-
quence of the underlying periodicity that should be noted is
that when we specify the inflow velocity we are also speci-
fying the outflow velocity. This needs to be done far enough
downstream to avoid undue influence on the flow in the
neighborhood of the immersed boundaries that are of inter-
est. Specifying the inflow (and outflow) velocity in the man-
ner described below effectively breaks the periodicity in the
sense that it prevents vortices that are shed downstream from
reappearing upstream.

The method used to drive the “inflow velocity” in this
paper is to apply an external force per unit volume equal to

{ao[“()(l) ux0)],

0, otherwise,

XEQ(),

fo(x,1) = (41)

where () is the region in which we want to control the
velocity, uy(7) is the desired velocity in that region, and a; is
a constant. When ¢« is large, the grid velocity is driven rap-
idly towards wu(z) within ). In particular, the approach of
u(x,7) to uy(z) within  will occur approximately exponen-
tially with a time constant equal to p/ «.

Another type of boundary condition one might want to
impose is to put no-slip walls on faces of the domain. The
method that we shall describe for this purpose can indeed be
used to put no-slip walls of any shape anywhere within the
domain; planar walls along the faces are just a special case.

We create fixed no-slip boundaries by laying out an array
of “target points” to mark their desired positions. To avoid
leaks, the target points should be spaced about half a mesh-
width apart (or closer). These target points are fixed in posi-
tion and do not interact with fluid. Each of them is con-
nected, however, by a stiff spring to a massless immersed
boundary point that moves at the local fluid velocity and
applies the force generated by the stiff spring locally to the
fluid. This provides a feedback mechanism for computing the
boundary force needed to enforce the no-slip condition.

Note that the “target point” method we have just de-
scribed is essentially a special case of the pIB method of this
paper. In the pIB method, massless immersed boundary
points that move at the local fluid velocity and apply force
locally to the fluid are linked by stiff springs to mass points
that do not interact with the fluid directly but move accord-
ing to Newton’s law in a vacuum. In the target point method,
the situation is exactly the same except that the mass points
no longer move, so they are renamed target points. The ac-
curacy of the target point method for modeling rigid walls
should therefore be similar to that of the pIB method for
modeling immersed boundaries with mass; indeed, we would
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expect better accuracy in the fixed boundary case because of
the simplification that the positions of the target points are
known. Empirical evidence of the convergence of the pIB
method is presented in Secs. IV and V.

The various methods that we have discussed above for
breaking the periodicity of the domain are special cases
which hint at the following general remark: In the context of
an immersed boundary method, it is not much of a restriction
to use periodic boundary conditions for the domain occupied
by the fluid. This is because one can immerse within that
domain whatever dynamic or static geometry the application
demands.

Finally, we remark that there is no fundamental require-
ment of using a periodic domain in conjunction with the pIB
method. Any uniform grid fluid solver can be used, with
whatever boundary conditions that solver can accommodate.
We have emphasized the periodic case because of the effi-
ciency that follows from the use of the FFT algorithm for
solving the linear systems that arise in our numerical
scheme.

IV. NUMERICAL VERIFICATION OF THE PIB METHOD
In this section, we validate the pIB method in two ways:

(1) By a convergence study that shows that the pIB method
is second-order accurate when applied to a problem in-
volving an immersed elastic shell that has a greater mass
density than the surrounding fluid.

(2) By verifying directly from the results of that conver-
gence study that the distance between a massless im-
mersed boundary point and its massive twin converges
to zero, and moreover that the force density applied to
the immersed boundary by the penalty springs converges
to a finite limit, as the penalty parameter approaches
infinity.

The kind of test problem that we use here was intro-
duced in Ref. 24. It involves an immersed, finite-thickness
elastic shell comprised of circumferential fibers only. The
surprising result of Ref. 24 was that finite thickness provides
enough regularity for a formally second-order-accurate IB
method to achieve actual second-order accuracy, despite the
possibly sudden change in material properties that occurs at
the shell-fluid interfaces. In Ref. 24, two cases were consid-
ered. In one of these, the stiffness of the shell tapered
smoothly to zero at the shell-fluid interfaces, but in the other
case the stiffness was constant, thus providing the greater
numerical challenge of resolving an abrupt change in mate-
rial properties at the borders of the shell. In both cases con-
sidered in Ref. 24, though, the shells were neutrally buoyant,
and therefore the mass density of the whole system was uni-
form.

Here, we consider the corresponding two problems for
elastic shells that are not neutrally buoyant, so that the mass
density is greater in the region occupied by the shell than in
the region occupied by the fluid. In one case, we taper both
the stiffness and mass density [in the manner described be-
low; see Eq. (46)] to “blur” the boundary between the shell
and the surrounding fluid, but in the other (more difficult)
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case, we let the stiffness and mass density of the shell be
constant, so that there is a sharp discontinuity in both of
these material properties as one passes from shell to fluid.

A. The test problem

We consider the unit square of [01]X[01] filled with an
incompressible fluid in which an initially elliptic flexible
elastic shell is immersed. (Throughout this section we use
dimensionless variables.) The periodic domain is described
using a fixed N X N Cartesian grid with uniform meshwidths
h=Ax=Ay, where h=1/N. Similarly, for the shell, we take
the curvilinear coordinate space [01]X[01] and employ a
fixed N, X N, computational lattice in this space, where N,
=3N/8 and N,=75N/16. Let Ar=1/N, and As=1/N,. The
nodes of the curvilinear mesh are the points

Ar As

(r,5) = (ro,50) + (mAr,nAs) = (7,?> + (mAr,nAs),

(42)

where me0,1,...,N,—1 and n€0,1,...,N,—1. Here, the
shift by Ar/2 avoids having fibers at the exact edges of the
shell, while the shift by As/2 is for notational consistency
only.

The initial shape of the elastic shell is given by the map-
ping

X(r,s,0) = (%%) + { [a+ 7<r— %)]COS(Z’JTS),
[B+ 7<r— %)]sin(Zﬂ's)}, (43)

with @=0.2, =0.25, and y=0.0625. The initial configura-
tion of the entire structure is a “thick” elliptical shell, and
X(r,s,t) is the position at time ¢ of the same material point
whose coordinates at 7/=0 are given by X(r,s,0) (see Fig. 2).
The material curves r=constant will be called “fibers,” and
will have the standard form of the equation of an ellipse with
s as a parameter. Note that s is not equal to arc length. The
arc length associated with ds is given by \|dX/ds|*ds. Our
shell is anisotropic and can only generate stress in the (cir-
cumferential) fiber direction. This is not a fundamental limi-
tation. To model a general incompressible elastic material in
the context of the IB method, one needs to discretize the
elastic energy function and then evaluate the elastic force
that needs to be applied to the fluid at each immersed bound-
ary points by taking minus the gradient of the discretized
elastic energy (see Ref. 14). Note that the shell considered
here is made of incompressible elastic material, since the
incompressibility constraint holds everywhere. The value of
v determines the thickness of the shell and is chosen so that
the thickness of the initial shell is approximately four Carte-
sian mesh widths on the coarsest grid considered.

The force generated by the elastic fibers that comprise
the shell is taken to be of the form

#X
F(r,s,1) =A(r)F(r,s,t), (44)

and the mass density is chosen as
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_—>
time=0
M(r,s)=0.5A(r), (45)

where the function A(r) that appears in both of the above
formulae may be used to provide the tapered material prop-
erties mentioned above by setting

A(r) =1+ sin(2wr — 7/2) (46)

(recall that 0<r<1), or alternatively where constant mate-
rial properties may be chosen instead by setting

A(r)=1. (47)

The case of constant material properties is, of course, of
greater physical interest, but the tapered case is included to
see how the method behaves when the stated problem in-
volves only smooth transitions of material properties. Both
cases will be considered below. It seems reasonable to make
the penalty stiffness proportional to the mass density, so we
replace Eq. (22) by

Fi(r,s,t) = KA(r)[Y(r,s,1) — X(r,s,1)] (48)

with the same A(r) that may be tapered, or not, as above, and
where K=10X N?, where the computational mesh of the Eu-
lerian (fluid) variables is N X N. The reason for this choice of
K will be discussed below. Note in particular that the penalty
parameter increases rapidly as the computational mesh is re-
fined.

Now we choose the mesh sizes of the domain N=64,
128, 256, 512, and 1024. Recall that A=1/N and that Ar and
As are also proportional to 1/N. For each N, we set Ar
=0.04/N. That is, when we refine all the meshwidths by a
factor of 2, the timestep Ar is also reduced by the same
factor. The numerical constant 0.04 is, of course, problem
dependent, and has been chosen as large as possible without
causing numerical instability in this particular problem. Al-
though this is sufficient for stability within the range of pa-
rameters tested, the explicit computation of the boundary
force may impose a more severe stability restriction once the
parameters have been sufficiently refined (see Ref. 25). Note
that the penalty parameter K increases as the meshwidth and
timestep are refined. The above manner of increasing it has
the property that KAf? is constant. The fact that this relation-
ship between K and Ar preserves the numerical stability of
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FIG. 2. Motion of a massive elastic
shell. Three selected fibers with r
=Ar/2, 1/2, and 1-Ar/2 are shown
at =0 and r=0.6. The computational
shell is comprised of many such fibers
immersed in viscous incompressible
fluid.

time=0.6

the scheme despite the increase of K was proved by Lai®®
with a simple 1-D model and was observed in our 2-D simu-
lations.

The fluid parameters of our convergence study are a den-
sity of p=1.0 and a viscosity of either w=0.005 or u
=0.0005. In the first case the Reynolds number of the result-
ing flow is approximately 100, and in the second case it is
approximately 1000.

B. Result of convergence test

In this section we restrict consideration to problems in
two space dimensions, since that makes it feasible to refine
the computational grid sufficiently to study convergence.
Since we do not know the exact solution of the problem, the
estimation of a convergence ratio requires three numerical
solutions for three consecutive values of N. Letting i/ be a
grid function defined on the Cartesian grid, the discrete L?
norm [, is given by |[fh,=(Z; ;44?2 For a vector-
valued mesh function w=(u;,u,), we have [ul,=(u3
+usl2)172.

For a computed quantity g,(7) depending on the mesh
number N at time ¢, the convergence rate in L? norm is de-
fined as the following:

lgn(®) = P qon(@), )
llgan() — Péz‘%%zv(l)”z '

an(®)]= 10g2< (49)

where P,ZVN is the restriction (a projection operator) of the
function defined on the 2N X 2N grid to the set of points that
this grid has in common with the N X N grid.

Figure 3 shows the convergence rates r{gy(¢)] as func-
tions of time in three different cases with two different fluid
viscosities. The quantity gy(7) is the velocity vector u com-
puted on the N X N grid at time ¢. The first case has no mass
of the elastic fibers (first row), and the second and third ones
have the massive fibers. While the second one uses constants
M and K without tapering (second row), i.e., with A(r)=1 in
the notation introduced above, the third one uses the tapered
M and K (third row), i.e., with A(r)=1+sin(27r—/2). The
left and right columns are for the cases with the two different
fluid viscosities; i.e., ©=0.005 and ©=0.0005, respectively.
In each panel, we have two curves corresponding to the cases
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n=0.005 u=0.0005
€
g
3
':i FIG. 3. Convergence rate of the com-
= puted velocity field u(x,7) of a fluid
‘05,' containing an immersed elastic shell.
zZ The convergence rate (defined in the
text) is plotted as a function of time
for two different viscosities (columns)
3 3 in three different cases (rows). In all
£ panels, the dashed line is the conver-
€ § 25k 25 gence rate obtained using the grids N
€5 ~ = o =128, 256, 512, and the solid line is
®x 2 S~ _— - - 2 2 _ 1 the rate  obtained with N
A?, 2 - - - - - \ /’ Ny =256, 512, 1024. The dimensionless
Q:"':’ o 15¢ 1547 \ s N time interval over which the conver-
= gence rate is plotted is sufficient for at
1 1 least one period of the (damped) oscil-
0.1 02 03 04 05 06 01 02 03 04 05 06 lation of the immersed elastic shell. At
3 3 the higher viscosity (left column), the
3 convergence rate is near 2 (second-
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32 L s~z = TToEm s = second-order accuracy.
S8 15F 1.5¢f
S
1 1
0.1 0.2 0.3 04 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6
time time

N=128 and N=256. (Recall, however, that the convergence
rate for N=128 is obtained from the solutions computed on
N=128, 256, 512, and similarly that the convergence rate
for N=256 is obtained from the solutions computed on N
=256, 512, 1024.)

From the left column (u=0.005), we can see that the
actual convergence rates are roughly equal to 2, which im-
plies that the scheme is second-order accurate. This accuracy
holds in both the neutrally buoyant and non-neutrally buoy-
ant cases, regardless of whether the mass density and elas-
ticity are uniformly distributed across the shell or tapered to
zero at the borders of the shell. The right column (u
=0.0005) shows the expected result that lower viscosity re-
quires finer grids in order to see the second-order accuracy of
the IB or pIB method. The convergence rates obtained with
N=128, 256, 512 (dashed lines) do not quite show second-
order accuracy, but the convergence rates obtained with N
=256, 512, 1024 (solid lines) do indeed show second-order
accuracy, the only anomaly being in the neutrally buoyant
case (top row) where the convergence rate seems to oscillate
about 2 as a function of time instead of being steadily equal
to 2 as in the more massive cases or in the more viscous
cases. Overall, the results obtained here are similar to those
of Ref. 24, the difference being that the pIB method allows
us to obtain such results even when the immersed elastic
shell has a greater density than the surrounding fluid.

We now consider results that show directly that the pen-
alty springs of the pIB method accomplish what they are
designed to do. The top panel of Fig. 4 shows the maximum
distance, plotted as a function of time, between any massless
immersed boundary point and its massive twin. Recall that
these points are linked by a spring-like force with stiffness

that increases as O(N?). The maximum distance is plotted on
a logarithmic scale for each of the cases N
=128, 256, 512, 1024. Clearly, the discrepancy between
the location of an immersed boundary point and that of its
massive twin is converging to zero as N— . The bottom
panel of Fig. 4 shows the even more striking result that the
force generated by the penalty springs is converging to a
finite limit as N— oo, despite the blowup in the penalty spring
stiffness.

Overall, Fig. 4 provides empirical evidence that the pIB
method works as advertised. One certainly might worry
about the high-frequency oscillation introduced into the sys-
tem by the large value of the penalty stiffness K: In a non-
linear system, such a spurious high-frequency oscillation
might interact with the frequency modes of interest in unpre-
dictable ways. However, the results in Fig. 4 indicate that
this spurious oscillation is not only of high frequencys; it is
also of low amplitude—in fact, of an amplitude that ap-
proaches zero as the numerical parameters are refined. The
combination of these results with the convergence rate data
shown in Fig. 3 strongly suggests that the pIB method is
indeed convergent.

To illustrate the influence of mass on the behavior of an
immersed elastic boundary, the top panel of Fig. 5 compares
the neutrally buoyant and non-neutrally buoyant cases by
plotting horizontal and vertical radii of the middle fiber (r
=1/2) in each case as functions of time. In each case, the
two radii oscillate in a damped manner, with one radius hav-
ing its maximum at about the same time as the other radius is
at a minimum. As one would expect, the oscillation has a
lower frequency and is sustained longer in the more massive
case.
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The bottom panel in Fig. 5 shows that the volume (area)
contained within the middle fiber stays almost at a constant
value as time goes on. While some volume loss is typical of
IB computations with a thin boundary, the same computation
with a thick shell preserves the volume regardless of the
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FIG. 4. Effects of the increase in the penalty parameter
as the meshwidth is refined. Recall that the penalty
stiffness is proportional to N2 where the Eulerian
(fluid) grid is N X N. The top panel shows the maximum
distance between any of the massless immersed bound-
ary points and their massive twins, plotted as a function
of dimensionless time, in each of the cases N
=128, 256, 512, 1024. Note the logarithmic vertical
scale. The bottom panel plots the x component of the
force on the massive twin of the point marked “*” in
Fig. 2, also for N=128, 256, 512, 1024. Note the con-
vergence to zero of the maximum distance, and the con-
vergence to a finite limit of the penalty force, as N
increases.

mass of the shell. For approaches that lead to a good conser-
vation of volume even in the case of a thin boundary, see
Refs. 5, 27, and 28.

Although we have presented evidence here that the for-

mally second-order accurate scheme of the pIB method is

time

0.5

time

35

FIG. 5. The influence of mass on the behavior of an
immersed elastic shell. Top panel shows the horizontal
and vertical radii as functions of dimensionless time for
a neutrally buoyant shell (dashed lines) and for a shell
with a greater mass density than that of the surrounding
fluid (solid lines). In the more massive case, the oscil-
lations are slower and are sustained longer. The bottom
panel checks for volume conservation by plotting the
area enclosed by the middle fiber of the 2-D elastic
shell, which should be constant in time, since the shell
and fluid are both incompressible. Note the expanded
vertical scale of the plot. The relative volume error over
several cycles of oscillation is about 1074,
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actually second-order-accurate in the case of an elastic shell
of nonzero thickness, it is important to emphasize that only
first-order accuracy is observed when the pIB method is ap-
plied to a problem involving a thin immersed boundary.
(This behavior is shared with the IB method generally; it is
not a distinctive feature of the pIB method.) It is natural,
then, to ask what is the benefit of applying a formally
second-order accurate IB or pIB scheme to a problem with a
thin boundary, since only first-order accuracy will be realized
in practice. We believe that the principal benefit is the reduc-
tion in numerical viscosity associated with the skew-
symmetric differencing of the nonlinear terms in comparison
to a first order upwind scheme. This benefit has in fact been
demonstrated in Ref. 22 (see also Ref. 2). In particular, it was
shown in Ref. 22 that the frequency of vortex shedding in
flow past a cylinder is accurately predicted by the formally
second-order immersed boundary method; i.e., that the re-
sults of such computations are in good agreement with ex-
periment over a range of Reynolds numbers where the fre-
quency of vortex shedding shows significant dependence on
the Reynolds number. It is not clear, though, whether the
skew-symmetric differencing of the nonlinear terms in any
sense calls for the second-order-accurate time discretization
that is also part of the formal second-order accuracy of our
scheme. In some applications, it seems possible to use the
skew-symmetric differencing of the nonlinear terms together
with first-order-accurate time discretization, but in other ap-
plications this combination appears to be unstable.

V. VERIFICATION OF THE PIB METHOD

BY COMPARISON WITH EXPERIMENTAL DATA:
VORTEX-INDUCED VIBRATIONS OF A CIRCULAR
CYLINDER

The vortex-induced vibration of an elastically con-
strained circular cylinder is a benchmark problem in fluid-
structure interaction, see the excellent survey in Ref. 29, and
the references therein. The situation most commonly
considered®”! is the one in which the axis of the cylinder is
perpendicular to the free stream, and in which the only al-
lowed motions of the cylinder are in the direction that is
perpendicular both to the axis of the cylinder and to the
direction of the free stream. These are known as transverse
motions, and that is the case that we consider here.

In order to introduce a massive cylinder, we modify pIB
method explained in Sec. II. We assume that the mass of the
cylinder is concentrated at its center (point mass). This is
permissible since only translations of the cylinder are con-
sidered, not rotations. Then the massless boundary X(s,?) is
a circle (boundary of the cylinder) and the massive “bound-
ary” Y(z) is a point (center of the cylinder). When we previ-
ously assumed that the two boundaries were supposed to be
the same, we used Fy(r,s,t)=K[Y(r,s,0)—X(r,s,1)] [Eq.
(22)], which acted to keep the distance between two bound-
aries as close as possible. Using a generalization of this idea,
we replace Eq. (22) by the following:
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Massive boundary (center) Y(t)

Massless boundary X(s,t)

FIG. 6. Massive and massless boundaries are linked together by a collection
of a very stiff springs. In this case, the massive “boundary” is simply the
single point Y (7) at the center of the circle. In addition to the penalty springs
(dotted radial lines), there is also a spring-dashpot combination (not shown)
that is attached to the mass point Y(z), and acts as the elastic mechanical
load on the cylinder [see Eq. (51)].

Fi(s,1) == K{[X(s,1) = Y(1)] - Z(s)}, (50)

where K is the penalty constant and Z(s)
=[R cos(s),R sin(s)], where R is the radius of the cylinder,
see Fig. 6. Note that this restoring force not only tends to
maintain the circular configuration of the boundary X(s,7) at
a distance R about the center Y(¢), but also tends to prevent
the rotational motion of the cylinder. On the other hand, this
restoring force does not in any way restrict the translational
motion of the cylinder as a whole.

For the equation of motion of the massive center point of
the cylinder, we need to sum all the forces from the massless
boundary on the massive center point Y (), but we also need
to include the forces of the mechanical restraints (spring and
dashpot) that hold the cylinder on place in the laboratory
experiment. Thus, we are led to the equation

dY(1)  dY()

2 +BT+SY:_IFK(S’t)dS’ (51)

where the integration is done over the massless boundary.
Although M and B in Eq. (51) are scalars, S is a 2 X2 diag-
onal matrix with diagonal entries (S,,S,). The physical pa-
rameters were chosen as follows (similar to those in Ref. 31):
the cylinder mass per unit length M =10 g/cm, the damping
coefficient B=0.0045 (dyn s/cm)/cm, and the spring con-
stant (S,,S,)=(10°,50) (dyne/cm)/cm. Note in particular
that the physical experiment of*! includes a damping force
(“dashpot”) modeled by the term BAY/dt in our equation of
motion. Whereas the moderate value of S, allows transverse
motion, the large value of S, prevents motion in the direction
of the flow. Note that the denominator “cm” in these units
appears because we consider a 2-D cross section perpendicu-
lar to the axis of a 3-D circular cylinder. The cylinder diam-
eter D=1.0 cm. Important fluid parameters include the fluid
density p=1 g/cm?, dynamic viscosity w=0.01 g/(cms).
The constant free stream velocity (inflow velocity) U, varies
from 1.3 to 2.75 cm/s, which induces the Reynolds number
(Re) to vary from 130 to 275. The mass ratio M/pm(D/2)? is
1273 and the damping ratio B/2\S,[M+pm(D/2)*] is
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lu(x)-Ug/Uy|
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FIG. 7. The relative error of the x component of the
calculated velocity u(x,#) in comparison to the desired
velocity Upy; ie., |[u(x,0)—Uyl/U,y|. The top panel
shows the error at early times at a point of which the
distance from the left upstream end is D. The bottom
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time (s) that is perpendicular to the free stream with the distance
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0.000 97. These two values combine to form another impor-
tant dimensionless parameter, which is the product of mass
ratio and damping ratio. This product is 0.0123 in our simu-
lation. These dimensionless parameters, which are thought to
characterize the system, are almost the same in our simula-
tions as in Refs. 30 and 31.

Flow past the cylinder is from left to right and is con-
trolled in the manner described in Sec. III. The top panel of
Fig. 7 shows the relative error of the x component of the
calculated velocity u(x,7) in comparison to that of the de-
sired velocity U, [see Eq. (41)]. We can see that, except for
very early times, the two velocities match well; i.e., our
method of driving the inflow velocity very quickly forces the
velocity in the chosen region to approach the desired inflow.
The bottom panel of Fig. 7 shows the relative error of the
calculated velocity u(x,t) on a line at various later times.

max{| X(s,t)- Y()-R[}/A x

The line is perpendicular to the inflow direction with the
distance of one cylinder diameter from the left upstream end.
We can observe that the control of the inflow velocity is
accurate to within 0.06% in all the times of the simulations
after the initial transient time. Thus, we can consider the
upstream flow to be uniform, which is desirable for this
simulation.

Another computational issue is how large to make the
penalty coefficient K, which appears in Egs. (22) and (50).
Our strategy is first to choose an allowed deviation from the
nominal radius of the cylinder. We then adjust K until it is
large enough that this allowed deviation is not exceeded.
When adjusting K, we reduce At as needed to avoid numeri-
cal instability.

Although this process does involve trial and error, the
tests for success are extremely simple, and it is easy to zero

0.02 T T v L

0 1 Il 1 1

0 5 10 15 20

the y—component of F,
2 T T

FIG. 8. The maximum deviation of the cylinder radius
from the rest length R relative to the meshwidth Ax

(top), the y component of the force Fy in Eq. (50)
(middle), and the ratio of cylinder displacement y(7) to
the diameter of the cylinder D. Two different spring
constants are used: K=2X10° (dotted line) and 4
X 10° (solid line). Even though the deviations look
quite different (top), the two forces generated by the

y/D

25 two different penalty springs are very close (middle),
and the transverse motions of the cylinder (bottom) in
the two cases are almost the same.
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FIG. 9. The ratio of the amplitude A of the cylinder’s
oscillation to the diameter D of the cylinder (top), and
the ratio of the frequency f of the cylinder’s oscillation
to the natural frequency f=0.34 Hz of the system (bot-
tom). The x axis in both figures is the velocity ratio

45

(&)

6.5 ¥

6
U/t D)

75

Uy/(fyD). Note the dramatically larger amplitude of vi-
bration (top) that occurs when the velocity ratio is be-
tween 5 and 6, and the lock-in phenomenon (bottom)

8

hy

exhibited by the frequency of vibration (and vortex
shedding) within this same range. The solid line in the
bottom plot shows the frequency of vortex shedding
that would occur if the cylinder were fixed in place. For
comparison, this Strouhal frequency is plotted in units
of the natural frequency of the elastically constrained
cylinder.

in on good choices for K and At, as follows: The test for
whether K is large enough is simply to monitor the maxi-
mum deviation of the radius of the cylinder from its nominal
value (D/2). Since this deviation will be inversely propor-
tional to K (for large K) it is easy to see from the results of a
trial run how K needs to be adjusted for the next trial. Nu-
merical instability resulting from too large a choice of At is
unmistakable: distances between neighboring immersed
boundary points rapidly exceed the size of the domain. In
addition, in adjusting Ar when K changes, one can use the
rule that (for a given spatial discretization) stability is deter-
mined by K(Ar)?. This has the favorable consequence that to
make K four times larger (for example), one only needs to
make At twice as small.

We choose the allowed deviation of the radius to be 0.02
times the meshwidth. Figure 8 shows the following three
different values as functions of time: the maximum deviation
of the cylinder radius from the rest length R relative to the
meshwidth Ax (top), the y-component of the force Fy in Eq.
(50) (middle), and the ratio of amplitude y(7) to the diameter

of the cylinder D. We use two different penalty spring con-
stants: K=2 X 10° (dotted line) and 4 X 10° (solid line). We
can see from the top panel that the maximum deviation of the
cylinder radii are controlled within 2.0X 10> meshwidth
with both spring constants. Even though these two graphs of
maximum deviation are quite different, the two forces gen-
erated by the two different penalty springs are very close
(middle), and the transverse motions of the cylinder in the
two cases are almost the same. Note that this observation
was also true in Sec. IV B (see Fig. 4).

It is known that an elastically mounted cylinder experi-
ences large amplitude vibration only when the frequency of
vortex shedding nearly coincides with the natural frequency
of (damped) vibrations of the system when there is no inflow.
Figure 9 shows that the simulation result obtained by the pIB
method clearly contains the “lock-in” phenomenon observed
in the actual experiment. The top panel plots the ratio of
amplitude A of the cylinder’s transverse vibration to the di-
ameter D of the cylinder, and the bottom panel shows the
ratio of the frequency f of the cylinder oscillation to the

T
0 -
FIG. 10. Vortex-induced vibrations of a cylinder elasti-
*50 é 1'0 1'5 2'0 2'5 3'0 3'5 20 cally .mo.unted in a flow. The applied horizontal .Iif)w
time=150s velocity is 1.8 cm/s. The upper figure shows position
of the cylinder and vorticity contours in the whole com-
T T T T T T T T T . . .
0.6 H putational domain at =150 s. The lower figure is a plot
04k I of the y coordinate of the center of the cylinder as a
function of time, in units of the cylinder diameter D.
0.2 I Note the gradual buildup of the amplitude of the oscil-
g o lation to a nearly periodic steady state.
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natural frequency fy in still water. We measured the natural
frequency fy numerically by the pIB method, and it is
0.34 Hz, which is slightly lower than the natural frequency
in vacuum (0.356 Hz). The x axis in both figures is the “re-
duced velocity” or “velocity ratio” Uy/ (fyD).

In Fig. 9, we can observe the lock-in phenomenon, in
which the cylinder experiences a large amplitude vibration in
the middle range of the flow speed (top) and that, in this
region, the frequency of the cylinder oscillation remains con-
stant and very close to the natural frequency (see the data
points “-0-” in the bottom figure). Outside of the lock-in
region, the amplitude of the cylinder’s oscillation is small
(top), and the frequency of the oscillation is close to the
Strouhal frequency (solid line, bottom) of a fixed cylinder.
The Strouhal frequency is defined as 0.212(1
-21.2/ Re)UO/D.32 This agrees with the well known results
that (1) in the lock-in region, the frequency of vortex forma-
tion is close to the natural frequency, and (2) in non-lock-in
region, it is close to the Strouhal frequency.zg’30

We have used here almost the same physical parameters
as those in Refs. 30 and 31, have and obtained almost the
same result as those in Refs. 30 and 31. This agreement is
not only qualitative but also quantitative. The lock-in region
corresponds to the range from 5 to 6 of the reduced velocity,
which is the case both in this simulation and in the real
experiment. The maximum amplitude of the oscillation is
around 0.7, which is also very close to the experimental data
(see the results in Refs. 29-31). In particular, Fig. 9 is similar
to Fig. 2 in Ref. 30, Fig. 3 in Ref. 31, and Fig. 5 in Ref. 29.
A vorticity plot and a graph of the oscillations of the cylinder
are shown in Fig. 10.

VI. APPLICATIONS: WINDSOCK AND FLAG IN 3-D
WIND

A windsock is a device used at airports to make the
speed and direction of the wind visible to pilots. The magni-
tude of the wind and the weight of the windsock oppose each
other to determine the extent to which the windsock stands

out horizontally or hangs down vertically. Thus, the mass of
windsock is essential for the windsock simulations.

For the simulation, we make the windsock with the
shape of a part of a slightly tapered cone, of which the circle
at the upstream end is only a little larger than that at the
downstream end. The upstream end of the windsock is at-
tached to a fixed ring (see Fig. 11). The fixed ring is created
by the method explained in Sec. III, generating a fixed no-
slip boundary that can be of any shape. We then make a wind
blow in one direction from left to right.

Table I contains the parameters used here (and also in
the simulations of a flag considered below). The size of the
windsock, which is represented by its length times the cir-
cumference of the fixed circle to which it is attached, and the
surface mass density of windsock material are chosen arbi-
trarily. The other parameters are all realistic except viscosity.
Air has viscosity 2X 107 kg/m s, which is 150-250 times
smaller than the viscosities of the simulations. The reason for
this modification is that we want to reduce Reynolds number
(Re) in the simulations. We believe that, with computational
resolution affordable so far, we can properly compute up to a
Reynolds number of several hundreds. With the modified
viscosity, the windsock has maximum Re=396 based on its

TABLE I. Parameters of the 3-D simulations.

Parameters Windsock Flag

Fluid density, kg/m? 1.2 1.2
Viscosity, kg/m s 3.0x1073 5.0x1073
Inflow velocity, m/s 0.0-5.0 0.0-4.6
Density (mass), kg/m? 0.08 0.09
Dimensions, m 0.2X0.087 0.333X0.25
Gravitational acceleration, 9.8 9.8

m/s?

Reynolds number Up to 400 Up to 370
Domain (box), 0.8X0.4X0.4 1.28X0.64 X 0.64

mXmXm
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FIG. 12. Sideview of windsocks with different wind speeds: 5.0 m/s (top)
and 2.5 m/s (bottom). The larger the wind speed is, the less tilt angle wind-
sock has. The lines around the windsocks show the motion of some fluid
markers. Each marker has left a trail showing its recent trajectory.

length, and the flag considered below has maximum Re
=370 based on its width. Note that, in all applications con-
sidered in this paper, we modify the viscosities usually ex-
isting in real experiments to make the Reynolds number be-
tween 100 and 400. Of course, a change on the Reynolds
number alters the physics of the simulation, so it would be
desirable to compute at the actual Reynolds number of the
target application. In this connection, it should be noted that
the restriction on the Reynolds number is not a fundamental
one but is simply a question of the resolution of the compu-
tational mesh that can, in practice, be used. Future extensions
of the methodology described here to higher Reynolds num-

01 . | | F—
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ber will most likely involve adaptive mesh refinement and/or
turbulence modeling. Research on both of these approaches
in the context of immersed boundary methods is already
underway.33’34

At higher Reynolds numbers, one might worry that the
low-amplitude high-frequency oscillations associated with
the penalty springs would interact with the physical dynam-
ics of the problem in spurious ways. In principle, this should
not be a problem because the amplitude of these oscillations
can be made as small as we like by sufficiently increasing the
stiffness of the penalty springs. In practice, though, it may be
helpful to damp these oscillations by replacing the penalty
springs by spring-dashpot combinations (see Ref. 35, and
references therein).

Figure 12 shows perspective views of the windsock with
two different magnitudes of the wind velocity: 5.0 m/s on
the top and 2.5 m/s on the bottom of the figures. A few fluid
markers are also shown. Each marker has left a trail showing
its recent trajectory (streak line). The windsock in the upper
part of the figure has enough wind to make it stand out
almost straight in the direction of the wind. The windsock in
the lower part of the figure has half the wind speed of the
upper one and slopes downwards at about 30° below the
horizontal. Thus, we see that each windsock finds a different
angle (with respect to the wind direction) depending on the
wind speed.

The next 3-D application is a flapping flag in the wind.
This application provides a 3-D generalization of the 2-D
filament simulation done by Zhu and Peskin.'” In the flag
problem, however, the wind flow is from the side and the
gravity force acts downward while both in the 2-D filament
case are in the downward direction. Thus the importance of
the mass of the flag turns out to combine those of the fila-
ment and the windsock. Because of gravity, the flag will sag,
and, because of the flag’s inertia, we can also expect to see it
flap. For related work on modeling cloth in the context of
computer graphics (see the excellent survey in Ref. 36, and
the references therein).

The parameters are shown in Table I and the initial con-
figuration of the flag is drawn in Fig. 13. The initial configu-

FIG. 13. Initial configuration of a flag
and the computational domain which
is a box 1.28%0.64X0.64 m®. The
left end part of the flag is attached
with the flagpole which is fixed in the
domain. The flow of the wind is from
left to right.
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FIG. 14. A large enough windspeed (4.6 m/s, top) helps the flag overcome
gravity and sustain a flapping motion. We can see the flag still sagging
slightly. In the case of no wind (bottom), the flag falls down and stops
moving. Note the folds which are a consequence of the (small) bending
rigidity of the flag (time=1.2 s).

Phys. Fluids 19, 053103 (2007)

ration of the flag is that of a sine curve from the top view. A
vertical flagpole in the form of a cylinder is provided. It is
fixed in place in the same way as the ring of points that
anchors the windsock. The left edge of the flag is attached
directly to the flagpole, and wind blows from left to right in
these simulations.

Figure 14 shows the motions of the flag in two different
situations. As can be seen in the lower frame in Fig. 14,
when there is no wind, the flag falls down and stops moving.
However, if the wind is strong enough, the flag overcomes
gravity and straightens up in the wind direction. The case in
the upper frame has the wind speed 4.6 m/s, which induces
the Reynolds number 370 based on the data given in Table I,
and, with this sufficiently large wind speed, the flag flaps, as
shown below.

In order to observe more clearly the flapping and sag-
ging motion of the flag in the top of Fig. 14, we can plot the
trajectories of several points on the downstream edge of the
flag as functions of time. In Fig. 15, choosing three points
(top, middle, and bottom) of the downstream end of the flag,
we plot the three coordinates of their motion in each case.
The top frame shows the x coordinate of the motion, which
represents the movement in the direction of wind. Since the y
axis is perpendicular to both the flag and the wind direction,
the middle frame clarifies the flapping motion of the flag.
The bottom and middle points of the flag go through a rela-
tively large oscillation, but the top undergoes only a small
oscillation. One more interesting observation is that the three
points are moving out of phase; i.e., the bottom part is mov-
ing ahead of the top part. These two phenomena (out of
phase and different amplitudes) can be easily seen when we
watch the motion of a real flag. The bottom panel shows the
z coordinate (height) of the flag. The flag settles down little
bit at the beginning of the computation and then stops sag-
ging because of the drag force of the wind.

0.58 T T T T
— — top
056 - middle ]|
—— bottom ||
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0.52
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0.5

FIG. 15. Cartesian coordinates of the positions of three

different material points on the downstream edge of the
flag. Three points are chosen at the top, middle, and

y—coordinate

bottom of the downstream edge. The x axis is in the
direction of the wind, the y axis is perpendicular to the
flag and the wind direction, and the z axis is vertical.
We can see from the middle panel that the flag is flap-
ping, and, from the bottom panel, that the flag sags a
little at the beginning of the computation and then stops

sagging. Note (middle panel) that the flapping motions
of top and bottom of the flag are out of phase; i.e., the
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bottom part runs ahead of the top part. In addition, the

- -5 amplitude of the flapping motion is much greater at the

bottom of the free edge than at the top.
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VIl. SUMMARY AND CONCLUSIONS

We have introduced a new version of the IB method that
can handle a massive elastic boundary, and we have shown
that the new method can be well applied to many problems
in which mass of the immersed boundary is important. This
method has the virtue of simplicity: one can easily imple-
ment it in the context of an existing IB method code for the
massless case. The new method contains a penalty parameter,
which is the stiffness coefficient of the springs that connect
the massless immersed boundary points to their massive
twins. In principle, this stiffness should be infinite, and one
might think that it would have to be so large as to require an
excessively small timestep for numerical stability, but in
practice we were pleased to find that this is not the case.

Since the purpose of this paper has been to introduce and
illustrate the new method, we have not yet pursued the ap-
plications begun here in as much detail as they deserve. The
flapping flag, in particular, seems to have many aspects that
are worthy of further study. For example, we can see from
the flag simulation that whether a flag is flapping or not
depends on several parameters: mass density of the flag it-
self, speed of the incident wind, and even the amplitude of
the initial perturbation of the flag from a planar configura-
tion. A detailed exploration of the behavior of the flag as a
function of these parameters is needed.

Another subject for future research is a comparison of
the three different methods that have now been proposed for
the simulation of massive immersed boundaries within the
framework of the IB method. These are the mass-spreading
method,ls’16 the direct use of the D’ Alembert force,21 and the
pIB method of the present paper. A preliminary comparison
is presented in Ref. 21, but further work is needed to sort out
the advantages and disadvantages of the different ap-
proaches.
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