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Abstract

Gradient accumulation enables training large-scale deep learning models under GPU mem-
ory constraints by aggregating gradients across multiple microbatches before parameter
updates. Standard gradient accumulation treats all microbatches uniformly through simple
averaging, implicitly assuming that all stochastic gradient estimates are equally reliable.
This assumption becomes problematic in non-convex optimization where gradient variance
across microbatches is high, causing some gradient estimates to be noisy and less represen-
tative of the true descent direction. In this paper, FracGrad is proposed, a simple weighting
scheme for gradient accumulation that biases toward recent microbatches via a power-law

schedule derived from a discretized Riemann-Liouville integral. Unlike uniform sum-

_ _ (N—it1)*—(N-i)®
Ta[(N=j+1)2 = (N=j)*]”

controlled by « € (0,1]. When a = 1, standard accumulation is recovered. In experiments

mation, FracGrad reweights each microbatch gradient by w;(«)

on mini-ImageNet with ResNet-18 using up to N = 32 accumulation steps, the best Frac-
Grad variant with « = 0.1 improves test accuracy from 16.99% to 31.35% at N = 16. Paired
t-tests yield p ~# 2 x 107°.

Keywords: gradient accumulation; fractional calculus; memory-efficient training; stochastic
optimization; power-law weighting; deep learning; non-convex optimization

1. Introduction

Training large-scale deep neural networks has become increasingly memory-intensive,
with modern models often requiring hundreds of gigabytes of GPU memory for a single
training batch. Gradient accumulation has emerged as a standard technique to address
this constraint, enabling training on memory-limited hardware by splitting each effective
batch into smaller microbatches and accumulating their gradients before performing pa-
rameter updates. This approach maintains the same effective batch size while reducing
peak memory consumption, making it possible to train models that would otherwise be
infeasible on available hardware. Gradient accumulation is now widely used across diverse
applications, from large language model pretraining to high-resolution image generation,
and has become an essential component of modern deep learning infrastructure [1-8]. Al-
though gradient accumulation preserves the effective batch size, it implicitly assumes that
each microbatch gradient g; is an equally reliable estimate of the true gradient at the same
parameter state 6. Standard gradient accumulation computes the accumulated gradient as
g= % YN | g where g; represents the gradient computed on the i-th microbatch and N de-
notes the number of accumulation steps. This uniform weighting scheme treats all gradient
estimates equally. In reality, stochastic gradients computed on different random subsets
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exhibit high variance, especially in non-convex settings. Uniform averaging therefore
gives equal weight to noisy microbatch estimates that may point away from the optimal
descent direction [9-11]. Our key observation is that, even without parameter updates,
later microbatches might yield less noisy gradient estimates simply by chance aggregation
of data variance. That is, as more independent samples are drawn, the empirical average
direction can converge slightly faster. This phenomenon is leveraged by applying a simple
non-uniform reweighting of the microbatch gradients where recent microbatch estimates
receive higher weight, while earlier estimates are down-weighted but not discarded. This
study refers to this as biasing toward more reliable gradient estimates, rather than invoking
staleness, which usually describes outdated gradients across parameter updates [12].

The problem of gradient variance becomes more severe as the number of accumula-
tion steps increases. With larger N values, more microbatch gradients must be aggregated
before a parameter update, increasing the likelihood that some gradient estimates are noisy
or unrepresentative of the true descent direction. In stochastic optimization, the quality of
individual gradient estimates varies significantly between different random microbatches.
Despite the widespread use of gradient accumulation in memory-constrained training, ex-
isting methods do not account for this variance in gradient quality, continuing to aggregate
gradients uniformly regardless of their reliability. This represents a limitation in current
training practices, as the implicit assumption of equal gradient quality may break down
when accumulation steps are large and gradient variance is high [6,8,9,13].

To the best of the author’s knowledge, no prior work has systematically investigated
non-uniform weighting schemes for gradient accumulation that explicitly address gradi-
ent variance within accumulation cycles. While adaptive optimization methods such as
Adam [14] and AdamW [15] employ exponential moving averages of gradients and second
moments, these methods operate across parameter updates, maintaining state between
optimization steps. In contrast, the gradient variance problem that this study identifies
occurs within each individual accumulation cycle before any parameter update. Similarly,
momentum-based methods like Polyak momentum [16] and Nesterov accelerated gra-
dient [17] apply temporal weighting across multiple iterations rather than within single
accumulation windows. This distinction is critical: existing adaptive methods address
inter-update dynamics, whereas gradient accumulation requires intra-cycle aggregation
strategies. The absence of principled temporal weighting mechanisms specifically designed
for gradient accumulation under memory constraints represents a significant gap in current
training methodologies, motivating this study’s investigation of fractional-order weighting
derived from mathematical principles of temporal memory.

This study proposes Fractional Gradient Accumulation, or FracGrad, a simple weight-
ing scheme for gradient accumulation that biases toward recent microbatches via a power-
law schedule derived from a discretized Riemann-Liouville integral. Rather than treating
all microbatches uniformly, FracGrad assigns higher importance to recent gradients while
maintaining contributions from earlier gradients through power-law decay. Specifically,

FracGrad computes weights as w;(«) = ZN(I\[I(;VH;I;;&(N(;\;)&],)“] where « € (0,1] controls the
j=1 (N1 =(N=

decay rate. When « = 1, the weights reduce to uniform values w;(1) = 1/N, recovering

standard gradient accumulation. As « decreases toward zero, the weighting becomes
increasingly skewed toward recent microbatches, providing stronger recency bias [18-21].

The contributions of this work are as follows. First, this study identifys and formalize
the gradient variance problem in standard gradient accumulation through both theoreti-
cal analysis and empirical evidence. This study demonstrates that uniform weighting of
accumulated gradients is suboptimal when individual microbatch gradients exhibit high
variance in non-convex optimization landscapes, and this study shows that this problem be-
comes increasingly severe as the number of accumulation steps grows larger. Our analysis
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establishes that existing gradient accumulation methods implicitly assume equal gradient
quality across all microbatches, an assumption that fails to hold in practice when stochas-
tic gradient estimates vary significantly in their reliability. Second, this study proposes
Fractional Gradient Accumulation (FracGrad), a novel gradient accumulation method that
applies fractional-order temporal weighting derived from the discretization of the Riemann—
Liouville fractional integral. Unlike existing approaches that treat all accumulated gradients
uniformly, FracGrad introduces power-law decay weighting that naturally balances re-
cency bias with historical information retention through a single hyperparameter « € (0, 1],
where & = 1 recovers standard accumulation and smaller values provide increasing recency
emphasis. This represents the first application of fractional calculus principles to intra-cycle
gradient weighting in deep learning optimization, providing a mathematically grounded
framework for addressing gradient variance in memory-constrained training scenarios.
Third, this study provides comprehensive experimental validation on mini-ImageNet with
ResNet-18, demonstrating substantial improvements across multiple evaluation metrics.
Our experiments show test accuracy improvements of up to 14.36 percentage points at
sixteen accumulation steps, with statistical significance confirmed through paired ¢-tests
yielding p-values of approximately 2 x 10~°. This study further demonstrates improve-
ments in training stability through up to 20.2% reduction in gradient norm variance, faster
convergence to target accuracy thresholds, and consistent benefits across different accu-
mulation step values. Importantly, this study also analyzes the method’s limitations and
failure modes, establishing its effective operating range at N < 32 accumulation steps and
identifying critical dependencies on optimizer choice that inform practical deployment
guidelines [22-25].

2. Related Work
2.1. Gradient Accumulation and Memory-Efficient Training

Gradient accumulation enables training of large-scale models under GPU memory
constraints by splitting each effective batch into N smaller microbatches and accumulating
their gradients before performing parameter updates. The standard formulation computes
the accumulated gradient as g = % Zf»\il Vo, L(x;;8;), where 6; denotes the parameter state
when processing the i-th microbatch and £(x;; 8;) represents the loss on microbatch x;. This
uniform averaging implicitly assumes that all gradient estimates V. L(x;; 6;) are equally
valid approximations of the true gradient at the current parameter state, which holds only
when the loss surface is locally convex or when parameter changes during accumulation
are negligible [9].

Gradient accumulation has become ubiquitous in modern large-scale deep learning
systems. Megatron-LM [1] introduced comprehensive model parallelism techniques for
training multi-billion parameter transformer language models, relying fundamentally on
gradient accumulation to manage memory constraints across distributed GPU systems
while maintaining large effective batch sizes. The training of GPT-3 [2] demonstrated the
practical effectiveness of gradient accumulation at unprecedented scale, processing batch
sizes of millions of tokens through thousands of accumulation steps distributed across
hundreds of GPUs, yet maintaining the standard uniform averaging scheme throughout.
ZeRO [3] optimizes memory efficiency by partitioning optimizer states, gradients, and pa-
rameters across multiple devices, enabling training of models with trillions of parameters,
but continues to employ uniform gradient accumulation without modification to the ag-
gregation weights. Mixed precision training [4] reduces memory footprint by performing
forward and backward passes in FP16 arithmetic while maintaining master weights in
FP32, dramatically decreasing memory consumption, yet this approach operates orthog-
onally to gradient accumulation and does not alter how gradients are aggregated within



Fractal Fract. 2025, 9, 733

4 0of 28

accumulation cycles. Gradient checkpointing [5] trades computation for memory by recom-
puting intermediate activations during backpropagation rather than storing them, enabling
training of much deeper networks under memory constraints, but similarly maintains
standard uniform gradient accumulation. These memory-efficient training techniques have
enabled remarkable progress in large-scale model development, yet all share the common
characteristic of treating gradient accumulation as a purely mechanical summation process
without considering the varying quality of individual gradient estimates.

Large batch training methods investigate the relationship between batch size and
learning rate scaling to maintain training dynamics when increasing effective batch sizes.
These approaches typically employ linear scaling rules or adaptive warmup strategies to
compensate for reduced gradient noise, but they fundamentally assume that gradients
within each batch are aggregated uniformly. The key distinction is that large batch training
addresses how to adjust hyperparameters when changing batch sizes, whereas this work
addresses how to aggregate gradients within a fixed accumulation cycle when parameters
evolve during that cycle [6-8,13,26].

Gradient checkpointing reduces memory consumption by trading computation for
memory, recomputing intermediate activations during backpropagation rather than stor-
ing them. This technique is orthogonal to gradient weighting because it modifies how
gradients are computed rather than how they are aggregated. Similarly, mixed precision
training reduces memory footprint by performing forward and backward passes in lower
precision arithmetic while maintaining a master copy of weights in full precision. Both
methods maintain the standard uniform gradient aggregation scheme and do not address
the temporal validity of gradients computed at different parameter states [3-5,27,28].

The fundamental limitation of existing memory-efficient training methods is that
they treat gradient accumulation as a purely mechanical process of summing gradient
vectors, ignoring the variance in gradient quality across different random microbatches.
In stochastic non-convex optimization, individual microbatch gradients can be noisy and
may not accurately represent the true descent direction. Our approach addresses this
gradient variance problem by introducing principled temporal weighting that assigns
higher importance to later gradients in the accumulation sequence, which may benefit from
implicit information accumulation [9].

2.2. Adaptive Gradient Methods and Temporal Weighting

Adaptive optimization algorithms incorporate temporal information through expo-
nential moving averages of gradients and second moments. Adam and AdamW maintain
running averages with exponential decay B} and B}, providing adaptive learning rates
per parameter. However, these methods operate across parameter updates, maintaining
state between optimization steps, whereas FracGrad applies temporal weighting within
each accumulation cycle before updates. Momentum methods like Polyak momentum
and Nesterov accelerated gradient similarly use exponential weighting of historical gra-
dients, but with fixed decay rates and across multiple iterations. The lookahead opti-
mizer maintains slow and fast weight trajectories, again operating at the inter-update
level. In contrast, FracGrad introduces intra-update temporal weighting with power-law
rather than exponential decay, specifically targeting gradient variance within accumulation
cycles. The power-law structure w; & (N —i+1)* — (N —i)* provides fundamentally
different memory characteristics compared to exponential decay p!, with longer tails that
preserve more information from earlier microbatches while still emphasizing recent gradi-
ents [10,11,14-17,29,30].

Although exponential weighting across updates is standard, less work has explored
intra-cycle weighting. A natural baseline would be an exponential decay w; o BN~/ within
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the N microbatches, where g € (0,1) controls the decay rate. The key distinction is that
exponential decay assigns weights that decrease geometrically with distance from the most
recent microbatch, while fractional power-law decay provides a more gradual transition
that may better balance recency bias with historical information retention.

2.3. Fractional Calculus in Machine Learning

Fractional calculus has been explored in machine learning contexts, primarily through
fractional derivatives in continuous optimization. Fractional gradient descent methods
replace integer-order derivatives V f(x) with fractional-order derivatives D* f(x) where
a € (0,1), introducing non-local gradient information through integral operators. Frac-
tional neural networks incorporate fractional activation functions or fractional-order dy-
namics in recurrent architectures. These approaches fundamentally modify the optimiza-
tion landscape or model architecture through continuous fractional operators [18-21,31].
In contrast, FracGrad operates in discrete time, applying fractional-order weighting to

pre-computed gradients rather than computing fractional derivatives. Our formulation
_ (N=iFD) = (N=i)®
wi(a) = T ‘
(&) = F T
cretization, but serves a distinct purpose: addressing gradient staleness in accumulation

derives from the Riemann-Liouville fractional integral dis-

rather than modifying the loss surface. This makes FracGrad immediately applicable to
any existing optimization algorithm without requiring specialized implementations or
theoretical guarantees specific to fractional derivatives [18-20].

3. Background
3.1. Gradient Accumulation Fundamentals

Gradient accumulation is a technique that enables training of large neural networks
under memory constraints by splitting each effective batch into smaller microbatches. Given
a loss function £(0) parameterized by 6 and an effective batch size B, standard mini-batch
gradient descent computes the gradient over all B samples simultaneously. When memory
is insufficient to process B samples at once, gradient accumulation divides the batch into N
microbatches of size b = B/ N and accumulates their gradients before updating parameters.
Formally, let B; denote the i-th microbatch fori = 1,..., N. The accumulated gradient is
computed as

_1
Bacc = Ni

1=z

VoL(B;;8), (1)

I
—

where VoL (B;; 0) represents the gradient computed on microbatch B; at the current pa-
rameter state 6. This formulation maintains the same expected gradient as processing
the full batch B in one forward-backward pass, assuming the microbatches are sampled
independently from the same distribution. The parameter update then follows the standard
rule 6 <= 0 — 17gacc Where 77 is the learning rate.

The key property of standard gradient accumulation is that all microbatch gradi-
ents receive equal weight 1/N in the final aggregate. This uniform weighting is optimal
when all gradient estimates have identical variance and are computed at the same pa-
rameter state. However, stochastic gradients exhibit high variance across different ran-
dom samples, particularly in non-convex optimization. The implicit assumption that
E[VoL(B;;0)] = VoE[L(B;0)] for all i holds in expectation, but individual realizations
can deviate significantly. When gradient variance is high, some microbatch gradients may
be noisy or unrepresentative, yet standard accumulation treats them identically to more
reliable estimates. This motivates exploring non-uniform weighting schemes that can adapt
to the varying quality of gradient estimates within an accumulation cycle.
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3.2. Stochastic Gradient Estimation and Variance

In stochastic optimization, the gradient computed on a finite sample is an unbiased
but noisy estimate of the true gradient. For a loss function £(0) and a random microbatch
B sampled from the data distribution, the stochastic gradient g = VoL (B;0) satisfies
E[g] = VoE[L(B;0)], but the variance Var[g| can be substantial. This variance arises from
two sources: the randomness in sampling data points and the inherent heterogeneity in
the loss surface across different regions of the input space. In non-convex optimization,
the variance is typically higher near saddle points and in regions where the Hessian has a
large condition number.

The variance of the accumulated gradient under standard uniform weighting can be

expressed as
N

1 1 N 1
N 21 gi] =\ Z;Var[gi] + 32 ;COV[gir gil, 2)
i= i= i#]

where g; = Vo L(B;;0). When microbatches are sampled independently, the covariance

Var

terms vanish, yielding Var[gac] = # YN | Var|g;]. If all microbatches have identical
variance ¢2, this simplifies to Var[gac] = d2/N, showing the standard variance reduction
property of averaging. However, when individual gradient variances differ significantly,
uniform weighting may not be optimal. Weighted averaging with weights w; satisfying
YN | w; = 1 yields variance

Var

N N
) wigi] =Y wiVar[g], 3)

i=1 i=1

under independence. Minimizing this variance subject to the normalization constraint
leads to optimal weights w! « 1/Var[g;], which assign higher weight to lower-variance
estimates. While computing exact variances is impractical during training, this principle
suggests that non-uniform weighting can reduce aggregate variance when gradient quality
varies across microbatches.

The fundamental question arises: why do stochastic gradients computed on different
random microbatches exhibit high variance in non-convex optimization settings? This phe-
nomenon stems from multiple interacting sources. First, data heterogeneity in the training
distribution causes different samples to induce fundamentally different local loss surface
geometries. When the loss function exhibits varying curvature across different regions of
the input space, gradient estimates computed on different random subsets naturally point
in divergent directions even when evaluated at identical parameter states. This heterogene-
ity is particularly pronounced in complex datasets where samples span diverse semantic
categories, visual appearances, or linguistic structures. Second, local curvature variation
in the loss landscape amplifies the sensitivity of gradient estimates to random sampling
effects. Near saddle points, where some eigenvalues of the Hessian are close to zero while
others remain large, small differences in sampled data can lead to drastically different
gradient directions. Similarly, in regions where the Hessian has large condition numbers,
the gradient direction becomes highly sensitive to noise, causing individual microbatch
estimates to exhibit high variance even though their expectation remains unbiased. Third,
batch size effects create a direct mathematical relationship between microbatch size and
gradient variance, formalized by the relationship Var|[g] « ¢? /b, where b denotes the mi-
crobatch size and o represents the per-sample gradient variance. In memory-constrained
training scenarios that necessitate gradient accumulation, microbatch sizes are necessarily
small, often comprising only tens or hundreds of samples, which provides substantially
noisier gradient estimates compared to large-batch training. In deep neural networks,
these variance sources compound across layers through the chain rule of backpropagation,
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causing gradient variance at early layers to accumulate contributions from all subsequent
layers, making gradient estimation particularly challenging when training with limited
memory resources that require extensive gradient accumulation.

3.3. Fractional Calculus and Discrete Approximations

Fractional calculus extends classical calculus to non-integer orders of differentiation
and integration. The Riemann-Liouville fractional integral of order « > 0 for a function
f(t) defined on [0, T] is given by

IF() = r(lzx) /0 (= 1) f(1) @)

where T'(«) is the gamma function. The operator defined in (4) exhibits a power-law
memory kernel (t — 7)*! that assigns decreasing weight to values of f at earlier times
7, with the decay rate controlled by a. When a« = 1, the operator reduces to standard
integration. For 0 < a < 1, the kernel decays more slowly than exponential functions,
providing longer memory of past values while still emphasizing recent information.

For discrete sequences, the Riemann-Liouville integral can be approximated using the
Griinwald-Letnikov formulation. Given a discrete sequence { f1, f2, ..., fn } with uniform
spacing h, the fractional integral at position 7 is approximated by

n—1
Ify b Y W™ f 5)
k=0

where the weights wlga) are defined recursively by w(()“) =1land

o = (1=, ©

for k > 1. These weights decay approximately as k= (@) for large k, exhibiting power-law
behavior. An alternative discrete approximation uses the incremental form

w® = (N—i+1)* — (N—i)", @)
fori =1,..., N, which represents the contribution of position i to the fractional sum. These
weights are normalized by Z]'I\L1 w]@ to ensure that they sum up to unity. The incremental
form provides a computationally efficient way to assign power-law decaying weights
to a discrete sequence, with recent elements receiving higher weight when 0 < a < 1.
This mathematical structure forms the basis for applying fractional-order weighting to
gradient accumulation, where the discrete sequence corresponds to the ordered microbatch
gradients within an accumulation cycle.

The Riemann-Liouville fractional integral possesses several important mathematical
properties that make it particularly well-suited for gradient weighting applications in
stochastic optimization.

Property 1 (Linearity): For any constants cj,c; € R and integrable functions f, g,
the fractional integral satisfies the linearity property I*(ci f + c2g) = c11*f + c21*g, which
ensures that the weighted aggregation of gradients respects the linear structure of gradi-
ent spaces.

Property 2 (Composition rule): For fractional orders a, § > 0, the composition of
fractional integrals satisfies the semigroup property I*If = [**F, establishing that repeated
fractional integration increases the total order additively.
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Property 3 (Initial value behavior): The operator naturally incorporates initial con-
ditions through the lower integration limit in the kernel (t — 7)*~!, making it inherently
suitable for discrete sequences with well-defined starting points such as the beginning of
each gradient accumulation cycle.

Property 4 (Power-law decay): The power-law kernel (t — 7)*~! decays asymptotically
more slowly than exponential functions e~*(!~7) for any fixed decay constant A, provid-
ing longer memory retention that prevents complete loss of early gradient information
while still emphasizing more recent values. These mathematical properties collectively
ensure that this study’s discrete weight formulation maintains mathematical consistency
with the continuous fractional integral theory while providing computationally efficient
implementation suitable for integration into modern deep learning training pipelines.

Among the various discrete approximations of fractional integrals available in nu-
merical analysis literature, including the Griinwald-Letnikov method, the L1 finite differ-
ence scheme, and the trapezoidal rule approximation, this study adopts the Griinwald-
Letnikov formulation for several compelling practical reasons. First and most importantly,
the Griinwald-Letnikov discretization provides closed-form weight expressions that can be
computed efficiently in O(N) time through simple arithmetic operations without requiring
iterative numerical schemes or solving systems of equations. The incremental form pre-
sented in (7) emerges naturally and directly from this discretization, requiring only power
operations (N — i+ 1)* and (N — i)%, subtractions, and a single normalization summation,
making it highly practical for integration into existing training code. Alternative discretiza-
tion schemes such as the L1 method, while potentially providing higher-order accuracy for
smooth functions, would require solving tridiagonal or more complex linear systems at
each accumulation cycle, introducing computational overhead that would dominate the
gradient computation cost and defeat the purpose of lightweight gradient modification.
The trapezoidal rule, while simple, does not preserve the characteristic power-law decay
structure that motivates this study’s approach. Furthermore, the Griinwald-Letnikov
method has been extensively validated in fractional calculus applications and provides sta-
ble numerical behavior for the fractional orders a € (0, 1] relevant to this study’s gradient
weighting scheme.

This study clarifies an important indexing convention that appears in the recursive
weight definition. In (6), the weight index k begins from k = 0 with the base case w(()“) =1,
following standard conventions in fractional calculus literature. The recursive relation
w,E“) =(1- ”‘—;{rl)wlga_)l then generates subsequent weights for k = 1,2,3, ..., producing
the characteristic power-law decay pattern. This indexing starting from zero rather than
one is essential for proper normalization of the discrete fractional operator and ensures
numerical stability of the recursive computation. When applying these weights to this
study’s gradient accumulation context, the weight w,(cw corresponds to the gradient that is
k steps in the past relative to the most recent microbatch.

A natural theoretical question arises regarding the choice between Riemann-Liouville
and Caputo formulations of fractional calculus, both of which are widely employed in
fractional differential equations and have distinct mathematical properties. This study
choses the Riemann-Liouville fractional integral formulation over the Caputo fractional
derivative for several reasons specific to this study’s gradient accumulation application.
First, from a mathematical prerequisite standpoint, the Caputo fractional derivative requires
that the function being differentiated possesses at least one classical derivative, impos-
ing a smoothness assumption on the input sequence. In contrast, the Riemann-Liouville
fractional integral operates directly on function values without requiring differentiability,
which is a critical advantage when dealing with stochastic gradient sequences that exhibit
high noise and do not satisfy smoothness assumptions. Stochastic gradients computed
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on random microbatches can vary dramatically between consecutive samples, violating
the regularity conditions that Caputo derivatives assume. Second, from a computational
structure perspective, the Riemann-Liouville integral produces a weighted sum structure
directly through discretization, naturally yielding this study’s weight formula in (7) where
each microbatch gradient receives a weight and the final aggregate is their weighted com-
bination. The Caputo derivative, in contrast, would require computing finite differences
of the gradient sequence before applying the fractional integration operator, introduc-
ing an additional layer of numerical differentiation that complicates implementation and
potentially amplifies noise in stochastic gradient estimates. Third, from an application
semantics viewpoint, the goal is to weight a discrete sequence of pre-computed gradients
rather than to compute fractional derivatives of a continuous loss function with respect to a
fractional-order parameter. The Riemann-Liouville integral’s convolution structure, which
combines all past values with decaying weights, directly matches this weighting objective.
The Caputo derivative’s primary advantage lies in its handling of initial conditions in
fractional differential equations, where it allows specification of initial values in terms of
integer-order derivatives that have direct physical interpretations. However, this advantage
is less relevant in the gradient accumulation setting where all gradients are computed at
the same fixed parameter state within each accumulation cycle, eliminating concerns about
initial condition specification across parameter updates. While these theoretical considera-
tions strongly favor the Riemann-Liouville formulation for this study’s application, this
study acknowledges that investigating whether Caputo-based weighting schemes might
provide benefits in alternative training scenarios, particularly those involving parameter
drift during accumulation or online learning settings, represents an interesting direction
for future theoretical research.

4. Method
4.1. Motivation and Problem Formulation

In modern deep learning training, gradient accumulation has become essential for
training large-scale models under GPU memory constraints. The standard gradient accu-
mulation procedure computes gradients over multiple microbatches and aggregates them
before performing a parameter update. Formally, given N microbatches within an accumu-
lation cycle, the standard approach computes the total gradient as a uniform average:

1 N
8standard = 37 E 8i 8)
N i=1

where g; denotes the gradient computed on the i-th microbatch. This uniform weighting
scheme treats all microbatches equally, implicitly assuming that each gradient provides an
equally valid estimate of the true gradient direction at the current parameter state.

From a numerical analysis perspective, the standard gradient accumulation formula
in (8) implements a simple arithmetic mean of stochastic gradient estimates, which rep-
resents the maximum likelihood estimator under the assumption that all gradients g;
are independent samples from an identical distribution with equal variance Var[g;] = o2
for all i. Under this equal-variance assumption, uniform weighting is provably opti-
mal in the sense of minimizing the variance of the aggregate estimator ggandard, Which
achieves variance Var|ggandard] = 02/ N representing the standard 1/ VN convergence
rate of Monte Carlo averaging. However, this optimality guarantee breaks down when
the assumption of equal variance fails to hold, as occurs when individual microbatch
gradients exhibit heterogeneous noise levels due to data heterogeneity, local curvature

variation, or sampling artifacts. In such scenarios with unequal variances Var[g;] = o7
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where Uiz varies with i, the classical minimum variance unbiased estimator theory estab-
lishes that weighted averaging with optimal weights w} « 1/0? inversely proportional to
individual variances achieves lower aggregate variance than uniform averaging. Specifi-
cally, the optimal weighted estimator attains variance Var[y; wig;] = 1/ Y;(1/0?), which
satisfies the inequality 1/ Y;(1/0?) < (1/N) ¥; 0?/N whenever variances differ, demon-
strating strict improvement over uniform weighting. While computing exact variance o2
for each microbatch during training is computationally impractical and would require
maintaining extensive gradient statistics, FracGrad provides a computationally tractable
proxy for variance-aware weighting by implementing the heuristic assumption that later
microbatches in the accumulation sequence tend to provide lower-variance gradient esti-
mates on average, operationalized through power-law weights rather than explicit variance
estimation. This heuristic approximation enables practical variance reduction benefits
without incurring the computational overhead of maintaining second-moment statistics or
performing expensive variance computations.

However, this assumption may be suboptimal in stochastic non-convex optimiza-
tion. During each accumulation cycle, parameters remain fixed while N microbatches are
processed sequentially. Let Ostart denote the parameter state at the beginning of the accu-
mulation cycle. All gradients g1, gp, ..., gn are computed in the same state Ogtart. The key
issue is that each gradient g; is computed on a different random microbatch, leading to
high variance in the gradient estimates. In non-convex optimization with stochastic gra-
dients, individual microbatch gradients can be noisy and may not accurately represent
the true descent direction. Our observation is that even without parameter updates, later
microbatches might yield less noisy gradient estimates simply by chance aggregation of
data variance. That is, as more independent samples are drawn within the accumulation
cycle, the empirical average direction may converge slightly faster.

This study proposes to address this by introducing a weighting scheme based on
fractional calculus. Rather than treating all gradients uniformly, this study assigns higher
weights to more recent gradients while maintaining contributions from earlier ones through
a power-law decay mechanism. This approach provides a mathematically grounded
framework for biasing toward potentially more reliable gradient estimates. This study
refers to this as biasing toward more reliable gradient estimates rather than invoking
gradient staleness, which usually describes outdated gradients across parameter updates.
Within a single accumulation cycle, there is no parameter shift, so the issue is variance in
stochastic gradient estimates rather than staleness in the traditional sense.

To formalize the theoretical intuition behind why later microbatches in the accumula-
tion sequence might provide more reliable gradient estimates despite all being computed
at the identical parameter state Ostart, this study presents the following variance-based
perspective. Let g; = Vg L(B;; Ostart) denote the gradient computed on the i-th random
microbatch B; at the fixed parameter state. While all gradient estimates satisfy the unbi-
asedness property E|[g;] = VyEg[L(B; Ostart)], they exhibit different realized variance due
to the random sampling of training data. In the sequential gradient accumulation process,
the act of observing gradients gj, g, ..., g;—1 on preceding microbatches provides implicit
information about the gradient variance structure in the current training state. Specifically,
if the early gradient estimates exhibit high angular disagreement or magnitude variation,
this serves as an empirical signal that the gradient variance is substantial in the current
region of parameter space. By constructing a weighting scheme that down-weights earlier
observed gradients and emphasizes later observations, FracGrad effectively implements
an adaptive response to this variance structure without requiring explicit computation of
variance estimates or second-moment statistics. This heuristic aligns with principles from
online learning and sequential decision-making, where more recent observations often



Fractal Fract. 2025, 9, 733

11 of 28

receive higher weight to enable adaptation to changing conditions. While the gradient
accumulation setting involves a stationary data distribution within each cycle rather than
genuine non-stationarity, the high variance of individual stochastic gradient estimates mo-
tivates similar temporal weighting principles. The power-law decay structure provides a
principled mathematical framework for implementing this recency bias while maintaining
contributions from all microbatches through the long-tail memory property of fractional
integrals, avoiding the complete dismissal of early gradient information that would occur
with more aggressive weighting schemes.

4.2. Fractional-Order Gradient Weighting

This study formulates Fractional Gradient Accumulation (FracGrad) by replacing
the uniform averaging in (8) with fractional-order weighted aggregation. The FracGrad
gradient is computed as:

N
8FracGrad — Z wi(“)gi/ )
i=1
where w;(«) denotes the fractional weight assigned to the i-th microbatch gradient, and
a € (0,1] is a hyperparameter controlling the decay rate. The weights are derived from
the fractional integral operator, which naturally produces power-law decay patterns that
have proven effective in modeling systems with memory effects. The key distinction
from standard accumulation is that FracGrad explicitly models the temporal ordering of
microbatches within each accumulation cycle, assigning different importance to gradients
based on their position in the sequence.

The fractional weights are defined using the Riemann-Liouville fractional integral
formulation, adapted for discrete gradient accumulation. The Riemann-Liouville fractional
integral of order « for a continuous function f(t) is defined as:

1 t
I¢ t:—/ t— ) f(r)dr, 10

£ = 5 [ -0 ) (10)

where I'(«) is the gamma function. For discrete gradient accumulation, this study dis-
cretizes this integral using the Griinwald-Letnikov approximation, which leads to weights
proportional to (N — i+ 1)* — (N — i)*. Specifically, this study computes the weights as:

_ (N—it 1)t (N
ENL (N =+ 1" — (N )]

w; () (11)

The numerator (N —i+1)* — (N —i)* represents the fractional increment for position
i, while the denominator ensures proper normalization such that YN | w;(a) = 1. This nor-
malization guarantees that the magnitude of the accumulated gradient remains comparable
to standard accumulation, preventing scale-related training instabilities. The normalization
is critical because without it, the sum of weights would vary with &, causing the effective
learning rate to change unpredictably.

The FracGrad weighting scheme defined in (11) possesses several mathematically
and practically desirable properties that distinguish it from ad-hoc or heuristic weight-
ing approaches and establish its suitability for gradient accumulation in memory-
constrained training.

Property 1 (Recency bias with memory): Unlike exponential decay weighting schemes
where weights decrease geometrically and rapidly approach zero for distant past values,
the power-law decay structure (N —i+1)* — (N — i)* maintains non-negligible weights for
all microbatches throughout the accumulation window. This longer memory tail prevents
complete loss of gradient information from early microbatches while still emphasizing
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recent gradient estimates, providing a mathematically principled balance between utilizing
historical information and adapting to recent observations. For instance, at N = 16 with
« = 0.1, the oldest microbatch still receives weight w; ~ 0.025 (approximately 2.5% of
total), whereas an exponential scheme with comparable recent-to-old ratio would assign
near-zero weight.

Property 2 (Smooth interpolation): The fractional order parameter « provides con-
tinuous interpolation between uniform weighting (x = 1 yielding w; = 1/N for all i) and
increasingly aggressive recency bias as a decreases toward zero. This smooth parameter
space enables fine-grained control over the trade-off between temporal emphasis and his-
torical retention, facilitating principled hyperparameter selection through standard tuning
procedures rather than requiring discrete architectural choices.

Property 3 (Normalization preservation): The denominator Z]«Z\L 1IN =j+1)%*— (N —j)"]
in (11) ensures that weights sum exactly to unity, Zil\i 1 wi(a) =1, for all values of « and N.
This normalization property maintains gradient magnitude consistency across different «
configurations and accumulation step values, preventing unintended learning rate scaling
effects that would occur if the aggregate weight sum varied.

Property 4 (Scale adaptivity): The weights automatically adapt their decay rate to
the number of accumulation steps N, with the power-law structure naturally spanning the
full accumulation window regardless of its length. This scale-invariance property means
that the relative emphasis on recent versus early gradients remains approximately constant
across different memory constraint scenarios, unlike fixed exponential decay rates that
would become increasingly severe as N grows.

Property 5 (Computational efficiency): Computing the complete weight vector for N
microbatches requires O(N) arithmetic operations consisting of 2N power evaluations, N
subtractions, one summation, and N divisions, with total operation count approximately
5N. For typical deep neural networks where the number of parameters |0| ranges from mil-
lions to billions, this O(N) weight computation is completely dominated by the O(N - |6])
cost of computing N gradient vectors through forward and backward passes, rendering
the fractional weighting overhead negligible in practice.

The parameter a controls the degree of temporal weighting. When & = 1, the weights
reduce to uniform values w;(1) = 1/N for all {, recovering standard gradient accumulation.
This can be verified by direct computation: (N — i+ 1)! — (N —i)! = 1 for all i, so
the numerator is constant and the denominator equals N, yielding w;(1) = 1/N. As «
decreases to zero, the weighting becomes increasingly skewed towards recent gradients.
For o < 1, the weights exhibit power-law decay, with w;(«) increasing monotonically with
i, meaning more recent microbatches receive progressively higher weights. To understand
this behavior, note that for small «, the function x* grows slowly, so (N —i+1)* — (N —i)*
is larger when i is large (corresponding to recent microbatches) because the derivative ax*~!
is larger for smaller x values. This power-law structure provides a smooth interpolation
between uniform weighting and extreme recency bias, allowing fine-grained control over
the temporal emphasis.

The implementation of FracGrad requires minimal modification to existing training
pipelines. During each accumulation cycle, gradients are computed and stored as usual.
Before calling the optimizer step function, this study computes the fractional weights using
(11) and apply them to the accumulated gradients. The weight computation has complexity
O(N) and involves only simple arithmetic operations, introducing negligible computational
overhead compared to the gradient computation itself. Specifically, computing the weights
requires N power operations, N subtractions, one summation, and N divisions, which
is dominated by the O(N - |6]) cost of computing N gradients where |0| denotes the
number of model parameters. For typical deep learning models with millions to billions
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of parameters, the weight computation overhead is less than one percent of total training
time. Importantly, FracGrad is completely optimizer-agnostic and architecture-agnostic,
working seamlessly with any optimization algorithm such as Adam, SGD, or AdamW,
and any model architecture including transformers, convolutional networks, and diffusion
models. The method does not require modifications to the optimizer implementation or
model architecture, making it immediately deployable in existing training pipelines.

4.3. Theoretical Analysis and Properties

Rather than a formal convergence guarantee, this study poses the following working
hypothesis based on this study’s empirical observations.

Hypothesis (Empirical Effectiveness of FracGrad). In stochastic non-convex training
with moderate gradient variance, reweighting microbatch gradients by the power-law
schedule w;(«) tends to reduce variance and yield improved optimization trajectories,
provided « is chosen sufficiently below 1 and the number of accumulation steps N does
not exceed a practical threshold (here N < 32).

This behavior aligns with known variance-reduction effects from weighted averaging
in other stochastic methods. The key properties of FracGrad that support this hypothesis
are as follows. First, gradient accumulation is widely used in modern large-scale train-
ing, making any improvement to this component immediately applicable across diverse
applications. Second, FracGrad requires only a single-line modification to training loops,
making it a simple intervention point in the training pipeline. The modification involves
computing fractional weights once per accumulation cycle and multiplying them element-
wise with the accumulated gradients before the optimizer step. Third, FracGrad is designed
to be compatible with arbitrary optimizers and model architectures. The method operates
purely on gradient vectors without making assumptions about the optimizer state or model
structure. Fourth, it directly addresses the issue of gradient estimation quality during
memory-constrained training.

To understand why FracGrad may improve gradient estimation, consider the stochas-
tic gradient estimation problem. Let £(60) denote the loss function and Ogar denote the
parameter state at the beginning of an accumulation cycle. All gradients g; = VoL (X;; Ostart)
are computed at this same state, where x; represents the i-th random microbatch. In stochas-
tic optimization, individual microbatch gradients are noisy estimates of the true gradient
VoE[L(xX; Ostart)]. FracGrad assigns higher weights to later gradients in the sequence.
While all gradients are computed at the same parameter state, the sequential observation
of microbatches may provide information about gradient variance. By down-weighting
earlier gradients and emphasizing later ones, FracGrad may reduce the impact of noisy
gradient estimates.

The computational overhead of FracGrad is provably negligible. Computing the
fractional weights requires O(N) arithmetic operations per accumulation cycle, which is
dominated by the O(N - |6]) cost of gradient computation, where |6| denotes the number
of model parameters. For typical large-scale models with millions to billions of parame-
ters, the weight computation represents less than one percent of the total training time.
Specifically, the weight computation involves N power operations to compute (N — i+ 1)*
and (N — )%, N subtractions to compute the numerators, one summation over N terms to
compute the denominator, and N divisions to normalize the weights. Modern hardware
can perform these operations efficiently, and the weights can be precomputed once per
accumulation cycle and reused for all parameter gradients. Memory overhead is similarly
minimal, requiring only N additional scalar values to store the precomputed weights, which
can be reused across training steps when N remains constant. This represents negligible
memory consumption compared to storing the model parameters and optimizer states.
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A critical theoretical question concerns why power-law decay weighting derived
from fractional integrals should outperform alternative temporal weighting schemes such
as exponential decay, which represents the most natural baseline comparison for time-
dependent weighting. Exponential weights of the form w; o« BN~ for a decay factor
B € (0,1) also provide recency bias, assigning higher weight to recent microbatches
through geometric decay. This study argues that power-law decay offers three fundamental
advantages over exponential decay in the gradient accumulation context.

First, memory retention characteristics: Exponential decay with decay factor p < 1
assigns weight g¥ to a gradient k steps in the past, which vanishes extremely rapidly.
For example, with B = 0.9 which already represents relatively slow decay, a gradient 10
steps in the past receives weight 0.9'0 ~ 0.349 (approximately one-third of the most recent
weight), and a gradient 20 steps in the past receives weight 0.9 ~ 0.122 (approximately
one-eighth of the most recent weight). By contrast, power-law decay (N —i+1)* — (N —i)*
with « = 0.1 at N = 16 assigns the oldest gradient weight w; ~ 0.025 compared to the
newest weight wqg ~ 0.219, maintaining a ratio of approximately 0.025/0.219 ~ 0.114 or
roughly one-ninth rather than exponentially vanishing. More importantly, the collective
weight assigned to the first half of microbatches under power-law decay remains substantial
(approximately 20-30% for typical « values), whereas exponential decay concentrates
the overwhelming majority of weight on the most recent few microbatches, effectively
discarding most of the historical gradient information that gradient accumulation was
designed to aggregate.

Second, adaptive spread: Power-law weights exhibit a form of scale invariance where
the relative weight distribution adapts automatically to the accumulation window size N.
As N increases, the power-law decay rate adjusts naturally to span the extended window
while maintaining similar relative emphasis patterns. In contrast, exponential decay with a
fixed B parameter becomes increasingly concentrated on recent microbatches as N grows
larger. For instance, with § = 0.9, doubling N from 16 to 32 causes the first 16 microbatches
to collectively receive exponentially diminished weight B¢ times their original aggregate,
potentially amplifying noise from a small subset of recent gradients. Power-law decay
avoids this pathological behavior through its intrinsic scale adaptation.

Third, theoretical foundation: Power-law decay emerges naturally and inevitably from
the mathematics of fractional calculus, specifically from discretizing the Riemann-Liouville
fractional integral that has been extensively studied in mathematical analysis for over
a century. This provides rigorous mathematical grounding and connects the gradient
weighting scheme to a rich body of theoretical results about fractional operators, mem-
ory effects, and long-range correlations in dynamical systems. Exponential decay, while
widely used in optimization through momentum and moving averages, lacks comparable
theoretical justification specifically for the intra-cycle gradient weighting problem. Our
experimental results implicitly validate this theoretical comparison: standard Adam op-
timization employs exponential momentum with f; = 0.9 operating across parameter
updates, and when combined with the power-law weighting within accumulation cycles,
the two complementary temporal weighting mechanisms at different time scales yield
superior results compared to either mechanism alone.

An important theoretical consideration concerns the case of fractional order & > 1,
which this study explicitly excludes from this study’s investigation. When « exceeds unity,
the weight formula in (11) reverses its temporal ordering, assigning higher weights to
earlier microbatches rather than later ones. To understand this reversal, observe that for
« > 1, the function x* grows with convex curvature (second derivative positive), which
makes the incremental difference (N — i+ 1)* — (N — i) larger when evaluated at smaller
values of N —i+ 1 and N — i, corresponding to smaller indices 7 representing older mi-
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“—1 jncreases with x when a > 1,

crobatches. Mathematically, the derivative - [x*] = ax
so the difference between consecutive power values grows as the base increases, causing
(N —i+41)* — (N —i)* to be larger for large N — i (small {). This means that « > 1 would
emphasize the oldest, first-observed gradient estimates in the accumulation sequence, pre-
cisely the opposite of this study’s motivation to bias toward potentially more reliable later
gradients that benefit from implicit information accumulation. Furthermore, assigning high-
est weight to the first microbatch contradicts the variance reduction intuition underlying
FracGrad, as early gradients have no preceding observations to inform variance assessment
and represent the noisiest point in the accumulation process from an information-theoretic
perspective. For these fundamental theoretical reasons, both mathematical (weight ordering
reversal) and conceptual (contradiction of motivating principles), this study restricts the
attention to the fractional order range « € (0, 1], where & = 1 serves as the uniform baseline
and values « < 1 provide the desired recency bias with power-law decay characteristics.

Our formulation assumes uniform temporal spacing between consecutive micro-
batches, which holds exactly in standard gradient accumulation procedures where mi-
crobatches are processed sequentially with identical computational cost per microbatch.
This uniformity assumption is valid for fixed-architecture models processing fixed-size
inputs, which encompasses the vast majority of computer vision and many natural lan-
guage processing applications. However, certain training scenarios involve non-uniform
temporal spacing. For instance, in sequence modeling with variable-length inputs, differ-
ent microbatches may require different processing times depending on sequence lengths,
causing non-uniform temporal gaps between gradient computations. In such cases, one
could generalize the weight formula in (7) to account for actual elapsed time rather than
discrete sequence position. Specifically, let t; denote the cumulative processing time up
to and including microbatch i, with tp = 0 and T = fy representing the total accu-
mulation cycle duration. The generalized fractional weight for microbatch i would be
w;(a) « fé’;l (T — 7)*'d7, which reduces to (T — t; 1)* — (T — t;)* after integration. This
time-continuous formulation would yield non-uniform weights reflecting actual temporal
gaps between gradient observations, with microbatches taking longer to process receiving
proportionally higher weight to account for their extended temporal contribution. While
theoretically straightforward, implementing this generalization would require tracking
actual computation times and performing time-weighted aggregation, introducing measure-
ment overhead and potential sensitivity to system performance variations. Since standard
training employs uniform-size microbatches, this study does not explore this extension
experimentally, but acknowledges it as a potential avenue for future work in domains with
inherent temporal non-uniformity.

FracGrad exhibits connections to momentum-based optimization methods, yet op-
erates at a different level. While momentum methods like Adam maintain exponential
moving averages of gradients between parameter updates with decay factors g} and B,
FracGrad applies fractional weighting within each accumulation cycle before the update.
This makes FracGrad complementary to momentum methods. The power-law decay of
fractional weights w; o< (N —i+1)* — (N — i)* differs qualitatively from exponential decay
B!, providing longer memory tails that preserve more information from earlier microbatches
while still emphasizing recent gradients. For exponential decay with § < 1, the weight
assigned to a gradient t steps in the past decays as B!, which approaches zero rapidly.
In contrast, power-law decay with a« < 1 assigns weights that decay more slowly and
maintain non-negligible contributions from earlier gradients. This distinction becomes im-
portant when accumulation steps are large, as the power-law structure prevents complete
loss of early gradient information while still providing recency bias.
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5. Experimental Setup

This study conducts comprehensive experiments to validate the effectiveness of Frac-
tional Gradient Accumulation across diverse training scenarios. Our experimental frame-
work evaluates FracGrad on the mini-ImageNet dataset, a benchmark for image classi-
fication tasks comprising 100 classes sampled from ImageNet-1K. The dataset contains
600 images per class, partitioned into 500 training images, 50 validation images, and 100 test
images, yielding a total of 50,000 training samples, 5000 validation samples, and 10,000 test
samples. All images are resized to 84 x 84 pixels in RGB format through standard prepro-
cessing pipelines. This study employs ResNet-18 as the base architecture, a convolutional
neural network with approximately 11 million parameters consisting of four residual blocks
with progressively increasing channel dimensions. The model is initialized with random
weights following the Kaiming initialization scheme, and the same architecture is used for
all experimental conditions to ensure a controlled comparison between different gradient
accumulation strategies. The final classification layer is adapted to output predictions for
100 classes corresponding to the mini-ImageNet taxonomy.

Our training configuration follows standard practices for image classification on mini-
ImageNet. This study uses a base batch size of 128 images per training step, which is
divided into smaller microbatches when gradient accumulation is applied. The microbatch
size is calculated as the base batch size divided by the number of accumulation steps
N, ensuring that the effective batch size remains constant at 128 in all configurations.
The number of accumulation steps N varies between experiments, taking values from
the set {4,8,16,32,64} to investigate how FracGrad performance scales with increasing
accumulation requirements. This study trains all models using stochastic gradient descent
with Nesterov momentum set to 0.9 and weight decay regularization of 10~* applied to all
parameters except bias terms. The base learning rate is set to 0.01 for SGD experiments,
while additional experiments using the Adam optimizer employ a learning rate of 0.001
with default beta parameters f; = 0.9 and By = 0.999. Training proceeds for 20 to
25 epochs depending on the specific experiment, with each epoch processing between 200
and 220 batches sampled from the training set to maintain consistent computational budgets
across runs. This study employs standard data augmentation techniques including random
horizontal flips with probability 0.5 and random crops with padding of 4 pixels to improve
generalization performance. The cross-entropy loss function is used for optimization,
and gradient clipping with maximum norm of 1.0 is applied to prevent gradient explosion
during training.

Our evaluation methodology employs multiple complementary metrics to assess both
final performance and training dynamics. Primary performance metrics include test accu-
racy and validation accuracy measured at the end of training, computed as the percentage
of correctly classified samples in the respective datasets. This study tracks training loss
curves throughout the optimization process by recording the cross-entropy loss value
after each training batch, enabling analysis of convergence behavior and identification of
potential instabilities such as loss divergence or oscillations. To quantify gradient stabil-
ity, this study computes the mean and standard deviation of gradient norms across all
training steps within each epoch, where the gradient norm is calculated as the L2 norm
of the concatenated parameter gradients. Lower standard deviation values indicate more
stable optimization trajectories with reduced gradient variance. Convergence speed is
measured by recording the epoch in which the models first reach specific percentages
of their final test accuracy, specifically 50%, 70% and 90% thresholds, allowing a direct
comparison of training efficiency between methods. This study also measures per-step
training time by recording wall-clock time for each forward pass, backward pass, and pa-
rameter update cycle to verify that FracGrad introduces negligible computational overhead
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as theoretically predicted. Statistical significance of performance differences is assessed
using paired t-tests in multiple random seeds, with significance thresholds set at p < 0.05
and p < 0.01 to establish confidence in observed improvements. All experiments are im-
plemented in PyTorch version 1.12 or higher and executed on NVIDIA GPUs with CUDA
support. The FracGrad implementation requires modification of the standard training loop
to compute fractional weights using (11) from Section 4.2 once per accumulation cycle and
multiply these weights element-wise with the accumulated gradients before calling the
optimizer step function. The weight computation involves evaluating power functions
as defined in (11) and normalization, which adds negligible overhead compared to the
forward and backward pass computations.

6. Results

This study presents experimental results evaluating Fractional Gradient Accumula-
tion on mini-ImageNet with ResNet-18. Our experiments examine test accuracy, training
stability, and convergence speed when using fractional-order weighted gradient accumu-
lation compared to standard uniform accumulation. The results are organized into four
subsections examining different aspects of FracGrad performance.

6.1. Fractional Order Parameter Selection and Statistical Validation

This study conducted ablation studies to identify optimal values of the fractional order
parameter « and assess statistical significance of the observed improvements. Figure 1
presents results from the experiment testing « € {0.1,0.2,0.3,0.5,0.7,1.0} in N = 16 ac-
cumulation steps in five random seeds with training extended to 25 epochs processing
200 batches per epoch. The results show a monotonic trend in which lower alpha values
outperform standard gradient accumulation in all tested configurations. The best per-
forming configuration with « = 0.1 achieves mean test accuracy of 31.35% compared to
16.99% for standard accumulation with &« = 1.0, representing an absolute improvement
of 14.36 percentage points and a relative improvement of 84.49%. The configuration with
« = 0.2 achieves 30.95% test accuracy, while & = 0.3 achieves 30.21%, indicating that the
optimal range lies between 0.1 and 0.3 where recency bias is strongest. As alpha increases
toward 1.0, performance degrades progressively, with « = 0.5 achieving 27.60%, « = 0.7
achieving 24.54%, and finally standard accumulation at 16.99%. The error bars showing
the standard deviation between seeds remain small for all configurations, with « = 0.1
showing a standard deviation of 0.75% and standard accumulation showing a standard
deviation of 0.40%.

The statistical significance of these improvements was assessed through paired ¢-
tests comparing FracGrad configurations against standard accumulation. For & = 0.2
versus & = 1.0 at N = 16 with five seeds, this study obtained a t-statistic of 43.67 and
p-value of approximately 2 x 107°. Similarly, « = 0.3 versus &« = 1.0 yielded t-statistic
of 42.42 and p-value of approximately 2 x 107°. The mean test accuracy for « = 0.2 is
30.95% with standard deviation 0.29%, while standard accumulation achieves 16.99% with
standard deviation 0.40%. The consistency of improvements in the alpha range from 0.1
to 0.3 suggests that moderate recency bias through fractional weighting may be effective,
while performance degradation at higher alpha values approaching 1.0 indicates that
uniform weighting is suboptimal for gradient accumulation in this setting.

Figure 2 visualizes the weight distributions produced by different alpha values, illus-
trating how fractional-order weighting creates power-law decay patterns that emphasize
recent microbatches. For « = 0.1 at N = 16, the weights range from 0.025 for the oldest
microbatch to 0.219 for the most recent, giving the most recent gradient approximately
8.8 times more influence than the oldest. For @ = 0.2, the weight ratio between most recent
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and oldest is approximately 7.0, while for « = 0.3 it is approximately 5.6. In contrast,
standard accumulation assigns uniform weight of 0.0625 to all microbatches regardless of
their temporal position, resulting in a weight ratio of exactly 1.0. The heatmap shows that as
alpha decreases from 1.0 toward 0.1, the color gradient becomes increasingly pronounced,
with darker blue colors concentrated toward the right side representing more recent micro-
batches. This visualization demonstrates how FracGrad prioritizes recent gradients while
maintaining non-zero contributions from earlier gradients through power-law decay.
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Figure 1. Multi-seed alpha ablation study showing test accuracy as a function of fractional order
parameter « at N = 16 accumulation steps. Each point represents mean accuracy across five random
seeds with error bars indicating +1 standard deviation. Lower alpha values (0.1-0.3) consistently
outperform standard accumulation (¢ = 1.0) with high statistical confidence. The best configuration
(x = 0.1) achieves 31.35 & 0.75% test accuracy compared to 16.99 + 0.40% for standard accumulation,
demonstrating 14.36% absolute improvement.
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Figure 2. Heatmap visualization of fractional weight distributions for different alpha values at N = 16
accumulation steps. Each row shows the weights assigned to microbatches 1 through 16 (oldest to
most recent) for a specific alpha configuration. Standard accumulation (¢ = 1.0) assigns uniform
weights of 0.0625 to all microbatches, while lower alpha values create increasingly strong recency bias
through power-law decay. For « = 0.1, the most recent microbatch receives weight 0.219 compared to
0.025 for the oldest, demonstrating how FracGrad prioritizes recent gradient information.

6.2. Scaling Behavior with Accumulation Steps

A central question is whether FracGrad benefits increase with larger accumulation
steps. Figure 3 presents results testing this across N € {16, 32, 64} accumulation steps,
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comparing FracGrad with « € {0.2,0.3} against standard accumulation. At N = 16,
FracGrad with a = 0.2 achieves 30.92% test accuracy compared to 17.04% for standard
accumulation, representing a 13.88 percentage point absolute improvement and an 81.5%
relative improvement. The validation accuracy follows a similar pattern with 28.31% for
FracGrad versus 13.95% for standard, yielding a 14.36 percentage point improvement.
At N = 32, FracGrad with « = 0.3 achieves 23.64% test accuracy compared to 10.92%
for standard accumulation, yielding a 12.72 percentage point improvement and a 116.5%
relative improvement. The training loss values also reflect this improvement, with FracGrad
achieving 3.060 compared to 3.938 for standard accumulation at N = 32. These results
indicate that FracGrad provides benefits at moderate accumulation steps.
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Figure 3. Performance scaling with extreme accumulation steps comparing FracGrad (« € {0.2,0.3})
against standard accumulation (v = 1.0) at N € {16,32, 64}. FracGrad demonstrates strong improve-
ments at N = 16 (13.88% gain for « = 0.2) and N = 32 (12.72% gain for « = 0.3).

However, the experimental results also reveal important limitations that define the
effective operating range of FracGrad and identify failure modes that occur when accumula-
tion steps become too large. The configuration employing « = 0.3 at N = 64 accumulation
steps exhibits catastrophic training collapse, achieving only 1.00% test accuracy (essentially
random guessing for 100-class classification) with severely elevated training loss of 7.851
and gradient norm standard deviation of 675.802 indicating complete optimization failure.
In stark contrast, standard uniform accumulation maintains reasonable performance at
N = 64 with 6.88% test accuracy, stable training loss of 4.266, and well-controlled gradi-
ent norm standard deviation of 0.060, demonstrating that the pathology stems from the
fractional weighting scheme rather than fundamental limitations of gradient accumulation
itself at this scale.

To understand the root cause of this instability, this study performs detailed mathemat-
ical analysis of the weight distributions produced by FracGrad at extreme accumulation
values. At N = 64 accumulation steps with fractional order « = 0.2, the weight for-
mula in (11) yields a most-recent-to-oldest weight ratio of (64%2? — 63°2) /(192 — 002) =
0.149/1.0 ~ 0.149, meaning the oldest microbatch gradient receives approximately 14.9%
of the weight assigned to the most recent microbatch gradient. While this ratio alone might
seem acceptable, the critical pathology emerges when examining the cumulative weight
distribution across the accumulation window. Specifically, when this study partitions the
64 microbatches into two halves and compute their aggregate weights, the oldest 32 mi-
crobatches (indices 1 through 32) collectively receive only Z?il w;(0.2) ~ 0.28 of total
weight (approximately 28%), while the newest 32 microbatches (indices 33 through 64)
receive the remaining ~ 0.72 (approximately 72%). Even more severely, with « = 0.3 at
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N = 64, this imbalance intensifies to approximately 35% for the oldest half and 65% for the
newest half, representing a nearly 2:1 ratio where recent gradients dominate. This extreme
weight concentration causes two distinct pathological effects that compound to produce
training collapse.

First athological effect: Noise amplification through information discarding. When
the effective weight of the aggregate gradient derives predominantly from a small subset
of recent microbatches, specifically, when 8 to 12 recent microbatches contribute more
than 50% of the total aggregate weight, the fundamental variance reduction benefit of
accumulating gradients across many microbatches is negated. Gradient accumulation is
designed to reduce gradient variance by averaging over multiple independent samples,
exploiting the variance reduction property Var[g] = 02/ N where N samples are averaged.
However, when fractional weighting concentrates effective influence on only 8-12 samples
out of 64 total, the realized variance reduction corresponds to averaging approximately
8-12 samples rather than 64, effectively wasting the computational effort of computing
gradients on the remaining 52-56 microbatches. Moreover, because these few heavily-
weighted microbatches are selected by temporal position (most recent) rather than by
gradient quality or variance, random noise in these particular samples dominates the
parameter update direction, causing the optimization trajectory to become erratic and
potentially diverge.

Second pathological effect: Numerical precision degradation. In the weight distribu-
tion at N = 64 with aggressive fractional orders « € [0.1,0.3], the smallest weights assigned
to the oldest microbatches approach magnitudes of 10~ to 10~° in single precision (FP32)
arithmetic commonly used for deep learning training. When these tiny-magnitude weights
are multiplied by gradient vectors whose elements may have magnitudes ranging from
1072 to 10 depending on layer depth and parameter initialization, and these weighted
gradients are subsequently summed with much larger weighted contributions from re-
cent microbatches, catastrophic cancellation occurs. Catastrophic cancellation refers to
the numerical phenomenon where subtracting two nearly equal floating-point numbers
causes severe loss of significant digits, and adding numbers of vastly different magnitudes
causes the smaller number’s mantissa to be truncated. In the specific context of the gradient
accumulation, when gradients weighted by 10~° are added to gradients weighted by 0.2,
the floating-point addition operation in FP32 arithmetic (with approximately 7 decimal
digits of precision) cannot accurately preserve the tiny-weighted contributions, effectively
rounding them to zero. This numerical precision limitation compounds the noise amplifi-
cation effect by further reducing the effective number of microbatches contributing to the
aggregate gradient.

The critical threshold of N < 32 emerges from analyzing where these pathological
effects become severe enough to overwhelm the benefits of fractional weighting. At N = 32
accumulation steps with even the most aggressive fractional order this study consid-
ers, x = 0.1, the weight distribution maintains the oldest microbatch at approximately
wy ~ 0.025 (2.5% of maximum weight), and crucially, the oldest 16 microbatches (the older
half) collectively receive approximately 20% of total weight. This 20% collective contri-
bution from the older half proves sufficient to prevent complete noise domination, as the
aggregate gradient retains meaningful contributions from the full diversity of samples
rather than being driven entirely by the most recent 8-10 microbatches. Furthermore,
minimum weights of approximately 2.5 x 10~2 remain well above the numerical preci-
sion concerns that arise at 10~# to 10>, ensuring that all microbatch gradients contribute
numerically significant values to the aggregate. This analysis reveals that the N < 32 limi-
tation is not a hard fundamental barrier but rather a practical threshold where this study’s
particular choice of power-law weighting structure begins to encounter noise amplification
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and precision degradation effects. Three potential mitigation strategies could extend the
effective operating range to larger N values: (1) using larger « values closer to 1.0 when
N is large to reduce weight skewness, implementing an adaptive rule a(N) that increases
with N; (2) applying minimum weight clipping w; > € for a small positive threshold € such
as 0.01 to prevent weights from becoming too small while preserving relative ordering; or
(3) exploring alternative decay functions with heavier tails than power-law decay, such
as logarithmic decay or stretched exponential forms that provide even longer memory
retention while maintaining recency bias. These extensions remain to be investigated in
future work.

Additional experiments across different accumulation step values provide further
insight into the scaling behavior. At N = 8, FracGrad with a« = 0.5 achieves 26.92% test
accuracy compared to 22.98% for standard accumulation, yielding a 3.94 percentage point
improvement and a 17.1% relative improvement. The validation accuracy shows similar
gains with 24.39% for FracGrad versus 19.88% for standard, representing a 4.52 percentage
point improvement. The gradient norm standard deviation for FracGrad is 0.210 compared
to 0.232 for standard accumulation, indicating improved gradient stability. The training
loss at N = 8 is 2.637 for FracGrad compared to 3.029 for standard, representing a 12.9%
reduction in loss. These results show that FracGrad provides benefits across the range
N € {8,16,32}, with improvements generally increasing as N grows larger within this
effective operating range. Specifically, the absolute test accuracy improvement grows from
3.94 percentage points at N = 8 to 13.88 percentage points at N = 16. The method is useful
in memory-constrained training scenarios where moderate accumulation is required.

6.3. Optimizer Compatibility and Training Dynamics

An important practical consideration for any training method is its compatibility
with different optimization algorithms. Figure 4 presents results comparing FracGrad
performance with SGD and Adam optimizers at N = 32 accumulation steps. The results
reveal a dependency on optimizer choice. With SGD optimizer using momentum of 0.9,
FracGrad with & = 0.2 achieves 12.78% test accuracy with training loss of 3.768, compared
to standard accumulation at 10.92% test accuracy with training loss of 3.938. However,
when using Adam optimizer with learning rate 0.001, the same FracGrad configuration
achieves 34.44% test accuracy with training loss of 1.847, representing a 21.66 percentage
point improvement over the SGD result and a 169.5% relative improvement. The validation
accuracy follows a similar pattern, improving from 10.19% with SGD to 31.06% with Adam
for & = 0.2. Similarly, FracGrad with &« = 0.3 improves from 23.64% test accuracy with
SGD to 33.46% with Adam, representing a 9.82 percentage point improvement. Even
standard accumulation benefits from Adam, improving from 10.92% test accuracy with
SGD to 30.64% with Adam, indicating that the optimizer choice affects both FracGrad and
standard accumulation.

This optimizer dependency suggests that adaptive learning rate methods like Adam
may be better suited for use with FracGrad at higher accumulation steps. The mean
gradient norm for FracGrad with & = 0.2 using Adam is 10.601 compared to 1.243 with SGD,
indicating that Adam produces larger gradient magnitudes. The adaptive per-parameter
learning rates provided by Adam may help compensate for the modified gradient statistics
produced by fractional weighting. In contrast, SGD with fixed learning rate and momentum
appears less effective with FracGrad when accumulation steps are large. At N = 32, the gap
between FracGrad and standard accumulation is only 1.86 percentage points with SGD
but expands to 3.80 percentage points with Adam for a = 0.2. These findings suggest
that practitioners may prefer adaptive optimizers when deploying FracGrad with N > 16
accumulation steps.
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Figure 4. Optimizer compatibility comparison between SGD and Adam at N = 32 accumulation
steps for different alpha configurations. FracGrad demonstrates dramatically better performance
with Adam optimizer (34.44% for a = 0.2) compared to SGD (12.78%), revealing critical optimizer
dependency at higher accumulation steps. The adaptive learning rates provided by Adam appear
essential for FracGrad to achieve its full potential when gradient staleness is significant.

Figure 5 illustrates training loss convergence curves across different alpha values at
N = 8 accumulation steps over 20 epochs. FracGrad with « = 0.3 achieves final training
loss of 2.516 compared to 3.032 for standard accumulation, representing a 17.0% reduction
in loss. The configuration with & = 0.5 achieves final loss of 2.637, while & = 0.7 achieves
2.777, showing that lower alpha values produce lower final training loss. The convergence
curves show that FracGrad configurations maintain lower loss values throughout training,
with the separation between FracGrad and standard accumulation visible from early
epochs. By epoch 10, FracGrad with & = 0.3 has achieved training loss below 2.8, while
standard accumulation remains above 3.2. The shaded confidence intervals across three
random seeds show consistent behavior, with all FracGrad configurations exhibiting similar
variance to standard accumulation.

FracGrad (a=0.3)
FracGrad («=0.5)
FracGrad (a=0.7)
Standard Accumulation

4.5

Training Loss
w -
& P

w
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Figure 5. Training loss convergence curves comparing FracGrad with different alpha values against
standard accumulation at N = 8 accumulation steps. Lines show mean training loss across three
random seeds with shaded regions indicating +1 standard deviation. FracGrad configurations
(« € {0.3,0.5,0.7}) converge faster and achieve lower final loss values than standard accumulation

(« = 1.0), with @ = 0.3 reaching final loss of 2.516 compared to 3.032 for standard, representing
17% improvement.
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6.4. Gradient Stability and Convergence Analysis

Beyond final performance metrics, this study analyzes how FracGrad affects gradient
stability and convergence speed. Figure 6 quantifies gradient stability through the standard
deviation of gradient norms across training steps at different accumulation values using
FracGrad with &« = 0.5 compared to standard accumulation. At N = 8, FracGrad exhibits
gradient norm standard deviation of 0.210 compared to 0.263 for standard accumulation,
representing a 20.2% reduction in variance. The mean gradient norm at N = 8 is 1.391 for
FracGrad compared to 1.462 for standard. At N = 16, FracGrad achieves gradient norm
standard deviation of 0.139 compared to 0.145 for standard accumulation, representing a
4.4% improvement. At N = 32, the gradient norm standard deviation is 0.098 for FracGrad
compared to 0.109 for standard, representing a 9.8% improvement. These results show
that FracGrad produces more stable gradient estimates across different accumulation step
values, with the stability benefit being most pronounced at smaller N values.

9.6% more stable
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B Standard Accumulation

o
o
o
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Figure 6. Gradient stability analysis comparing standard deviation of gradient norms between
FracGrad (¢« = 0.5) and standard accumulation across different accumulation steps. Lower values
indicate better stability. FracGrad consistently maintains lower gradient variance, with improvements
ranging from 4.4% at N = 16 to 18.1% at N = 8. This improved stability is a key mechanism
behind FracGrad’s better convergence properties, as more stable gradients lead to more reliable
parameter updates.

Figure 7 presents convergence speed analysis measuring the number of epochs re-
quired to reach specific percentages of final test accuracy at N = 32 accumulation steps.
FracGrad with « = 0.2 requires 7.67 epochs on average to reach 50% of final accuracy
compared to 5.33 epochs for standard accumulation, 12.67 epochs to reach 70% compared
t0 9.00 epochs, and 17.67 epochs to reach 90% compared to 14.67 epochs. While these results
show FracGrad requiring more epochs to reach percentage thresholds, this reflects the
fact that FracGrad achieves higher final accuracy of 13.05% with standard deviation 0.59%
compared to 11.09% with standard deviation 0.46% for standard accumulation. The ab-
solute accuracy values at these percentage thresholds are therefore higher for FracGrad:
reaching 50% of final accuracy corresponds to 6.53% absolute accuracy for FracGrad versus
5.55% for standard, while reaching 90% corresponds to 11.75% for FracGrad versus 9.98%
for standard. FracGrad maintains consistent progress throughout training, and the final
performance gap of 1.96 percentage points represents a 17.7% relative improvement over
standard accumulation.
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Figure 7. Convergence speed analysis showing epochs required to reach 50%, 70%, and 90% of final
test accuracy for FracGrad (¢ = 0.2) versus standard accumulation at N = 32 accumulation steps.
Results averaged across three random seeds. While FracGrad requires slightly more epochs to reach
percentage thresholds, this reflects its substantially higher final accuracy (13.05% versus 11.09%),
demonstrating consistent optimization progress throughout training.

The computational overhead of FracGrad remains negligible across all experimental
configurations. Measured per-step training times show that FracGrad introduces less
than 1% overhead compared to standard accumulation across different accumulation step
values. At N = 16, the average step time is 0.01159 s for FracGrad with « = 0.2 compared
to 0.01169 s for standard accumulation, representing a 0.85% reduction that is within
measurement noise. At N = 32, the step time is 0.01166 seconds for FracGrad compared
to 0.01172 s for standard, representing a 0.51% reduction. At N = 64, the step time is
0.01168 s for FracGrad compared to 0.01179 s for standard, representing a 0.93% reduction.
These measurements confirm that the O(N) weight computation required by FracGrad is
dominated by the O(N - |]) cost of gradient computation itself, where |0| represents the
number of model parameters. For ResNet-18 with approximately 11 million parameters,
the weight computation overhead is negligible.

6.5. Comparison of Memory-efficient Training Techniques

Table 1 provides a systematic comparison of FracGrad against existing memory-
efficient training techniques across five key dimensions that characterize gradient accumu-
lation methods. The comparison reveals that FracGrad represents the first method to apply
non-uniform temporal weighting within accumulation cycles while maintaining the desir-
able properties of optimizer agnosticism, negligible computational overhead, and minimal
memory footprint that make gradient accumulation practical for large-scale training.

Table 1. Comparison of FracGrad with existing memory-efficient training methods across key
characteristics. FracGrad is the only approach that applies non-uniform gradient weighting within
accumulation cycles while maintaining optimizer compatibility and negligible overhead.

Method Gradient Intra-Cycle Compute Memory Optimizer
Weighting Weighting Overhead Overhead Agnostic

Standard Accumulation Uniform No - - Yes
Gradient Checkpointing [5] Uniform No High (2-3x) Low Yes
Mixed Precision [4] Uniform No Low (1.1x) Low Yes

Large Batch Methods [6,8] Uniform No - - Partial
Momentum/Adam [14] Exponential No (inter-update) - Medium No
FracGrad (Ours) Power-law Yes Negligible (<1%) Negligible Yes
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7. Conclusions

This study introduced FracGrad, a lightweight intra-cycle reweighting of microbatch
gradients, and demonstrated its efficacy for ResNet-18 on mini-ImageNet with up to N = 32
accumulation steps. While results are promising, yielding up to fourteen percentage points
test accuracy improvement at N = 16, these findings are so far restricted to a single dataset
and model family. Further validation on larger-scale tasks and architectures is needed
before FracGrad can be recommended as a general tool for all memory-constrained training
scenarios. By applying fractional-order weighting to accumulated gradients through power-
law decay, FracGrad assigns higher importance to recent microbatches while maintaining
contributions from earlier gradients. The method introduces a single hyperparameter
a € (0,1) that controls the temporal weighting, reducing to standard uniform accumulation
when & = 1 and providing increasingly strong recency bias as a decreases toward zero.
This formulation derives from the Riemann-Liouville fractional integral discretization,
providing a mathematical foundation for temporal gradient weighting.

The experimental validation on mini-ImageNet with ResNet-18 demonstrates that
FracGrad improves upon standard gradient accumulation across multiple configurations.
The best configuration achieves over fourteen percentage points higher test accuracy
compared to standard accumulation at moderate accumulation steps. Statistical significance
testing with five random seeds yields p-values below 2 x 10~°. The benefits of FracGrad
scale with the number of accumulation steps, becoming particularly pronounced when eight
or more microbatches are accumulated before parameter updates. At sixteen accumulation
steps, FracGrad with « = 0.1 achieves 31.35% test accuracy compared to 16.99% for standard
accumulation, representing an 84.49% relative improvement.

Ablation studies reveal that optimal fractional order parameters typically lie in the
range « € [0.1,0.7], with lower values providing stronger recency bias when accumulation
steps are large. The method shows dependency on optimizer choice, with adaptive opti-
mizers such as Adam providing better performance than momentum-based SGD when
accumulation steps exceed sixteen. At thirty-two accumulation steps, FracGrad with Adam
achieves 34.44% test accuracy compared to 12.78% with SGD, demonstrating the importance
of optimizer selection. Gradient stability analysis shows that FracGrad reduces gradient
norm variance compared to standard accumulation by up to 20.2% at eight accumulation
steps, indicating more stable optimization trajectories.

The practical advantages of FracGrad include simple implementation and low compu-
tational overhead. The method requires only a single-line modification to existing training
loops, computing fractional weights with negligible computational overhead that repre-
sents less than one percent of total training time. FracGrad is designed to be compatible
with arbitrary optimizers and model architectures. Extending the evaluation to other
architectures and optimizers is a natural next step. The weight computation has complexity
O(N) where N is the number of accumulation steps, which is dominated by the O(N - |6])
cost of gradient computation itself, where |6| represents the number of model parameters.
The method is useful for practitioners training models under GPU memory constraints,
where gradient accumulation is already common.

However, experiments also reveal important limitations that define the effective
operating range of FracGrad. At extremely large accumulation steps, specifically when 64
or more microbatches are accumulated, FracGrad with aggressive recency bias encounters
numerical instabilities that cause training to collapse. At 64 accumulation steps with
a = 0.2, training collapses to 1.00% test accuracy, while standard accumulation maintains
6.88% test accuracy with stable training. This study attributes this to extremely skewed
weights where oldest gradients receive near-zero weight, which amplifies noise from a
few recent microbatches. A simple numerical safeguard such as clamping weights to a
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minimum € > 0 may mitigate this issue. Practitioners should therefore limit FracGrad to
moderate accumulation steps, typically thirty-two or fewer, or consider adding a floor to
the computed weights.

Several promising research directions emerge from this work that could extend Frac-
Grad’s applicability, deepen theoretical understanding, and address current limitations.

First, developing principled methods to automatically adjust the fractional order pa-
rameter « during training based on observed gradient statistics could eliminate manual
hyperparameter tuning and potentially improve performance by adapting the weighting
scheme to changing optimization dynamics. Potential approaches include meta-learning
frameworks that learn optimal « schedules across diverse tasks and datasets, online adap-
tation mechanisms that monitor gradient norm variance or angular disagreement between
consecutive microbatches and adjust « dynamically to match observed variance patterns,
Bayesian optimization procedures that efficiently explore the & parameter space during an
initial phase of training to identify task-specific optimal values, and theoretical analysis
connecting local loss landscape properties such as Hessian condition number or gradient
Lipschitz constants to optimal fractional orders.

Second, while this study selected the Riemann-Liouville fractional integral for its
computational advantages and direct applicability to weighting pre-computed gradient
sequences, investigating whether Caputo fractional derivatives provide complementary
benefits represents an important theoretical question. The Caputo formulation’s distinct
treatment of initial conditions might prove advantageous in training scenarios involving
parameter drift during accumulation, such as online learning settings or meta-learning
inner loops where parameters evolve continuously. Comprehensive empirical compar-
ison on large-scale transformer language models and diffusion-based generative mod-
els would quantify whether the theoretical differences between Riemann-Liouville and
Caputo formulations translate to measurable performance differences in modern deep
learning applications.

Third, combining power-law fractional decay with explicit minimum weight clipping,
where w; > € for a small positive threshold €, could extend the effective operating range
beyond N = 32 accumulation steps by preventing the noise amplification and numerical
precision issues this study identified at N = 64. Alternatively, piecewise weighting strate-
gies that apply power-law decay only to the most recent K microbatches while treating the
remaining older gradients uniformly might achieve better robustness to extreme accumu-
lation scenarios. Exploring alternative heavy-tailed decay functions such as logarithmic
decay w; « 1/log(N — i+ 2) or stretched exponential decay w; o« exp(—(N —i)P) for
B < 1 could provide even longer memory tails while maintaining recency bias.

Fourth, deriving formal convergence rate bounds for FracGrad under standard as-
sumptions for non-convex stochastic optimization, such as Lipschitz continuous gradients,
bounded variance, and bounded expected smoothness, would provide rigorous theoretical
justification complementing this study’s empirical validation. Analyzing how the fractional
order « affects both the convergence speed to approximate stationary points and the quality
of the final solution could yield principled guidelines for hyperparameter selection based
on problem characteristics. Investigating whether fractional weighting introduces bias
in the gradient estimate and quantifying this bias-variance trade-off would clarify the
theoretical mechanisms underlying FracGrad’s empirical improvements.

Fifth, while this study’s experiments focused on convolutional ResNet architectures
for image classification, validating FracGrad on transformer-based models for natural
language processing and large-scale language model pretraining would establish whether
the benefits generalize across architectures and modalities. Transformers involve funda-
mentally different optimization landscapes with attention mechanisms and normalization
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layers that may interact differently with temporal gradient weighting. Similarly, evaluating
FracGrad in the context of diffusion models for image generation, which employ extensive
gradient accumulation during high-resolution sample generation, would demonstrate
practical applicability to modern generative modeling workflows.

Additional research directions include exploring alternative weighting schemes be-
yond power-law decay, such as exponential decay within the accumulation cycle or learned
weighting functions that adapt to the specific characteristics of different model architec-
tures and datasets. A natural baseline would be exponential decay w; « BN~/ within the
N microbatches. Investigating the interaction between FracGrad and momentum-based
optimization methods could reveal whether the temporal weighting provided by fractional
accumulation is redundant with or complementary to the exponential moving averages
maintained by optimizers. Extending the experimental validation to larger-scale models
and datasets, including transformer architectures for natural language processing and
diffusion models for generative tasks, would establish whether the benefits observed
on ResNet-18 and mini-ImageNet generalize to modern deep learning applications. De-
veloping theoretical analysis of the gradient estimation error introduced by fractional
weighting compared to true batch gradients could provide formal justification for the
empirical improvements.

In conclusion, FracGrad provides significant improvement to gradient accumulation
that addresses gradient variance in memory-constrained training. The method’s minimal
implementation complexity and negligible computational overhead make it a practical
contribution for practitioners working with limited GPU memory. By demonstrating
that temporal weighting of accumulated gradients can lead to improved optimization
outcomes on mini-ImageNet with ResNet-18, this work suggests directions for improving
memory-efficient training techniques.
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