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Abstract We present a new model for two-component
scalar dark matter (DM), consisting of two complex scalar
fields. In this model, both the DM components are stable due
to the remaining Z4 gauge symmetry, which is the remnant
of the U (1)′ local symmetry. When the resonance condi-
tion for DM masses is fulfilled, we show that the elastic co-
scattering processes between two components of dark matter
(u-channel processes) are enhanced due to the Yukawa poten-
tial with a small effective mass for the lighter DM mediator,
so we can use such co-scattering processes for dark matter to
explain the small-scale problems at galaxies. Moreover, there
are also semi-annihilation processes that two components of
dark matter annihilate into one dark matter particle and a
dark photon/Higgs, which are enhanced by the u-channel
Sommerfeld factor. Focusing on some benchmark models
for two-component dark matter satisfying the observed relic
density, we obtain the bounds for the dark photon portal
couplings from the direct detection for boosted dark mat-
ter, which is produced from the semi-annihilation processes
at the galactic center.

1 Introduction

Dark matter (DM) is ubiquitous in the universe, from galax-
ies, large scale structures to cosmological scales, and it
is measured precisely by Cosmic Microwave Background
(CMB) data from Planck [1]. However, there is no clue for
identifying the nature of dark matter, although there have
been a plenty of models for dark matter and a lot of efforts to
test them by direct and indirect experiments. Weakly Inter-
acting Massive Particles (WIMP) paradigm has been one
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of the interesting avenues in searching for dark matter, but
the bounds from the direct detection experiments such as
XENONnT [2], PandaX-4T [3], LZ [4], etc, have ruled out
most of the parameter space for weak-scale dark matter.

Dark matter has been assumed to be composed of a single
species of particles in the extension of the Standard Model
(SM), so there has been an interesting interplay between the
DM annihilation, the DM-nucleon scattering and the DM
production, providing a guideline for constructing a consis-
tent model for dark matter. However, dark matter can be com-
posed of more than one species of particles in the so called
multi-component dark matter scenarios, so new interactions
between dark matter particles can play a crucial role not only
in the evolution of dark matter abundance, large scale struc-
tures and galaxies, but also in the detection prospects for dark
matter.

The extended dark sector is welcoming to make the N-
body DM simulation compatible with the observed rotation
velocities in galaxies at small scales. For instance, light medi-
ators for dark matter (t-channel mechanism) [5] or a multi-
component dark matter with resonant mass conditions (u-
channel mechanism) [6–8] can make the dark matter self-
interactions enhanced and velocity-dependent [9]. Then, self-
interacting dark matter can provide a solution to the small-
scale problems such as core-cusp problem, too-big-to-fail
problem, diversity problem, etc [5,10–14], although we need
a more precise understanding of the baryonic feedback on the
DM simulation [15,16]. In particular, in the latter u-channel
mechanism where there are more than one species for dark
matter candidates with comparable masses, the dark mat-
ter self-scattering can be enhanced to solve the small-scale
problems for a small velocity of dark matter at dwarf galax-
ies without a light mediator, and there are interesting signals
for direct and indirect detections, depending on the relative
fractions of dark matter abundances [6,7].

In this article, we consider a model with Z4 discrete gauge
symmetry for two-component dark matter. The U (1)′ local
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symmetry is spontaneously broken to Z4 such that a complex
scalar field φ1 and the lighter component of another complex
scalar field φ2 can be both candidates for stable dark matter.
In comparison, in the Z2 model considered in Refs. [6,7],
φ1 was taken as being a complex singlet scalar field charged
under the U (1)′, while φ2 was considered as being a neutral
singlet scalar under the U (1)′. In this case, φ2 would not be
stable due to the loop-induced decays with Z ′ interactions
unless a twin partner of φ1 with a similar direct coupling
to φ2 is introduced [8]. In the current paper, the Z4 symme-
try provides a consistent framework for two-component dark
matter because it makes both φ2 (or the lighter of scalar fields
belong to φ2) and φ1 absolutely stable.

Focusing on the case with degenerate masses for two real
components of φ2, we just call the second dark matter φ2.
The Z4-invariant self-interactions between φ1 and φ2 are
responsible for the u-channel mechanism for enhancing the
DM self-scattering cross sections under the resonant mass
condition as well as determining the relic density for multi-
component dark matter. We call the dark matter in our model
“self-resonant dark matter”. We remark that the qualitative
discussion of the current work is still valid even for the gen-
eral case with split masses for φ2, after the resonant mass
condition is introduced between φ1 and the lighter compo-
nent of φ2.

In the presence of the resonant mass condition for φ1 and
φ2, namely, m2 � 2m1, the tree level co-scattering processes
between φ1 and φ2 (or φ

†
2) become divergent in the limit of a

small momentum transfer for dark matter. Thus, we develop
the Bethe–Salpeter formalism for getting the enhanced co-
scattering cross sections following closely the method taken
by some of the authors in Refs. [6,7]. Moreover, we show
how the semi-annihilation processes, φ1φ

(†)
2 → φ

†
1Y , with

Y = X, hX , and their complex conjugates, where X is the
dark photon and hX is the dark Higgs, can be also enhanced
by the u-channel Sommerfeld factor. The boosted dark mat-
ter φ1 produced from the semi-annihilation processes carries
a sizable kinetic energy such that it can be probed by direct
detection experiments above the detector threshold. We dis-
cuss the compatibility of the effective self-scattering cross
section for dark matter with the observed rotation velocities
in galaxies and galaxy clusters. We also choose some bench-
mark models for dark matter with weak-scale or sub-GeV
scale masses and show how the parameter space for dark
photon portal couplings is constrained by the relic density,
indirect detection such as CMB bound, and the direct detec-
tion for boosted dark matter coming from the galactic center.

The paper is organized as follows. We begin with the
model setup consisting of two complex scalar fields for dark
matter and a complex scalar field for the dark Higgs mecha-
nism and identify the dark sector interactions as well as the
DM interactions with the SM. We apply the Bethe–Salpeter
formalism for the non-relativistic co-scattering processes

Table 1 The U (1)′ charges and
Z4 transformations for dark
scalars

φ1 φ2 χ

U (1)′ + 1 + 2 + 4

U (1)′ ⊃ Z4 i − 1 + 1

between φ1 and φ2 and obtain the effective Yukawa-type
potential only for one linear combination of the initial states,
|φ1φ2〉 and |φ1φ

†
2〉. Then, we obtain the velocity-averaged

cross section for the co-scattering between two different
species for dark matter and the one for the self-scattering
for φ1 only and compare between them. Next we provide
the Boltzmann equations for the relic abundances for two-
component dark matter and present the direct detection cross
sections for halo dark matter, the bound from CMB recombi-
nation, direct detection for boosted dark matter. Finally con-
clusions are drawn. There are three appendices containing
the DM annihilation cross sections in the model, the direct
detection cross sections for Higgs and dark photon portal
couplings as well as the kinematics for the semi-annihilation
processes for multi-component dark matter.

2 The setup

For a working model for self-resonant dark matter [6–8], we
introduce a complex scalar χ for the symmetry breaking of
U (1)′ to Z4, two additional complex scalars, and φ1, φ2, for
multi-component dark matter. The extra gauge boson asso-
ciated with U (1)′ is denoted by Xμ. We assume that the SM
particles including the Higgs doublet are neutral under the
U (1)′. We specify the charges for a localU (1)′ symmetry and
the Z4 transformations for the dark scalars, as summarized
in Table 1.

TheU (1)′ invariant Lagrangian for the SM Higgs and dark
scalars is given by

L = |Dμχ |2 + |Dμφ1|2 + |Dμφ2|2 − 1

4
XμνX

μν

−1

2
sin ξ XμνB

μν − V (χ, φ1, φ2) + LH,portal (1)

where Xμν = ∂μXν − ∂νXμ is the field strength tensor for
the extra gauge boson, the covariant derivatives are Dμχ =
(∂μ−4igX Xμ)χ , Dμφ1 = (∂μ−igX Xμ)φ1, Dμφ2 = (∂μ−
2igX Xμ)φ2, and the scalar potential is

V (χ, φ1, φ2) = m2
χ |χ |2 + λχ |χ |4 + m2

1|φ1|2 + λ1|φ1|4
+m2

2|φ2|2 + λ2|φ2|4
+

∑

i=1,2

λχ i |χ |2|φi |2 + λ12|φ1|2|φ2|2 + (g1m1φ
†
2φ2

1 + h.c.)

+
(
κ1χ†φ2

2 + κ2χ†φ2φ2
1 + h.c.

)
. (2)
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Moreover, sin ξ is a gauge kinetic mixing term between the
extra gauge boson and the U (1)Y gauge boson. We can
also introduce Higgs-portal couplings like |H |2Odark with
Odark = |χ |2, |φ1|2, |φ2|2. That is, the Lagrangian for the
SM Higgs doublet is extended with the Higgs-portal interac-
tions to the dark scalars,

LH,portal = |DμH |2 − λH |H |4 − m2
H |H |2 − λχH |H |2|χ |2

−λH1|H |2|φ1|2 − λH2|H |2|φ2|2. (3)

2.1 U (1)′ symmetry breaking vacuum

We assume that the SM Higgs H and the dark Higgs χ get
nonzero VEVs by H = (0, vH )T /

√
2 and 〈χ〉 = 1√

2
vχ ,

respectively, butφ1, φ2 do not get VEVs. By setting the VEVs
forφ1 andφ2 to zero, we find that the minimization conditions
for the potential with respect to the dark Higgs and the SM
Higgs are given by

0 = m2
χ + λχv2

χ + 1

2
λχHv2

H , (4)

0 = m2
H + λHv2

H + 1

2
λχHv2

χ , (5)

or the VEVs are determined by

v2
H = 2(λχHm2

χ − 2λχm2
H )

4λHλχ − λ2
χH

,

v2
χ = 2(λχHm2

H − 2λHm2
χ )

4λHλχ − λ2
χH

. (6)

Furthermore, from the mass matrix for the SM Higgs and
the dark Higgs, it turns out that the conditions for a local
minimum are given [17] by

4λHλχ − λ2
χH > 0, (7)

λχHm
2
χ − 2λχm

2
H > 0, (8)

λχHm
2
H − 2λHm

2
χ > 0. (9)

We note that there are other important constraints on the quar-
tic couplings in our model, such as unitarity, perturbativity,
vacuum stability [17], when the fields are far away from the
local minimum or the energy increases far above the VEVs
[18]. However, we don’t consider the extra constraints on the
quartic couplings explicitly in the following discussion, as
energies or field ranges for the typical processes are near the
VEVs.

Then, after χ gets a VEV, the U (1)′ gauge symmetry is
broken spontaneously to Z4 and the U (1)′ gauge boson gets
a nonzero mass as mX = 4gXvχ . Moreover, the effective
mass terms and the dimensionful interaction terms for φ1, φ2,

which are relevant for the u-channel processes, are shifted,
as follows,

Leff = −m2
1,eff |φ1|2 − m2

2,eff |φ2|2
−(m2

3φ
2
2 + g1m1φ

†
2φ2

1 + g2m1φ2φ
2
1 + h.c.) (10)

with

m2
1,eff ≡ m2

1 + 1

2
λχ1v

2
χ + 1

2
λH1v

2
H , (11)

m2
2,eff ≡ m2

2 + 1

2
λχ2v

2
χ + 1

2
λH2v

2
H , (12)

m2
3 ≡ 1√

2
κ1vχ , (13)

g2 ≡ κ2vχ√
2m1

. (14)

In particular, the scalars in φ2, namely, φ2 = 1√
2
(s + ia),

have split masses, due to the effective φ2
2 term, as

m2
s = m2

2,eff + 2m2
3, (15)

m2
a = m2

2,eff − 2m2
3. (16)

As a result, the direction for φ1 and the scalars in φ2 are stable
as far as m2

1,eff > 0, m2
s > 0 and m2

a > 0, which constrain
the bare mass parameters and the quartic couplings for the
DM scalars, as follows,

m2
1 + 1

2
λχ1v

2
χ + 1

2
λH1v

2
H > 0, (17)

m2
2 + 1

2
λχ2v

2
χ + 1

2
λH2v

2
H ± √

2κ1vχ > 0. (18)

We note that two real scalar fields of φ2 are degener-
ate in mass, i.e. ms = ma = m2,eff , for m3 = 0 or
κ1 = 0. In this case, for the later discussion, we use the nota-
tions, m2 for m2,eff , for simplicity. If m3 
= 0 or κ1 
= 0,
ms 
= ma : a(s) is the second dark matter candidate for
m2

3 > 0(m2
3 < 0). In the latter case, the resonant mass condi-

tion changes from m2 = 2m1 (for m3 = 0) to ma(s) = 2m1

(for m3 
= 0).
A nonzero κ1 splits the masses between s and a, but it

is sufficient to take the mass relation between φ1 and one
of s and a for the u-channel enhancement. So, the existence
of the u-channel enhancement does not depend on the mass
splitting between s and a. So, for simplicity, we can take the
same masses for s and a.

In general, the dark matter abundance at present depends
on the mass splitting between s and a, |ms − ma |, and the
lifetime of the heavier one. As far as |ms−ma | � Tf.o., where
Tf.o. is the freeze-out temperature of about 0.2 min(ms,ma),
the relic density calculations would depend little on the mass
splitting. Moreover, the u-channel condition would be satis-

fied for both s and a, if |ms −ma | � M = ms(a)

√
2 − ms(a)

m1

where M is the effective mass for the u-channel resonance, as
will be shown in the later section. Henceforth, for simplicity,

123
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we focus on the former case with degenerate masses for φ2,
namely, ms = ma .

2.2 DM self-interactions

First, from Eq. (10), we collect the self-interaction terms for
dark scalars, φ1, s, a, as follows,

Lφ1−s,a = − 1√
2
(g1 + g2)m1s(φ

2
1 + φ

†2
1 )

+ 1√
2
i(g1 − g2)m1a(φ2

1 − φ
†2
1 )

−1

2
λ12(s

2 + a2)|φ1|2

−1

4
λ2(s

2 + a2)2 − λ1|φ1|4. (19)

Here, we assumed that all the couplings for dark scalars are
real. After the U (1)′ is broken, the stability for φ1 and the
lighter particle among s and a are guaranteed because of the
remaining Z4 symmetry:

Z4 : φ1 → iφ1, s → −s, a → −a, (20)

as far as ms,ma < 2m1. As a result, the multi-component
dark matter can be realized in our model.

2.3 DM interactions with the dark sector

Expanding the dark Higgs χ around the VEV by χ =
1√
2
(vχ + hX ) in unitary gauge, we can also get the interac-

tion terms for the dark Higgs hX and the dark scalars, from
Eq. (1), as follows,

LhX−φ1,s,a = −λχvχh
3
χ − 1

4
λχh

4
χ

−1

2
λχ1(2vχhX + h2

X )|φ1|2

−1

4
λχ2(2vχhX + h2

X )(s2 + a2)

− 1√
2
κ1hX (s2 − a2) − 1

2
κ2hXs(φ

2
1 + φ

†2
1 )

−1

2
iκ2hXa(φ2

1 − φ
†2
1 ). (21)

We note that the Higgs-portal interaction for χ , namely,
|H |2|χ |2, gives rise to a Higgs mixing after electroweak sym-
metry is also broken.

Moreover, theU (1)′ gauge interactions for the dark Higgs
hX and dark scalars, φ1, s, a, are given by

LX = m2
X

vχ

hX XμX
μ + 8g2

Xh
2
X XμX

μ

+igX Xμ(φ
†
1∂μφ1 − φ1∂

μφ
†
1) + g2

X XμX
μφ

†
1φ1

+2igX Xμ(φ
†
2∂μφ2 − φ2∂

μφ
†
2) + 4g2

X XμX
μφ

†
2φ2

= m2
X

vχ

hX XμX
μ + 8g2

Xh
2
X XμX

μ

+igX Xμ(φ
†
1∂μφ1 − φ1∂

μφ
†
1) + g2

X XμX
μφ

†
1φ1

−2gX Xμ(s∂μa − a∂μs) + 2g2
X XμX

μ(s2 + a2).

(22)

Due to the gauge interactions in Eq. (22), s decays into a+X
for ms > ma + mX while a decays into s + X for ma >

ms + mX . Even if the X boson produced from the decays
of s or a is off-shell, either s or a is unstable, as X can
decay into the light fermions in the SM through the gauge
kinetic mixing, so we can regard only the lighter particle
among s and a as being a stable dark matter, whereas the
relic abundance of the heavier particle depends on the mass
splitting, |ms −ma |, and the lifetime of the heavier particle.

2.4 DM interactions with the SM sector

For |ξ | � 1, there is a small mixing between the dark gauge
boson and the Z boson, for which the neutral current inter-
actions [27,28] become

LNC � Aμ J
μ
EM + Zμ

(
Jμ
Z + ε tW Jμ

X

)

+Xμ

(
− εJμ

EM + Jμ
X

)
, (23)

with ε ≡ cW ξ , and Jμ
EM, Jμ

Z and Jμ
X are electromagnetic,

neutral and dark currents, given by

Jμ
EM =e f̄ γ μQ f f, (24)

Jμ
Z = e

2sW cW
f̄ γ μ(τ 3−2s2

W Q f ) f, (25)

Jμ
X = igX (φ

†
1∂μφ1−φ1∂

μφ
†
1)+2igX (φ

†
2∂μφ2−φ2∂

μφ
†
2)

= igX (φ
†
1∂μφ1−φ1∂

μφ
†
1)−2gX (s∂μa−a∂μs). (26)

Here, we note that the gauge kinetic mixing has been included
for the linear interactions of the extra gauge boson in addition
to those in Eq. (22).

Moreover, the SM Higgs h, (from HT = 1√
2
(0, v + h)),

mixes with the dark Higgs hX by

h1 = cos θ hX − sin θ h, h2 = sin θ hX + cos θ h, (27)

with

tan 2θ = λχHvχv

λHv2 − λχv2
χ

. (28)

Then, we also obtain the effective couplings for the dark
Higgs-like scalar h1 and the SM Higgs-like scalar h2 to multi-
component dark matter and the SM fermions, as follows,

Lh1,h2 = −yh1φ
†
1φ1

h1|φ1|2 − yh2φ
†
1φ1

h2|φ1|2

−1

2
yh1ssh1 s

2 − 1

2
yh1aah1 a

2
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−1

2
yh2ssh2 s

2 − 1

2
yh2aah2 a

2

−(λ f 1h1 + λ f 2h2) f̄ f, (29)

with

yh1φ
†
1φ1

= λχ1vχ cos θ − λH1v sin θ, (30)

yh2φ
†
1φ1

= λχ1vχ sin θ + λH1v cos θ, (31)

yh1ss = (λχ2vχ + √
2κ1) cos θ − λH2v sin θ, (32)

yh2ss = (λχ2vχ + √
2κ1) sin θ + λH2v cos θ, (33)

yh1aa = (λχ2vχ − √
2κ1) cos θ − λH2v sin θ, (34)

yh2aa = (λχ2vχ − √
2κ1) sin θ + λH2v cos θ, (35)

λ f 1 = −m f

v
sin θ, (36)

λ f 2 = m f

v
cos θ. (37)

For ms = ma = m2, namely, for κ1 = 0, we can identify the
effective couplings for the dark matter φ2 by yhiφ†

2φ2
= yhi ss ,

with i = 1, 2,.
In the later discussion, the u-channel resonances appear

for multi-component dark matter with ms � 2m1 and/or
ma � 2m1, but we focus on the benchmark models with
ms = ma � 2m1 for the DM self-scattering, the relic den-
sity and the direct and indirect detections, for which the scalar
self-interactions in Eqs. (19) and (21) and the gauge inter-
actions in Eq. (22) as well as gauge-portal and Higgs-portal
interactions in Eqs. (23) and (29) are relevant.

3 DM self-scattering with u-channel resonances

We discuss the dark matter co-scattering processes with
u-channel dominance at tree level and present the Bethe–
Salpeter formalism for the non-perturbative results for them.
In the following discussion, we assume the case ms = ma ,
without loss of generality.

3.1 Dark matter co-scattering at tree level

We consider the elastic scattering, φ1s → φ1s and its com-
plex conjugate, which can have a non-perturbative enhance-
ment near ms ∼ 2m1 [6,7]. The dark Higgs also contributes
to the elastic scattering in the t-channel but we don’t con-
sider it in the following discussion by assuming that the dark
Higgs is not so light as compared to the DM mass.

For the elastic scattering process, φ1(q)s(p) → φ1(q ′)
s(p′), the tree-level scattering amplitude 
̃s,u(p, q; p, q ′) is
given by


̃s,u(p, q; p′, q ′) = − 4g2
s m

2
1

(p − q ′)2 − m2
1

= 4g2
s m

2
1

| 
p − 
q ′|2 + m2
1 − ω2

(38)

with gs ≡ 1√
2
(g1 + g2) and ω = p0 − q ′

0 being the energy
exchange. Then, in the non-relativistic limit for initial parti-
cles, we get

m2
1 − ω2 = m2

1 −
(√

m2
s + 
p2 −

√
m2

1 + 
q ′2
)2

≈ ms(2m1 − ms) +
(

− 1 + m1

ms

)

p2

+
(

− 1 + ms

m1

)

q ′2. (39)

We note that the energy exchange ω does not vanish in the
non-relativistic limit, unlike the case for the elastic scattering
between the same particles, so the process is not instanta-
neous.

As a result, the tree-level scattering amplitude 
̃s,u(p, q;
p′, q ′) becomes


̃s,u(p, q; p′, q ′)

≈ 4g2
s m

2
1(√

m1
ms


p −
√

ms
m1


q ′
)2 + ms(2m1 − ms)

. (40)

Then, we find that the effective squared mass of the u-channel
mediator is semi-positive definite for ms ≤ 2m1. For 
p =

q ′ = 0, the above tree-level scattering amplitude diverges at
ms = 2m1.

Similarly, for the elastic scattering process, φ1(q)a(p) →
φ1(q ′)a(p′), the tree-level scattering amplitude 
̃a,u(p, q; p,
q ′) is given by


̃a,u(p, q; p′, q ′) = − 4g2
am

2
1

(p − q ′)2 − m2
1

= 4g2
am

2
1

| 
p − 
q ′|2 + m2
1 − ω2

(41)

with ga ≡ 1√
2
(g1 −g2). Following a similar step for the non-

relativistic limit for the initial particles, we can approximate
the above result to


̃a,u(p, q; p′, q ′)

≈ 4g2
am

2
1(√

m1
ma


p −
√

ma
m1


q ′
)2 + ma(2m1 − ma)

. (42)

So, the above tree-level scattering amplitude diverges at
ma = 2m1 for 
p = 
q ′ = 0.

For ms = ma = m2, for the DM co-scattering pro-
cesses of our focus in the later discussion, φ1(q)φ2(p) →
φ1(q ′)φ2(p′) and φ1(q)φ

†
2(p) → φ1(q ′)φ2(p′) and their

123



  401 Page 6 of 26 Eur. Phys. J. C           (2026) 86:401 

φ1

φ2

φ2

φ1

φ1

φ1

φ2

φ2

φ1

φ1

Fig. 1 Tree-level Feynman diagrams for the DM co-scattering pro-
cesses with u-channel, φ1φ2 → φ1φ2 and φ

†
1φ2 → φ

†
1φ2; φ1φ

†
2 →

φ1φ2 and φ
†
1φ

†
2 → φ

†
1φ2

complex conjugates, the corresponding u-channel ampli-
tudes at tree level shown in Fig. 1 are given by


̃φ1φ2→φ1φ2(p, q; p′, q ′) = − 4g2
1m

2
1

(p − q ′)2 − m2
1

, (43)


̃
φ1φ

†
2→φ1φ2

(p, q; p′, q ′) = − 4g1g2m2
1

(p − q ′)2 − m2
1

. (44)

Similarly, for φ1(q)φ
†
2(p) → φ1(q ′)φ†

2(p′) and φ1(q)φ2(p)

→ φ1(q ′)φ†
2(p′) and their complex conjugates, as shown in

Fig. 1, we also obtain


̃
φ1φ

†
2→φ1φ

†
2
(p, q; p′, q ′) = − 4g2

2m
2
1

(p − q ′)2 − m2
1

, (45)


̃
φ1φ2→φ1φ

†
2
(p, q; p′, q ′) = − 4g1g2m2

1

(p − q ′)2 − m2
1

. (46)

Then, the tree-level u-channel scattering amplitudes with a
complex scalar φ2 in Eqs. (43)–(46) diverge at m2 = 2m1

for 
p = 
q ′ = 0. Other DM co-scattering processes with
u-channels are complex conjugates of the above processes.

In the non-relativistic limit for two-component dark mat-
ter, the DM co-scattering cross section for φ1C → φ1C , with
C = s, a or φ2, is, at tree level, given by

σφ1C→φ1C = 1

16π(m1 + mC )2

∣∣∣
̃u,φ1C→φ1C

∣∣∣
2
. (47)

However, as will be discussed shortly, we need to take into
account the non-perturbative effects from the u-channels for
the DM annihilation.

For ms = ma = m2, the non-perturbative co-scattering
cross section can be written with s-wave dominance [6,7], as

σ total
ψ1→φ1φ2

= 4π

k2 sin2 δ0, (48)

and its complex conjugate, with ψ1 being a mixture of two
DM pairs, (φ1φ2) and (φ1φ

†
2), k = μv, μ being the reduced

mass for φ1 − φ
(†)
2 , and δ0 being the phase shift for the elas-

tic co-scattering, which is determined by solving the Bethe–
Salpeter equation for ψ1 or its complex conjugate, as will be
shown in the next subsection.

3.2 Bethe–Salpeter equations for DM co-scattering

In this section, we use the Bethe–Salpeter(BS) formalism
for the enhanced self-scattering cross section as well as the
DM annihilation cross section, based on the u-channel dom-
inance.

For simplicity, we consider the case that the real and imag-
inary parts of the complex scalar φ2 have degenerate masses,
namely, for ms = ma = m2. However, the results of the
following discussion are applicable to the general case with
split masses for φ2, as far as the resonant mass condition is
satisfied between φ1 and the lighter component of φ2. In this
case, we can work in the basis with two complex scalars,
(φ1, φ2).

Then, we only have to consider four pairs of combi-
nations of fields for self-scattering with u-channel domi-
nance, namely, (φ2, φ

†
2)φ1 → φ2φ1, (φ2, φ

†
2)φ1 → φ

†
2φ1,

(φ
†
2 , φ2)φ

†
1 → φ2φ

†
1 and (φ

†
2 , φ2)φ

†
1 → φ

†
2φ

†
1 .

First, we consider a pair of self-scattering processes,
φ2(p)φ1(q) → φ2(p′)φ1(q ′) and φ

†
2(p)φ1(q) → φ2(p′)φ1

(q ′). Then, the corresponding non-perturbative scattering
amplitudes satisfy the following relations,

iχA(p, q) � −G2(p)G1(q)

∫
d4k

(2π)4

×
[

̃φ2φ1→φ2φ1(p, q; p + q − k, k)χA(p + q − k, k)

+
̃
φ2φ1→φ

†
2φ1

(p, q; p + q − k, k)χB(p + q − k, k)

]
,

(49)

iχB(p, q) � −G2(p)G1(q)

∫
d4k

(2π)4

×
[

̃φ∗

2φ1→φ2φ1(p, q; p + q − k, k)χA(p + q − k, k)

+
̃
φ

†
2φ1→φ

†
2φ1

(p, q; p + q − k, k)χB(p + q − k, k)

]

(50)

where G1,2(p) = i
p2−m2

1,2
are the propagators for dark

scalars, 
̃’s are the tree-level scattering amplitudes, and

χA(p, q) ≡ G2(p)G1(q)
φ2φ1→φ2φ1(p, q; p′, q ′), (51)

χB(p, q) ≡ G2(p)G1(q)

φ

†
2φ1→φ2φ1

(p, q; p′, q ′). (52)

By using the relations between the tree-level scattering
amplitudes,


̃
φ2φ1→φ

†
2φ1

= 
̃
φ

†
2φ1→φ2φ1

= g2

g1

̃φ2φ1→φ2φ1 , (53)


̃
φ

†
2φ1→φ

†
2φ1

=
(
g2

g1

)2


̃φ2φ1→φ2φ1 , (54)
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we can rewrite the BS equations in Eqs. (55) and (56) as

iχA(p, q) � −G2(p)G1(q)

∫
d4k

(2π)4 
̃φ2φ1→φ2φ1

×(p, q; p + q − k, k) ×
×

[
χA(p + q − k, k) + g2

g1
χB(p + q − k, k)

]
, (55)

iχB(p, q) � −g2

g1
G2(p)G1(q)

∫
d4k

(2π)4 
̃φ2φ1→φ2φ1

×(p, q; p + q − k, k) ×
×

[
χA(p + q − k, k) + g2

g1
χB(p + q − k, k)

]
(56)

Thus, from Eqs. (55) and (56), we find that

χB(p, q) � g2

g1
χA(p, q). (57)

Therefore, plugging Eq. (57) into Eqs. (55) or (56), both
χB(p, q) and χA(p, q) satisfy the same BS equations,

iχA,B(p, q) � −
(

1 + g2
2

g2
1

)
G2(p)G1(q)

×
∫

d4k

(2π)4 
̃φ2φ1→φ2φ1(p, q; p + q − k, k)

×χA,B(p + q − k, k). (58)

Then, redefining χA,B(p, q) = χ̃A,B(P, Q) with

P = 1

2
(p + q), Q = μ

(
p

m2
− q

m1

)
, (59)

with μ = m1m2/(m1+m2) and using the BS wave functions
in momentum space,

ψ̃A,B( 
Q) =
∫

dQ0

2π
χ̃A,B(P, Q), (60)

we obtain the following coupled BS equations,
( 
Q2

2μ
− E

)
ψ̃A,B( 
Q)

= −
(

1 + g2
2

g2
1

) ∫
d3k′

(2π)3 Ṽ

(√
m1

m2


Q +
√
m2

m1


k′
)

ψ̃A,B(
k′),

(61)

with

Ṽ

(√
m1

m2


Q +
√
m2

m1


k′
)

≡ − 1

4m1m2
· 4g2

1m
2
1

×
(√

m1

m2


Q +
√
m2

m1


k′)2 + m2(2m1 − m2). (62)

As a result, in terms of the BS wave functions in position
space,

ψA,B(
x) =
∫

d3 
Q
(2π)3 ei


Q·
x ψ̃A,B( 
Q), (63)

the coupled BS equations in Eq. (61) can be recast into the
following,

− 1

2μ
∇2ψA,B(
x) + Veff(
x)ψA,B

(
− m2

m1

x
)

= EψA(
x),
(64)

where

Veff(
x) = −
(

1 + g2
2

g2
1

)α

r
e−Mr , (65)

with α ≡ g2
1

4π
and M ≡ m2

√
2 − m2

m1
. Here, from Eq. (57),

the BS wavefunctions in position space are related by

ψB(
x) � g2

g1
ψA(
x). (66)

It is illuminating to consider the BS equations before
inserting Eq. (57) into Eqs. (55) or (56), in the form of the
following coupled BS equations,

( 
Q2

2μ
− EA

)
ψ̃A( 
Q) = −

∫
d3k′
(2π)3 Ṽ

(√
m1

m2

Q +

√
m2

m1

k′

)

×
(

ψ̃A(
k′) + g2

g1
ψ̃B(
k′)

)
, (67)

( 
Q2

2μ
− EB

)
ψ̃A( 
Q) = − g2

g1

∫
d3k′
(2π)3 Ṽ

(√
m1

m2

Q +

√
m2

m1

k′

)

×
(

ψ̃A(
k′) + g2

g1
ψ̃B(
k′)

)
, (68)

which can be recast into the following,

− 1

2μ
∇2

(
ψA(
x)
ψB(
x)

)
+ V (
x)

(
1 g2

g1
g2
g1

( g2
g1

)2

) (
ψA

( − m2
m1


x)
ψB

( − m2
m1


x)
)

=
(
EA 0
0 EB

)(
ψA(
x)
ψB(
x)

)
. (69)

Then, for the BS wave functions with the same energy
eigenvalues, EA = EB = E , we find that only one of
the linear combinations of the BS wave functions, ψ1 =

1√
N

(
ψA + g2

g1
ψB

)
, with N = 1 + g2

2
g2

1
, has a nonzero effective

Yukawa-type potential given by Eq. (65), while the orthog-
onal combination, ψ2 ≡ 1√

N

(
ψB − g2

g1
ψA

)
, is free from the

Yukawa potential. Therefore, for the analysis of the enhanced
cross sections with the u-channel resonances, we can set
ψB = g2

g1
ψA, which is the same as Eq. (66).

We note that in our model with the remaining Z4 symme-
try, the result for a toy model for self-resonant dark matter in

Refs. [6,7] is modified by the overall factor,
(
1 + g2

2
g2

1

)
, in the

effective Yukawa potential in the BS equation as in Eq. (65).
In addition to (φ2, φ

†
2)φ1 → φ2φ1, which was considered

above, there are three other pairs of coupled self-scattering
processes with u-channel enhancement which preserve the
Z4 symmetry: (φ2, φ

†
2)φ1 → φ

†
2φ1, (φ

†
2 , φ2)φ

†
1 → φ2φ

†
1
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and (φ
†
2 , φ2)φ

†
1 → φ

†
2φ

†
1 . Then, we find that there is an uni-

versal u-channel enhancement in all the DM co-scattering
processes, because the linear combinations of the DM pairs
for the other channels,1 ψ1 = 1√

N

(
ψA + g2

g1
ψB

)
, satisfy

the same BS equations as for the case with (φ2, φ
†
2)φ1 →

φ2φ1. Actually, (φ
†
2 , φ2)φ

†
1 → φ

†
2φ

†
1 is the CP conjugate of

(φ2, φ
†
2)φ1 → φ2φ1, whereas (φ2, φ

†
2)φ1 → φ

†
2φ1 is the CP

conjugate of (φ
†
2 , φ2)φ

†
1 → φ2φ

†
1 .

For the DM co-scattering, we can use the numerical solu-
tion for the DM co-scattering cross section, σ total

ψ1→φ1φ2
, and

perform the velocity average for dark matter in the halo. Then,
we can define the effective u-channel scattering rate for dark
matter as


u,scatt = n1n2

n2
DM

〈nDM σ total
ψ1→φ1φ2

v〉 ≡ ρDM
〈σv〉u,eff

m1
(70)

where 〈σv〉u,eff = 〈σ total
ψ1→φ1φ2

v〉 r1(1 − r1)/(
m2
m1

r1 + 1 − r1),
with r1 being the fraction of φ1 in the DM relic abundance,
namely, r1 = �1/�DM. Here, we note that nDM = n1 + n2

and ρDM = m1n1 + m2n2.
In Fig. 2, we depict the effective u-channel self-scattering

cross section for φ1φ2 → φ1φ2 as a function of the aver-
aged velocity 〈v〉, for m1 = 3, 7 GeV on left and right plots,

respectively. We chose geff ≡
√
g2

1 + g2
2 = 0.3, 0.45 on the

left and right plots, respectively, and r1 = 1
2 for both plots.

For � ≡ 1 − m2/(2m1), we also took � = 10−6, 3 × 10−6

on left, and � = 10−6, 2×10−6 on right, from top to bottom.
In Fig. 2, we showed the fitted data used from Ref. [9] for
comparison, but we don’t pursue fitting the u-channel self-
scattering cross section. Instead we just illustrate how the
self-scattering cross section can be made velocity-dependent
due to the u-channel resonance such that the self-scattering
gets suppressed at large DM velocities for galaxy clusters for
perturbative DM couplings [6,7].

3.3 Some limiting cases of the Bethe–Salpeter equation

By taking the BS wave function for the DM self-scattering
with the u-channel resonances [6,7] as

ψBS(
x) = ul(x)

x
Ym
l (θ, φ), (71)

with x ≡ 1
2μα′r and α′ ≡ (1 + g2

2/g2
1)α, we can rewrite the

BS equation in Eq. (64) with E = 1
2μv2 as

[
d2

dx2 − l(l + 1)

x2

]
ul(x)

+ 4

b x
e−cx (−1)lul(bx) + a2ul(x) = 0 (72)

1 A and B stand for the ordered pair of the initial states in the DM
co-scattering.

where

a = 2v

α′ , b = m2

m1
, c = 2M

μα′ . (73)

Then, for cx � 1, we can approximate e−cx � 1 − cx , so
the s-wave solution, u0(x), satisfies the following approxi-
mate equation,

d2u0(x)

dx2 + 4

b x
u0(bx) +

(
a2u0(x) − 4c

b
u0(bx)

)
= 0.(74)

As a result, for a2 � 4c/b, namely,

v �
√

2α′Mm1

m2μ
�

√
3α′M
2m1

(75)

wherem2 � 2m1 is taken on the right-hand side, the BS equa-
tion for s-wave in Eq. (74) becomes Coulomb-like or weakly-
coupled (Coulomb limit), as far as the non-linear wave func-
tion is comparable to the linear counterpart, u0(bx) ∼ u0(x),
for cx � 1. In this case, we can apply the standard results
for the DM self-scattering or the Sommerfeld factor for the
case with the Coulomb potential [19,20]. We note that the
lower bound on the DM velocity in the Coulomb limit can
be rewritten as the upper bound on � ≡ 1 − m2/(2m1), as
follows,

� � v4

18α′2 . (76)

Thus, for a given averaged DM velocity in the dwarf galaxies,
the amount of detuning from m2 = 2m1 is constrained.

On the other hand, in the opposite limit with a2 � 4c/b

or v �
√

3α′M
2m1

, the BS equation in Eq. (74) becomes the

radial equation for the hydrogen atom for u0(bx) ∼ u0(x),
so the DM bound states between φ1 and φ2 form only for
4c/b ∼ 1

n2 with n being integer or

8Mm1

α′μm2
∼ 1

n2 . (77)

Then, for m2 � 2m1, the above resonant condition for the
DM bound states with the u-channel becomes

m1 ∼ 12M

α′ n2 (78)

or

� ∼ α′2

1152n4 . (79)

We note that the combination of the above resonant condition

with the non-perturbative limit, namely, v �
√

3α′M
2m1

, gives

rise to the upper bound on the DM velocity by v � 1
2
√

2n
α′.

Even if the DM bound states do not form, the self-
scattering cross section [19–21] and the DM annihilation
cross section [19,20,22] can be enhanced significantly near
the resonant conditions. In particular, the resonant condition
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Fig. 2 The effective u-channel self-scattering cross section for
φ1φ2 → φ1φ2 as a function of the averaged velocity 〈v〉. We chose

the DM self-couplings as geff ≡
√
g2

1 + g2
2 = 0.3, 0.45 on the left and

right plots, respectively, and r1 = 1
2 for both plots. The black dashed

lines correspond to σself/m1 = 10, 1, 0.1 cm2/g from top to bottom,
and the regions above the red dashed lines exceed the unitarity bound

in Eq. (78) leads to the phase shift for the DM co-scattering
with the u-channel being δ0 � π

2 [19–21], so the corre-
sponding DM co-scattering cross section in Eq. (48) and the
co-scattering rate in Eq. (70) becomes maximized, because
σ total

ψ1→φ1φ2
� 4π

k2 .

3.4 Comparison with t-channel case and enhancement
factors for u-channel case

We consider the analytic results for the Yukawa type poten-
tial, V (r) = −α′

r e−Mr , in the case of the t-channel reso-
nances for the DM self-scattering and interpret them for the
DM co-scattering cross section and the Sommerfeld factor
for the DM annihilation in the case of the u-channel reso-
nances in our work.

There exist analytic solutions to the BS equation in the
case for the DM self-scattering with the t-channel reso-
nances, when the Yukawa potential is replaced by the Hulthén
potential,

VH (r) = −α′ δ e−δr

1 − e−δr
, (80)

with δ = π2

6 M . Then, the phase shift δ0 for the s-wave self-
scattering for dark matter [19–21] is given by

δ0 = arg

(
i
(λ+ + λ− − 2)


(λ+)
(λ−)

)
(81)

where

λ± = 1 + iw ± w

√
y

w
− 1, (82)

with w = k
δ

and y = α′
v

. Moreover, the Sommerfeld factor
for the s-wave annihilation for dark matter is also given [19,
20,22] by

S0 =
∣∣∣∣


(λ+)
(λ−)


(λ+ + λ− − 1)

∣∣∣∣

= πy sinh(2πw)

cosh(2πw) − cos
(
2πw

√
y
w

− 1
) . (83)

We note that the Sommerfeld factor can be recast into another
form, which is more convenient when the Coulomb limit with
y/w � 1 is taken, in the following,

S0 = πy sinh(2πw)

2 sinh
[
πw

(
1−

√
1− y

w

)]
sinh

[
πw

(
1+

√
1− y

w

)] .

(84)

Using the above results from the t-channel resonances,
we interpret the conditions for the large self-scattering and
the Sommerfeld factor for dark matter in our case. We first
note that w � 1 is the classical regime and w � 1 is the
quantum regime; y/w � 1 is the Coulomb limit (or weakly-
coupled regime) and y/w � 1 is the strongly-coupled
regime [23].

First, in the Coulomb limit with y/w � 1, which
corresponds to α′δ/(kv) � 1, the Sommerfeld factor
becomes

S0 � πα′

v

1

1 − e− πα′
v

, (85)

and the phase shift becomes

δ0 = arg

(

(λ+ + λ− − 1)


(λ+)
(λ−)

)

� arg

(



(
1 − i

y

2

))
+ 1

2
y ln(2w) (86)

where we used 
(λ+ + λ− − 1) = (λ+ + λ− − 2)
(λ+ +
λ− − 2) = 2iw
(λ+ + λ− − 2) in the first line and we took
w = k/δ � 1 (classical) in the second line. Then, the first
term in Eq. (86) is the l-dependent phase shift and the second
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term corresponds to the universal phase shift [24], which
diverges in the limit of δ → 0. As a result, for y = α′/v � 1
(non-relativistic), we obtain

δ0 � α′

2v
ln

(
kv

δα′

)
+ α′

2v
− π

4
. (87)

Therefore, for α′/v � 1, the Sommerfeld factor becomes
larger than unity and the phase shift varies between 0 and π

2 .
Second, from Eq. (81), the resonance condition for the

DM self-scattering, δ0 = π
2 , is achieved for λ− � −n with

n being zero or negative integer, namely,

w

√
y

w
− 1 � n + 1, (88)

for w � 1 (quantum). Thus, for y/w � 1 (strongly-coupled),
the resonance condition becomes

M = 4α′m1

π2

1

(n + 1)2 , n = 0,−1,−2,−3, · · · , (89)

which corresponds to Eq. (78) in the previous subsection.
Here, we took μ � 2

3m1 for m2 � 2m1. We note that under
the condition given by Eq. (88), the Sommerfeld factor in
Eq. (83) becomes

S0 � πy sinh(2πw)

cosh(2πw) − 1

� y

w
� α′2

π2v2 (90)

where we took w � 1 and Eq. (89) in the second line. There-
fore, for w � 1, the phase shift can be made close to π

2 by
the resonance condition and the Sommerfeld factor becomes
larger than unity for α′/(πv) � 1.

We also remark that away from the poles of the gamma
function, a low momentum expansion of the phase shift can
be taken in the effective range theory, as follows,

k cot δ0 = −1

a
+ 1

2
r0k

2, (91)

with

a = 1

δ

(
ψ(0)(1 + η) + ψ(0)(1 − η) + 2γ

)
, (92)

r0 = 2

3
a − 1

3δη

[
ψ(0)(1 + η) + ψ(0)(1 − η) + 2γ

]−2

×
[

3
(
ψ(1)(1 + η) − ψ(1)(1 − η)

)

+η
(
ψ(2)(1 + η) + ψ(2)(1 − η) + 16ζ(3)

)]
. (93)

Here, η ≡ yw = α′μ
δ

is a velocity-dependent quantity,
γ � 0.5772 is the Euler-Mascheroni constant, ψ(n)(z) are
the polygamma functions of order n, and ζ(3) is the Riemann
zeta function. As a result, applying to the DM co-scattering
cross section in Eq. (48), we get

σ total
ψ1→φ1φ2

� 4πa2

1 + k2(a2 − ar0) + 1
4a

2r2
0 k

4
. (94)

We note that the effective range term can be ignored for k �
1/a in the Born approximation, so σ total

ψ1→φ1φ2
� 4πa2, which

is velocity-independent.

4 DM self-scattering with s-channel resonances

We discuss the implications of the resonant condition taken
in the u-channel co-scattering processes for the s-channel
processes for self-annihilation processes. We perform the
velocity averaged self-scattering cross section for the lighter
component of dark matter and compare it with the u-channel
co-scattering case.

4.1 Dark matter self-scattering at tree level

We also consider the elastic scattering, φ1φ1 → φ
(†)
1 φ

(†)
1

and its complex conjugate, for which the dark scalars, s, a,
contributes to the s-channel. In this case, the contribution
from the dark scalars s, a can be important because they are
absolutely stable forms,ma < 2m1. On the other hand, in the
case of φ∗

1φ1 → φ∗
1φ1, ss → ss, aa → aa, and sa → sa

(or φ2φ2 → φ
(†)
2 φ

(†)
2 and φ

†
2φ2 → φ

†
2φ2 for degenerate

masses for s and a), there are also s-channel contributions
from the dark Higgs hX or the extra gauge boson X , but
they are limited by nonzero decay widths. Thus, we focus on
φ1φ1 → φ

(†)
1 φ

(†)
1 with the DM s-channel resonances.

For the DM scattering process, φ1(q)φ1(p) → φ1(q ′)φ1

(p′), with s, a in the s-channels, the corresponding tree-level
scattering amplitude 
̃s,1(p, q; p, q ′) is given by


̃s,1(p, q; p′, q ′) = − 4g2
s m

2
1

(p + q)2 − m2
s

− 4g2
am

2
1

(p + q)2 − m2
a

= 4g2
s m

2
1

| 
p + 
q|2 + m2
s − E2

cm
+ 4g2

am
2
1

| 
p + 
q|2 + m2
a − E2

cm
,(95)

with Ecm = p0 + q0 being the COM energy. For the non-
relativistic limit for dark matter, Ecm ≈ 2m1+ 1

2m1
( 
p2+
q2),

so we can approximate Eq. (95) in the COM frame to


̃s,1(p, q; p′, q ′) ≈ 4g2
s m

2
1

m2
s − 4m2

1 − 4 
p2

+ 4g2
am

2
1

m2
a − 4m2

1 − 4 
p2
. (96)

Thus, for 
p = 0, the above tree-level scattering ampli-
tude diverges at ms = 2m1 or ma = 2m1, similarly to the
case with the u-channel resonances. In general, we can take
ms,ma < 2m1 such that the lighter one between s and a is
stable, so there is no decay width appearing in the propagator
for either s or a.
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Fig. 3 Tree-level Feynman diagrams for the DM self-scattering pro-
cesses with s-channel, φ1φ1 → φ1φ1 and φ1φ1 → φ

†
1φ

†
1

Similarly, for the DM scattering process, φ1(q)φ1(p) →
φ

†
1(q ′)φ†

1(p′), with s, a in the s-channels, the corresponding
tree-level scattering amplitude 
̃s,2(p, q; p, q ′) is given by


̃s,2(p, q; p′, q ′) = − 4g2
s m

2
1

(p + q)2 − m2
s

+ 4g2
am

2
1

(p + q)2 − m2
a

= 4g2
s m

2
1

| 
p + 
q|2 + m2
s − E2

cm
− 4g2

am
2
1

| 
p + 
q|2 + m2
a − E2

cm
.

(97)

Then, in the non-relativistic limit for dark matter, we can
approximate Eq. (97) in the COM frame to


̃s,2(p, q; p′, q ′) ≈ 4g2
s m

2
1

m2
s − 4m2

1 − 4 
p2
− 4g2

am
2
1

m2
a − 4m2

1 − 4 
p2
.

(98)

Thus, for 
p = 0, the above tree-level scattering amplitude
diverges at ms = 2m1 or ma = 2m1, similarly to the case
with the u-channel resonances. As compared to 
̃s,1, there is
a deconstructive interference between s and a contributions,
so 
̃s,2 vanishes in the limit of an unbroken U (1)′, namely,
for gs = ga and ms = ma .

In the following discussion, as in the u-channel case, we
focus the case that the real and imaginary parts of the complex
scalar φ2 have degenerate masses, namely, for ms = ma =
m2. In this case, from the tree-level Feynman diagrams shown
in Fig. 3, the s-channel self-scattering amplitudes become


̃s,1(p, q; p′, q ′) = − 4(g2
1 + g2

2)m2
1

(p + q)2 − m2
2

, (99)


̃s,2(p, q; p′, q ′) = − 8g1g2m2
1

(p + q)2 − m2
2

. (100)

Then, we can take m2 < 2m1 such that φ2 is absolutely
stable, so there is no decay width appearing in the propagator
for φ2. For the general case with split masses for φ2, as far
as the resonant mass condition is satisfied between φ1 and
the lighter component of φ2, the current discussion on the
s-channel case is still valid.

The DM self-scattering cross section with s-channel dom-
inance, φ1φ1 → φ

(†)
1 φ

(†)
1 , is, at tree level, given by

σ
φ1φ1→φ

(†)
1 φ

(†)
1

= 1

16πs

∣∣∣
̃s,φ1φ1→φ
(†)
1 φ

(†)
1

∣∣∣
2
. (101)

Then, again considering the case with ms = ma = m2 and
taking the non-relativistic limit for φ1, the above DM self-
scattering cross section becomes

σ
φ1φ1→φ

(†)
1 φ

(†)
1

� g̃4

8πm2
1

1

(v2
c + v2)2 , (102)

with v2
c ≡ 4�(2 − �), � ≡ 1 − m2/(2m1) ≥ 0, and

g̃ ≡
{√

g2
1 + g2

2, φ1φ1 → φ1φ1,√
2g1g2, φ1φ1 → φ

†
1φ

†
1 .

(103)

We comment on the s-channel self-scattering in compari-
son to the u-channel co-scattering discussed in the previous
section. Comparing the u-channel co-scattering cross section
in Eq. (48) and the s-channel self-scattering cross section for
φ1φ1 → φ1φ1 in Eq. (102), the former is dominant if

4π

k2 sin2 δ0 � 2πα′2

m2
1(v

2
c + v2)2

. (104)

For v � vc � √
8�, we need v2 � 2

9α′2/ sin2 δ0, for which
the enhancement factor for the u-channel is mild for δ0 � π

2 ,
as discussed in the previous section. On the other hand, for
v � vc � √

8� and δ0 � π
2 , we need v2 � 288(�/α′)2.

Therefore, taking v2 ∼ 10−8 at dwarf galaxies, we find that
the u-channel co-scattering is dominant over the s-channel
self-scattering, as long as α′ � 0.17(�/10−6) | sin δ0|. How-
ever, for a small δ0, namely, off the resonance, we also
need to take into account the s-channel self-scattering. A
similar conclusion can be drawn for the cross section for
another s-channel self-scattering process, φ1φ1 → φ

†
1φ

†
1 ,

with g1 = g2.

4.2 Velocity-averaged self-scattering

There are several definitions for the averaged self-scattering
cross section, such as the velocity-averaged cross sec-
tion 〈σv〉, the momentum-transfer cross section 〈σv2〉, the
energy-transfer cross section, 〈σv3〉 [23], etc. In this work,
we consider the velocity-averaged self-scattering cross sec-
tion, as follows,

〈σv〉 =
∫ vesp

0
f (v, v0) (σv)dv, (105)

where the Maxwell–Boltzmann distribution for the dark mat-
ter velocity is given by

f (v, v0) = 4v2

v3
0
√

π
e−v2/v2

0 , (106)

with v0 being related to the averaged velocity by 〈v〉 �
2v0/

√
π , and vesp is the escape velocity in the dark mat-

ter halo. Here, σ can be σ total
φ1A→φ1A

in Eq. (48) for the DM
co-scattering or σ

φ1φ1→φ
(†)
1 φ

(†)
1

in Eq. (102) for the DM self-

scattering.
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Fig. 4 The effective s-channel self-scattering cross section for
φ1φ1 → φ

(†)
1 φ

(†)
1 as a function of the averaged velocity 〈v〉. The

effective coupling is given by geff = (g4
1 + g4

2 + 6g2
1g

2
2)

1
4 . We

chose r1 = 1
2 for all the plots. The black dashed lines correspond to

σself/m1 = 10, 1, 0.1 cm2/g from top to bottom, and the regions above
the red dashed lines exceed the unitarity bound

For the DM self-scattering, we obtain the velocity-
averaged cross section as

〈σv〉
φ1φ1→φ

(†)
1 φ

(†)
1

= g̃4

2π3/2m2
1v

3
0

· F
(v2

c

v2
0

)
, (107)

with

F(a2) =
∫ vesp

v0

0

t3 e−t2

(a2 + t2)2 dt

� 1

2

(
(1 + a) ea
(0, a) − 1

)
. (108)

Here, 
(0, a) is the incomplete gamma function given by


(0, a) =
∫ ∞

a

e−t

t
dt. (109)

Therefore, from the effective s-channel scattering rate for
dark matter,


s,scatt = n2
1

n2
DM

〈n1σ
total
s v〉 ≡ ρDM

〈σv〉s,eff

m1
, (110)

with σ total
s = σφ1φ1→φ1φ1 +σ

φ1φ1→φ
†
1φ

†
1
, we define the effec-

tive s-channel self-scattering cross section as 〈σv〉s,eff =
〈σ total

s v〉 r3
1/(m2

m1
r1 + 1 − r1)

2.
We comment on the limits of the velocity-averaged cross

section for the s-channel self-scattering. Using 
(0, a) �
−γ − ln a for a � 1, we obtain the velocity integral for
vc � v0 as

F
(v2

c

v2
0

)
� 1

2
ln

v2
0

v2
c

� 1

2
ln

v2
0

8�
(111)

where we approximated v2
c � 8� for � � 1. Therefore,

there is a logarithmic enhancement for the DM self-scattering
cross section due to the s-channel resonance, but it is bounded
by unitarity as 〈σv〉 ≤ 4π〈 v

k2 〉 ≡ 〈σv〉max. For k = 1
2m1v,

we obtain 〈σv〉max = 32
√

π/(m2
1v0). On the other hand, for

vc � v0, the velocity integral becomes

F
(v2

c

v2
0

)
� v2

0

2v2
c

= v2
0

16�(2 − �)
. (112)

In this case, there is no enhancement for the DM self-
scattering.
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In Fig. 4, we depict the effective s-channel self-scattering
cross section for φ1φ1 → φ

(†)
1 φ

(†)
1 as a function of the

averaged velocity 〈v〉, for r1 = 1
2 and various choices

of m1 and geff = (g4
1 + g4

2 + 6g2
1 g

2
2)

1
4 . We also chose

� = 10−6, 2 × 10−6, 3 × 10−6, 6 × 10−6, in the order of
magenta, orange, cyan and purple lines (namely, from top to
bottom). In the plots in the lower panel of Fig. 4, the regions
above the red dashed lines exceed the unitarity bound. In
Fig. 4, we also showed the simulation data used from Ref.
[9] for comparison, but we don’t pursue fitting the s-channel
self-scattering cross section.

As a result, we find that the self-scattering cross section
becomes velocity-dependent due to the s-channel resonance
such that it becomes suppressed at large DM velocities for
galaxy clusters. However, for perturbative DM couplings as
in the upper panel in Fig. 4, for a sub-GeV scale DM mass, we
need � ∼ 10−6 to get the velocity-dependent self-scattering
from the s-channel consistent with the observed data. For
instance, for m1 = 3 GeV and geff = 0.3, we can take a wide
range of � such as � = 1−6×10−6 for the s-channel case,
while a smaller � such as � = (1 − 3)× 10−6 is favored for
the u-channel case. Therefore, the s-channel enhancement
for the DM self-scattering is less efficient than in the case
with the u-channels.

5 Relic density for dark matter

We present the Boltzmann equations governing the relic den-
sities for two-component dark matter in our model and show
some benchmark models for DM and mediator masses of
weak-scale or sub-GeV-to-GeV scale, satisfying the correct
relic density.

5.1 Dark matter annihilations

Multi-component dark matter in our model can annihilate
through the self-interactions in the dark sector in Eq. (19)
such as a U (1)′ invariant term, φ

†
2φ2

1 , a Z4 invariant term,
φ2φ

2
1 , and the interactions involving the dark Higgs in

Eq. (21) and the extra gauge boson in Eq. (22).
We consider the benchmark models with ms � 2m1 or

ma � 2m1 for the u-channel resonances in our model.
Thus, the self-interactions for dark matter give rise to the
self-annihilations, ss(aa) → φ1φ

†
1 ; the dark Higgs and

the extra gauge boson lead to the extra self-annihilations,
ss(aa), φ1φ

†
1 → f f̄ , VV, h1h1, h2h2, h1h2, XX , with

f being the SM fermions and V = W, Z , and the
co-annihilations, sa → f f̄ , φ

(†)
1 s(a) → φ

(†)
1 h1(h2),

φ
(†)
1 s(a) → φ

(†)
1 X , φ1s, φ1a → φ

†
1h1(h2), φ

(†)
1 s(a) →

φ
(†)
1 a(s).

In particular, for ms = ma = m2, the self-interactions
for dark matter give rise to the self-annihilations, φ2φ

†
2 →

φ1φ
†
1 , φ2φ2 → φ1φ

†
1 , φ

†
2φ

†
2 → φ1φ

†
1 ; the dark Higgs and

the extra gauge boson lead to the extra self-annihilations,
φ2φ

†
2 , φ1φ

†
1 → f f̄ , VV, h1h1, h2h2, h1h2, XX , and the

co-annihilations, φ2φ
†
1 → φ1X (h1, h2), φ

†
2φ

†
1 → φ1X (h1,

h2), and their complex conjugates.

5.2 Boltzmann equations

For simplicity, we consider the case withms = ma = m2. We
also assume that two-component dark matter keeps in kinetic
equilibrium during the freeze-out process.2 For instance, rel-
atively small couplings from dark photon or Higgs portals
in our model are sufficient to maintain the two-component
dark matter in kinetic equilibrium [27,28]. Then, the evolu-
tion of the number densities are governed by the Boltzmann
equations,

ṅφ1 + 3Hnφ1 = −〈σv〉
φ1φ

†
1→ f f̄ ,VV,h1h1,h2h2,h1h2,XX

×
(
nφ1nφ

†
1
− neq

φ1
neq

φ
†
1

)

+〈σv〉
φ2φ

†
2→φ1φ

†
1

(
nφ2nφ

†
2
− nφ1nφ

†
1

)

+〈σv〉
φ2φ2→φ1φ

†
1

(
n2

φ2
− nφ1nφ

†
1

)

+〈σv〉
φ

†
2φ

†
2→φ1φ

†
1

(
n2

φ
†
2
− nφ1nφ

†
1

)

−2〈σv〉
φ1φ1→φ

†
1φ

†
1

(
n2

φ1
− (n

φ
†
1
)2

)

+
∑

i=X,h1,h2

[
〈σv〉

φ2φ
†
1→φ1i

(
nφ2nφ

†
1
− nφ1ni

)

+〈σv〉
φ

†
2φ

†
1→φ1i

(
n

φ
†
2
n

φ
†
1

− nφ1ni
)]

−
∑

i=X,h1,h2

[
〈σv〉

φ
†
2φ1→φ

†
1 i

(
n

φ
†
2
nφ1 − n

φ
†
1
ni

)

+〈σv〉
φ2φ1→φ

†
1 i

(
nφ2nφ1 − n

φ
†
1
ni

)]
, (113)

ṅφ2 + 3Hnφ2 = −〈σv〉
φ2φ

†
2→ f f̄ ,VV,h1h1,h2h2,h1h2,XX

×
(
nφ2nφ

†
2
− neq

φ2
neq

φ
†
2

)

−〈σv〉
φ2φ

†
2→φ1φ

†
1

(
nφ2nφ

†
2
− nφ1nφ

†
1

)

−〈σv〉
φ1φ2→φ1φ

†
2
nφ1

(
nφ2 − n

φ
†
2

)

−2〈σv〉
φ2φ2→φ1φ

†
1

(
n2

φ2
− nφ1nφ

†
1

)

−2〈σv〉
φ2φ2→φ

†
2φ

†
2

(
n2

φ2
− (n

φ
†
2
)2

)

2 The co-annihilations, φ2φ
†
1 → φ1X (h1, h2), φ

†
2φ

†
1 → φ1X (h1, h2),

could make the dark matter φ1 heated due to the mass due to the mass
difference between φ2 and the mediator particles. But, the Sommerfeld
effects for the co-annihilation processes during the freeze-out are small
and the elastic scattering between φ1 and the SM particles can maintain
the kinetic equilibrium for dark matter, so the heating effect is small.
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−〈σv〉
φ2φ2→φ

†
2φ2

nφ2

(
nφ2 − n

φ
†
2

)

−
∑

i=X,h1,h2

[
〈σv〉

φ2φ
†
1→φ1i

(
nφ2nφ

†
1
− nφ1ni

)

+〈σv〉
φ2φ1→φ

†
1 i

(
nφ2nφ1 − n

φ
†
1
ni

)]
, (114)

and the corresponding Boltzmann equations for n
φ

†
1

and n
φ

†
2
.

Here, we assumed that hX , X are in thermal equilibrium with
the SM plasma.

Assuming no CP violation in the dark sector, we can take
nφ1 = n

φ
†
1

= 1
2n1 and nφ2 = n

φ
†
2

= 1
2n2 and ni = neq

2 for

the co-annihilation channels, so the Boltzmann equations in
Eqs. (113) and (114) become

ṅ1 + 3Hn1 = −1

2
〈σv〉

φ1φ
†
1→ f f̄ ,VV,h1h1,h2h2,h1h2,XX

×
(
n2

1 − (neq
1 )2

)

+1

2
〈σv〉

φ2φ
†
2 ,φ2φ2,φ

†
2φ

†
2→φ1φ

†
1

(
n2

2 − n2
1

)
, (115)

ṅ2 + 3Hn2 = −1

2
〈σv〉

φ2φ
†
2→ f f̄ ,VV,h1h1,h2h2,h1h2,XX

(
n2

2 − (neq
2 )2

)

−1

2
(〈σv〉

φ2φ
†
2→φ1φ

†
1

+ 2〈σv〉
φ2φ2→φ1φ

†
1
)
(
n2

2 − n2
1

)

−1

2

∑

i=X,h1,h2

(〈σv〉
φ2φ

†
1→φ1i

+ 〈σv〉
φ2φ1→φ

†
1 i

) n1

×
(
n2 − neq

2

)
. (116)

As a result, the abundances for both φ1 and φ2 compo-
nents depend on the annihilations of the heavier pair into the
lighter pair and the self-annihilation channels into the SM
and dark sector particles. But, only the abundance for φ2 is
affected directly by the semi-annihilation channels between
two components of dark matter. When the gauge kinetic mix-
ing and the dark Higgs-portal couplings are small, the self-
annihilation channels of dark matter into the SM and dark
sectors are suppressed, so the self-interactions between two
components of dark matter and the associated dark Higgs
couplings are dominant in determining the relic density. In
this case, the faction of φ2 in the total relic abundance gets
highly suppressed, due to the strong annihilations of the heav-
ier component φ2.

In Figs. 5 and 6, we depict the evolutions of the relic abun-
dances for two-component dark matter by varying the DM
and mediator masses as well as the DM couplings. In the
left of Fig. 5 (BM1), we took a relatively small dark gauge
coupling but turned on nonzero couplings between dark mat-
ter and dark Higgs (or SM Higgs). So, in this case, the relic
abundance for φ2 is relatively large. On the other hand, in
the right of Fig. 5 (BM2), we took a sizable dark gauge cou-
pling and turned off the couplings between dark matter and
dark Higgs (or SM Higgs), so the dark matter can annihilate
dominantly into a pair of dark photons. Thus, in this case,

the dark matter abundance is dominantly determined by φ1.
Similarly, in Fig. 6 (BM3 and BM4), we considered the case
with smaller masses for DM and mediators, finding that rel-
atively small couplings for dark matter are necessary for the
correct relic density.

In Table 2, including the benchmark models in Figs. 5
and 6, we make a summary of the predictions for the semi-
annihilation cross sections for multi-component dark matter
at tree level, the DM fraction of φ1, the u-channel Sommer-
feld factor, as well as the effective self-scattering cross sec-
tions for u-channel or s-channel. We note that the correct DM
relic density and other direct and indirect DM constraints are
satisfied for the benchmark models.

The effective self-scattering cross sections for u-channel
and s-channel and the Sommerfeld factor with the u-channel
resonance depend on the detuning parameter from the reso-
nance mass condition, � = 1−m2/(2m1), which is positive
and small for the u-channel resonance. In Table 2, we chose
� = 10−6 for all the benchmark models and the choice of
the other parameters is explained in Table 2. Then, we com-
puted numerically the effective self-scattering cross sections
for u-channel or s-channel at the scales of dwarf galaxies for
the DM relative velocity chosen to v = 20 km/s. As a result,
we find that the effective self-scattering cross section for u-
channel is much larger than the one for the s-channel in most
of the benchmark models except BM6. For a larger value
of �, both u-channel and s-channel enhancements become
less significant, because the effective mass of the u-channel
mediator (φ1) gets heavier and the s-channel gets off the res-
onance.

On the other hand, we also obtained the Sommerfeld
factor in each benchmark model in Table 2 by setting the
DM velocity to v = 10−3 at galaxies. Then, we can set
the CMB bound on the decay branching ratios of the dark
photon or dark Higgs into e+e−, as will be discussed in
Sect. 6.2. We note that at the scales of dwarf galaxies
with the DM velocity v = 10−4, the Sommerfeld fac-
tor reads in the order of benchmark models in Table 2:
S0 = 1.20×105, 224, 267, 88.8, 1.34, 1.08. Thus, the Som-
merfeld factor increases slightly in dwarf galaxies as com-
pared to the case at galaxies, except BM1.

We note that the Sommerfeld factor is calculated numeri-
cally for the u-channel case, but we can refer to the t-channel
case in Sects. 3.3 and 3.4 about the qualitative and quanti-
tative discussion on a large Sommerfeld factor. As a result,
we found that a sizable Sommerfeld factor can be obtained
on or off the resonances for the benchmark models (BM1–
BM4) in Table 2. On the other hand, the Sommerfeld factor
is S0 � 1 for the other benchmark models, BM5–BM6, in
Table 2, because of small self-interactions for dark matter,
i.e. α′ = (g2

1 +g2
2)/(4π), which is much smaller than the DM

velocity, v ∼ 10−4 − 10−3, at dwarf galaxies and galaxies.
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Fig. 5 The relic abundances for two-component dark matter, φ1 and
φ2, in blue and red lines, respectively. We took m1 = m2/2 =
100 GeV = 2mX , mh1 = 80 GeV, and g1 = g2 = 0.195, gX = 0.06,
and the nonzero quartic couplings are λχ1 = 0.01, λχ2 = 0.001,
and λH1 = λH2 = 0.001, on left (BM1). We took m1 = m2/2 =

100 GeV = 2mX = mh1 , and g1 = g2 = 0.08, gX = 0.18, and the
other dark sector couplings in the potential are set to zero, on right
(BM2). The dashed lines correspond to the cases where φ1, φ2 are in
thermal equilibrium

Fig. 6 The relic abundances for two-component dark matter, φ1 and
φ2, in blue and red lines, respectively. We took m1 = m2/2 =
13 GeV, mX = 5 GeV, mh1 = 10 GeV, for both plots. We chose
g1 = g2 = 0.088, gX = 0.004, and the nonzero quartic couplings

are λχ1 = λχ2 = 0.00022, on left (BM3). We took g1 = g2 = 0.05,
gX = 0.062, and the other dark sector couplings in the potential are
set to zero, on right (BM4). The dashed lines correspond to the cases
where φ1, φ2 are in thermal equilibrium
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Table 2 The Sommerfeld factor and the effective self-scattering cross
sections in benchmark models. We took m2 � 2m1 with � = 10−6

and v = 20 km/s for the effective self-scattering cross sections, in
all the benchmark models. The other parameters for BM1-BM4 are
chosen as in Figs. 5 and 6. For BM5 and BM6, we took ε = 10−3,

and other nonzero parameters to λχ1 = λχ2 = 10−4 in BM5, and
λχ1 = λχ2 = 3×10−7 in BM6. We note that 〈σv〉0

X ≡ 〈σv〉0
φ

†
1φ

†
2→φ1X

,

〈σv〉0
h1

≡ 〈σv〉0
φ

†
1φ

†
2→φ1h1

, and σu,eff and σs,eff are the effective self-

scattering cross sections for u-channel and s-channel, respectively

m2 mX mh1 g1,2 gX 〈σv〉0
X 〈σv〉0

h1
r1 S0 σu,eff/m1 σs,eff/m1

[GeV] [GeV] [GeV] [cm3/s] [cm3/s] = �1
�DM

[cm2/g] [cm2/g]

BM1 200 50 80 0.195 0.06 1.7 × 10−25 1.6 × 10−25 0.834 1.42 × 105 0.347 0.00108

BM2 200 50 80 0.08 0.18 2.5 × 10−25 2.5 × 10−25 0.996 181 0.00844 4.41 × 10−5

BM3 26 5 10 0.088 0.004 1.6 × 10−26 1.3 × 10−26 0.165 243 1.52 3.92 × 10−4

BM4 26 5 10 0.05 0.062 1.2 × 10−24 1.1 × 10−24 0.994 28.8 6.00 0.00305

BM5 1 1.5 0.8 0.014 1.8 – 5.1 × 10−22 0.9998 1.019 37.8 0.333

BM6 0.2 0.6 0.04 0.0039 0.5 – 3.4 × 10−23 0.9996 1.016 0.0231 0.252

6 Probes of self-resonant dark matter

We propose ways of testing the self-resonant dark matter
models, such as direct detection for halo dark matter, CMB
recombination, direct detection for boosted dark matter, etc,
and show how the proposed benchmark models can be con-
strained.

6.1 Direct detection for halo dark matter

The DM-nucleus elastic scattering, φ
(†)
1 N → φ

(†)
1 N , is pos-

sible through the exchanges of the dark Higgs or the extra
gauge boson [29]. On the other hand, the dark Higgs is
responsible for sN → sN or aN → aN , but sN → aN or
aN → sN with the extra gauge boson exchange is kinemati-
cally forbidden in the standard halo model if δ ≡ |ms−ma | �
100 keV [17,30]. But, for δ ≡ |ms − ma | � 100 keV, the
inelastic processes, sN → aN or aN → sN , are kinemati-
cally allowed, so the gauge kinetic mixing can be constrained
by direct detection experiments for the inelastic processes.

For ms = ma = m2, both φ
(†)
1 N → φ

(†)
1 N and φ

(†)
2 N →

φ
(†)
2 N are relevant for direct detection through the dark Higgs

and the extra gauge boson exchanges [29].
We also note that the DM-electron elastic scatterings,

φ
(†)
1 e → φ

(†)
1 e, s(a)e → s(a)e or s(a)e → a(s)e, are also

relevant for light dark matter with sub-GeV mass [31,32] or
boosted dark matter coming from the DM co-annihilations
[29]. For ms = ma = m2, both φ

(†)
1 e → φ

(†)
1 e and

φ
(†)
2 e → φ

(†)
2 e are present due to the dark Higgs and the

extra gauge boson exchanges [29].
For ms = ma = m2, from the results in the appendix

A, the averaged cross section for the φi -nucleon coherent
scattering is given by

σ coh
φi ,φ

†
i −A

= μ2
A,i

4πm2
i

ri

×
[(

Zc(i)
p f p + (A − Z)c(i)

n fn
)2 + Z2(g(i)

p )2
]

(117)

where ri = �i/�DM, μA,i = mimA/(mA + mi ) are the
reduced masses for the system with φi and a target nucleus
A, and c(i)

p,n, g
(i)
p are the effective couplings to nucleons, and

f p,n are the nucleon form factors. For instance, for 131Xe
nucleus, A = 131 and N = 54.

Similarly, the elastic scattering cross section between dark
matter φi and electron is given by

σ
φi ,φ

†
i −e = μ2

e,i

4πm2
i

ri

×
[(λe2yh2φ

†
i φi

m2
h2

+
λe1yh1φ

†
i φi

m2
h1

)2

+ 4e2q2
i g

2
Xε2m2

i

m4
X

]

(118)

where μe,i = mime/(me + mi ) is the reduced mass of the
φi -electron system.

6.2 CMB recombination

The dark matter annihilation, φ
†
1φ

(†)
2 → φ1Y with Y =

X, h1, can be constrained by the CMB bound [25]. We define
the effective efficiency parameter for CMB recombination
[26] as

feff(m2) =
∫ m2/2

0 dEe Ee 2 f e
+e−

eff
dNe
dEe

m2
(119)

where f e
+e−

eff is the efficiency factor3 for Y → e+e−, and we
took the range of the lepton energy tom2/2 when two leptons
coming from the Y decay are back-to-back. As compared to
the DM self-annihilation, DM + DM → e+e−, where the
rate for the energy deposition is given by 〈σv〉mDMn2

DM, the

3 Efficiency factors are computed for e+e− or photons produced from
the DM annihilations in Ref. [26], but we used the results only for
e+e− because they are produced from the direct decays of the mediator
particles in our work.
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total deposit energy, 2mDM, is replaced by m2 and the inter-
action rate, 〈σv〉n2

DM/2 = 〈σv〉ρ2
DM/(2m2

DM), is replaced
by 〈σv〉n1n2 = 〈σv〉r1(1 − r1)ρ

2
DM/(4m1m2). Thus, at the

CMB recombination, the relative velocity for dark matter gets
small [6,7], so the Sommerfeld factors for the enhanced cross
sections for the semi-annihilation channels in our model can
be constrained by the Planck data [6,7,25] as in the follow-
ing,4

〈σv〉
φ

†
1φ

(†)
2 →φ1Y

· BR(Y → e+e−) < 4.1 × 10−25 cm3/s

×
(

feff

0.1

)−1

· 4

r1(1 − r1)
·
(

m1

100 GeV

)
, (120)

with r1 = �1/�DM.
In Table 3, taking the same benchmark models as in

Table 2, we show the CMB bounds on the branching ratios
of the mediators, X/h1 → e+e−. In most of the benchmark
models, the DM abundances are highly asymmetric abun-
dances for two-component dark matter, the tree-level semi-
annihilation rates are already small due to the lack of one of
the components of dark matter. Thus, the CMB limits on the
decay branching ratios of the mediator particles into electron
and positron become weak in most of the benchmark mod-
els, except BM1, for which a very large Sommerfeld factor
is achieved.

6.3 Direct detection for boosted dark matter

The co-annihilation channels, φ
(†)
1 s(a) → φ

(†)
1 h1, φ

(†)
1 s(a)

→ φ
(†)
1 X , φ1s, φ1a → φ

†
1h1, can make the resultant dark

matter φ
(†)
1 boosted for mh1,mX � ms(a). So, it leads to an

interesting consequence for direct detection [33–35]. More-
over, the corresponding annihilation cross sections can be
enhanced by the u-channel resonances at present, so the DM
flux as well as the indirect signals from the decay products
of h1 or X can be increased accordingly [6,7,36,37].

Focusing on the case with ms = ma = m2, we con-
sider the DM co-annihilation channels, φ2φ

†
1 → φ1X (h1),

φ
†
2φ

†
1 → φ1X (h1) and their complex conjugates, so the

resultant dark matter φ
(†)
1 gets boosted for mh1,mX � m2.

In this case, as discussed in Sect. 2.2, only if the initial states
for the co-annihilation channels is a mixture of two DM
pairs, ψ1 ∼ ψA + g2

g1
ψB or its conjugate, with A = (φ1φ2)

and B = (φ1φ
†
2), there is a Sommerfeld enhancement due

to the DM co-scattering processes, (φ
†
2 , φ2) → φ2φ

†
1 and

(φ
†
2 , φ2) → φ

†
2φ

†
1 . As a result, the DM co-annihilation cross

sections get enhanced by an universal Sommerfeld factor S0,

4 We have corrected a typo in the formula in Refs. [6,7], from m2 to
4m1.

as follows,

〈σv〉
φ2φ

†
1→φ1X (h1)

= S0 〈σv〉0
φ2φ

†
1→φ1X (h1)

, (121)

〈σv〉
φ

†
2φ

†
1→φ1X (h1)

= S0 〈σv〉0
φ

†
2φ

†
1→φ1X (h1)

, (122)

with 〈σv〉0
φ

(†)
2 φ

†
1→φ1X (h1)

being the tree-level DM co-annihila

tion cross sections.
Moreover, we consider the differential flux for boosted

dark matter (BDM) φ
(†)
1 at the location of the Solar System,

coming from the semi-annihilation processes for dark matter
in our galaxy, φ2φ

†
1 → φ1Y with Y = h1, X , or their CP

conjugate processes, is given by

d�φ1

dE1
= 1

8πm1m2
〈σv〉

ψ
†
1 →φ1Y

· dNφ1

dE1

1

2
r1(1 − r1)

∫
d�

∫

l.o.s.
ds ρ2

DM(r) =
d�

φ
†
1

dE1
(123)

where r(s, θ) =
√
r2� + s2 − 2r�s cos θ with r� = 8.33 kpc

being the distance of the Sun to the galactic center and r1 =
�1/�DM. The differential number of the boosted dark matter
φ1 is given [6,7] by

dNφ1

dE1
= δ(E1 − E ′

1), (124)

where

E ′
1 = E2

cm + m2
1 − m2

Y

2Ecm
, Ecm ≡ m1 + m2 + 1

2
μv2

rel,

(125)

with μ = m1m2/(m1 +m2) and vrel being the relative veloc-
ity between φ

†
1 and φ2, so the kinetic energy of the boosted

dark matter, T ′
1 = E ′

1 − m1, is also given by

T ′
1 = (Ecm − m1)

2 − m2
Y

2Ecm
. (126)

Here, since there is no directional information in the current
direct detection experiments, we need to integrate the solid
angle over the whole sky in the computation of the flux.

We note that for K � m1,m2 and K � (m2
2 −

m2
Y )/(2m2), with K ≡ 1

2μv2
rel, we get the energy of the

boosted dark matter as

E ′
1 � 2m2

1 + 2m1m2 + m2
2 − m2

Y

2(m1 + m2)
(127)

or the kinetic energy as

T ′
1 � m2

2 − m2
Y

2(m1 + m2)
. (128)

This is a good approximation, as far as (m2 − mY )/m2 �
v2

rel ∼ 10−6 for vrel ∼ 10−3 in our galaxy.
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Table 3 CMB bounds on the
branching ratios of the mediator
decays, X/h1 → e+e−

m2[GeV] mX [GeV] mh1 [GeV] S0 BR(X → e+e−) BR(h1 → e+e−)

BM1 200 50 80 1.42 × 105 2.3 × 10−4 2.5 × 10−4

BM2 200 50 80 181 0.18 0.18

BM3 26 5 10 243 0.14 0.16

BM4 26 5 10 28.8 0.35 0.38

BM5 1 1.5 0.8 1.019 – 0.017

BM6 0.2 0.6 0.04 1.016 – 0.014

As a result, we can rewrite the differential flux in the fol-
lowing form,

d�φ1

dT1
= �BSM δ(T1 − T ′

1) (129)

with

�BSM = m1

2m2
r1(1 − r1) ·

(
3.2 × 10−3 cm−2s−1

)

×
(

m1

100 MeV

)−2( 〈σv〉
φ2φ

†
1→φ1Y

10−26 cm3 s−1

)
. (130)

The differential rate for the boosted DM, φ1 or φ
†
1 , per

target mass for direct detection experiments is given by

dRA

dTA
= 1

mA

∫ ∞

T1,min

dT1

×dσSI

dTA

d�φ1

dT1
, (131)

with

dσSI

dTA
≡ 1

2

(
dσφ1−A

dTA
+

dσ
φ

†
1−A

dTA

)
. (132)

First, we note that T1,min is the minimal kinetic energy for
the boosted dark matter for the kinetic energy of the nucleus
TA, given by

T1,min =
(
TA
2

− m1

)[
1 ±

√

1 + 2TA
mA

(m1 + mA)2

(TA − 2m1)2

]
,

(133)

in which either (+) or (−) signs are taken for TA > 2m1 or
TA < 2m1. Moreover, the total differential cross section is
composed of coherent and incoherent parts [35], as follows,

dσSI

dTA
=

(
dσSI

dTA

)

coh
+

(
dσSI

dTA

)

inc
(134)

with
(
dσSI

dTA

)

coh
= σ coh

SI

TA,max
|FSI(q)|2, (135)

(
dσSI

dTA

)

inc
= σ inc

SI

TA,max
(1 − |FSI(q)|2). (136)

Here, the maximal kinetic energy of the target nucleus after
scattering is given by

TA,max = T1(T1 + 2m1)

(m1 + mA)2/(2mA) + T1
, (137)

and the form factor for the target nucleus is, in the dipole
nucleon approximation [38],

FSI(q) =
(

1 + q2

�A

)−2

, (138)

with �A � 0.843 GeV(0.8791 fm/RA) and RA being the
charge radius of the target nucleus. Moreover, the spin-
independent cross sections for coherent and incoherent scat-
terings are given by

σ coh
SI ≡ 2

r1
σ coh
φ1,φ

†
1−A

= μ2
A,1

2πm2
1

[(
Zc(1)

p f p + (A − Z)c(1)
n fn

)2 + Z2(g(1)
p )2

]
,

(139)

σ inc
SI ≡ 2 σ inc

φ1,φ
†
1−A

= μ2
A,1

2πm2
1

[
Z
(
c(1)
p f p

)2 + Z(g(1)
p )2 + (A − Z)

(
c(1)
n fn

)2
]
,

(140)

respectively. Then, the total event rate in units of the number
events per day and kg is given by

R =
∑

A

∫
dTA

dRA

dTA
. (141)

In Fig. 7, we show the differential event rate for the spin-
independent elastic scattering of boosted dark matter per day
per kg in units of keV−1 in the case of the Xenon target
nucleus. We fixed the semi-annihilation cross section for
φ

†
1φ

(†)
2 → φ1Y with Y = X, h1 for the benchmark mod-

els, BM5, BM6, respectively, and we also took the gauge
kinetic mixing to εe = 2×10−4 and the u-channel Sommer-
feld factor to S0 = 1. If we increase the Sommerfeld factor,
the differential event rate in Fig. 7 increases by a factor of
S0.

We note that there is a maximal kinetic energy for the target
nucleus given in Eq. (137). As the nuclear recoil becomes
undetectable below the detector threshold Trh, there is a lower
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Fig. 7 The differential event rate for the spin-independent elastic scat-
tering of boosted dark matter as a function of the kinetic energy of the
Xenon target nucleus. We took benchmark models for light dark matter,
BM5 and BM6, in Table 2

bound on the DM kinetic energy T1, from TA,max ≥ Tth. For
instance, taking the kinetic energy of the boosted dark matter
from Eq. (128) with m2 � 2m1 and mY � m1, we obtain
the lower bound on the DM mass for direct detection [35],
as follows,

m1,min � 15mA

32mA
Tth

− 9

(
1 + 4

5

√

1 + 2mA

Tth

)
. (142)

Therefore, we need to take the DM mass to be greater
than m1, min for a direct detection of boosted dark matter
at XENONnT. For instance, for the case of the XENONnT
experiment, the detector threshold is given by Tth = 3.3 keV
[2], so we obtain m1,min � 10.7 MeV. For mY � m2, we
would need a larger DM mass to pass the detector thresh-

old. However, we increase m1, the DM flux coming from our
galaxy gets suppressed. Thus, we can constrain our model
by the direct detection of boosted dark matter with relatively
small masses.

We also remark that the semi-annihilation processes,
φ2φ

†
1 → φ1X (h1), φ

†
2φ

†
1 → φ1X (h1), and their conju-

gates, can be enhanced by the Sommerfeld factor with the
u-channel resonance in our model as discussed in Sect. 3, so
we could take a larger cross section for the semi-annihilation
processes at present than the thermal cross section. In this
case, we could take a larger DM mass well to go above the
detector threshold, as the DM flux can be sizable even for
a larger DM mass due to the enhanced annihilation cross
sections.

In the left of Fig. 8, we show the parameter scan for
the relic density for self-resonant light dark matter in the
parameter space for DM self-couplings (g1 = g2) vs m1.
We took m2 � 2m1 for the self-resonant condition and
mh1 = 1.6m1 < m2 and mX > m2, for which the semi-
annihilation channels with dark Higgs, φ2φ

†
1 → φ1h1 and

φ
†
2φ

†
1 → φ1h1, are kinematically open. In this case, there

is more freedom to make the decay branching fraction of
the dark Higgs into e+e− small enough in the presence
of new light particles in the dark sector, being consistent
with the CMB bound. We also chose the other parameters
to gX = 1.8 and λχ1 = λχ2 = 10−4 and set the Higgs-
portal couplings and Higgs mixing angle to zero. The param-
eter scan results contain the benchmark model BM6 on the
red line along which the observed relic density is obtained.
The color gradation in the left of Fig. 8 indicates the total
abundance of self-resonant dark matter in the parameter
space.

Fig. 8 (Left) Parameter scan for the relic density for self-resonant light
dark matter in the DM self-couplings (g1 = g2) vs m1 � m2/2. The
benchmark model, BM5, (marked in white star), lies on the red line
which indicates the contour line satisfying the observed relic density.

(Right) XENONnT and DARWIN (projected) bounds for boosted dark
matter in the gauge kinetic mixing (ε) vs m1. We consider the X gauge
portal for BDM-nucleus elastic scattering
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On the other hand, in the right of Fig. 8, we also show
the limits on the gauge kinetic mixing (ε) vs the DM mass
m1 from the direct detection for boosted dark matter at
XENONnT [2] and DARWIN (in prospect) [39]. The flux
for boosted dark matter relies on the semi-annihilations into
the dark Higgs while the direct detection for BDM-nucleus
elastic scattering is dominated by the gauge kinetic mixing
of the X gauge boson. But, we ignored the Higgs portal
couplings for the dark Higgs. Here, we took m2 � 2m1,
mX = 1.5 GeV and λχ1 = λχ2 = 10−4, as in the left plot,
and set g1 = g2 = 0.014, mhX /m2 = 0.8, r1 = 0.9998, and
the u-channel Sommerfeld factor to S0 = 1. Thus, the direct
detection limit can constrain the parameter space for boosted
dark matter extended from the benchmark model BM7.

We remark that for a large Sommerfeld factor, the bounds
on ε from XENONnT and DARWIN get more stringent by
the factor of

√
S0. For instance, if we choose larger values

for g1, g2 for sub-GeV scale dark matter, the relic density
would be smaller due to larger DM annihilation cross sec-
tions. However, if there is a way to reproduce dark matter
from the decays of a heavy particle that dominates at late
times, larger DM annihilation cross sections would be help-
ful for the correct relic density [40].

As a result, we find that the gauge kinetic mxing ε is
bounded to be below 10−4 − 10−3 in the range, m1 = 20 −
750 MeV. For ε � 0.1, a large BDM-nucleus scattering cross
section would attenuate the kinetic energy of boosted dark
matter during the propagation throughout the Earth below the
detection threshold [35]. We also note that for sub-GeV scale
dark photon, the parameter space up to ε = 10−5 − 10−3 is
already excluded by the direct detection for halo dark matter
(non-boosted dark matter) and collider data such as Belle-II
[41–44], BaBar [45,46], NA64, [47–49], etc, depending on
the decay branching ratios of the dark photon.

We also remark that the couplings of the mediator parti-
cles with sub-GeV scale masses can be constrained by Big
Bang Nucleosynthesis (BBN) or CMB (Neff ), depending on
their lifetimes and the fraction of the energy density [50–53].
For instance, if the dark photon of masses below GeV scale
decay dominantly into the SM particles, the BBN bound on
the lifetime of the dark photon would be τX � 100 s [51,52].
Thus, the dark photon must decay into the dark sector such
that the energy injection into the SM during BBN gets sup-
pressed. This is consistent with the limit from CMB discussed
in Sect. 6.2 where a small decay branching fraction of the
dark photon into e+e− is required for a sizable u-channel
Sommerfeld factor.

7 Conclusions

We presented a new model for two-component scalar dark
matter, consisting of φ1 and φ2, where both the DM compo-

nents are stable due to the remaining Z4 gauge symmetry, as
far as the DM masses satisfy m2 < 2m1. The Z4 symme-
try in the model ensures the stability of two-component dark
matter. This is in contrast to the case for the Z2 model [6,7]
where φ1 is a complex singlet scalar field charged under the
U (1)′ and φ2 is a neutral singlet scalar under theU (1)′, being
subject to loop-induced decays due to Z ′ interactions.

For DM masses with m2 being slightly smaller than 2m1,
we obtained the resonance condition for the elastic co-
scattering processes between φ1 and φ

(†)
2 (u-channel pro-

cesses) for which the corresponding cross sections at tree-
level become divergent at a zero momentum transfer for
dark matter. Thus, applying the Bethe–Salpeter formalism
for the resummation of the ladder diagrams for the u-channel
with two dark matter scalars, we derived a nonzero effective
Yukawa potential with an effective mass given by the amount
of detuning m2 from 2m1, only for one of the linear combi-
nations of the initial states for dark matter.

We showed that the effective co-scattering processes for
dark matter become enhanced and velocity-dependent to
solve the small-scale problems at galaxies and they are
more important than the DM self-scattering processes for φ1,
which are similarly enhanced by the s-channel mechanism.
The same DM couplings responsible for the co-scattering
processes give rise to the the semi-annihilation processes
for φ1 and φ

(†)
2 annihilating into φ

†
1 and dark photon/Higgs,

which are enhanced by the u-channel Sommerfeld factor.
Thus, there is a nontrivial upper bound on the Sommer-
feld factor from CMB recombination, depending the decay
branching fractions of dark photon/Higgs. Focusing on the
benchmark models for two-component dark matter satisfy-
ing the observed relic density, we considered the possibility
of producing boosted dark matter with sub-GeV scale mass
from the semi-annihilation processes at the galactic center
and showed the parameter space for the gauge kinetic mix-
ing for dark photon versus the DM mass, which is consistent
with the XENONnT and DARWIN experiments.
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Appendix A: Dark matter annihilation cross sections

We list the annihilation cross sections for multi-component
dark matter composed of φ1, φ2, which is the case with κ1 =
0 in our model.

The annihilation cross section of φ
†
i φi (i = 1, 2) into a

pair of SM fermions is given by

〈σv〉
φiφ

†
i → f̄ f = ε2e2q2

i g
2
X Nc

πxi

m2
i + 1

2m
2
f

(4m2
i − m2

X )2 + m2
X
2

X

×
√√√√1 − m2

f

m2
i

+ Nc

4π

(
1 − m2

f

m2
i

)3/2
∣∣∣∣
λ f 1yh1φ

†
i φi

4m2
i − m2

h1

+
λ f 2yh2φ

†
i φi

4m2
i − m2

h2

∣∣∣∣
2

, (A.1)

with xi ≡ mi/T and qi = 1, 2 being the U (1)′ charges for
φi with i = 1, 2.

The cross section for φ
†
i φi (i = 1, 2) annihilating into VV

with V = Z ,W are given by

〈σv〉
φiφ

†
i →VV = δV e4

256π sin4 θW cos4 θW

v2m2
i

m4
V

×
(

4 − 4
m2

V

m2
i

+ 3
m4

V

m4
i

)

×
√

1 − m2
V

m2
i

(
vλ f 1

m f

yh1φ
†
i φi

4m2
i − m2

h1

+ vλ f 2

m f

yh2φ
†
i φi

4m2
i − m2

h2

)2

(A.2)

with δV = 1 (2 cos4 θW ) for V = Z (W ). The cross-section
for dark matter annihilating into γ γ is loop-induced, given
by

〈σv〉
φiφ

†
i →γ γ

= e4m2
i

64π5v2

∣∣∣∣
∑

f

NcQ
2
f A1/2(x f ) + A1(xw)

∣∣∣∣
2

×
(

vλ f 1

m f

y
h1φ

†
i φi

4m2
i − m2

h1

+ vλ f 2

m f

y
h2φ

†
i φi

4m2
i − m2

h2

)2
.

(A.3)

We note that for a vanishing Higgs mixing angle, the DM
couplings to the Higgs-like scalars become yh1φ

†
1φ1

= λχ1vχ ,

yh2φ
†
1φ1

= λH1v, yh1φ
†
2φ2

= λχ2vχ , and yh2φ
†
2φ2

= λH2v;

λ f 1 = 0 and λ f 2 = m f
v

.
We also list the cross sections for the additional DM

annihilations, in the limit of vanishing Higgs mixing (i.e.
λχH = 0) and gauge kinetic mixing (i.e. ξ = 0), as follows,

〈σv〉i j→kl = |Mi j→kl |2
8π(mi + m j )2

√

1 − (mk − ml)2

(mi + m j )2

×
√

1 − (mk + ml)2

(mi + m j )2

(
1 − (mi − m j )

2

(mi + m j )2

)−1

, (A.4)

with

|M
φ1φ

†
1→h1h1

|2 = λ2
χ1

(
(

2λχ1v
2
χ + m2

h1
− 2m2

1

)2

2
(
m2

h1
− 2m2

1

)2

−
3
√

2mh2vχ

(
2λχ1v

2
χ + m2

h1
− 2m2

1

)

m4
h1

− 6m2
h1
m2

1 + 8m4
1

+ 9m2
h2

v2
χ

(
m2

h1
− 4m2

1

)2

)
, (A.5)

|M
φ2φ

†
2→h1h1

|2 = λ2
χ2

(
(

2λχ2v
2
χ + m2

h1
− 2m2

2

)2

2
(
m2

h1
− 2m2

2

)2

−
3
√

2mh2vχ

(
2λχ2v

2
χ + m2

h1
− 2m2

2

)

m4
h1

− 6m2
h1
m2

2 + 8m4
2

+ 9m2
h2

v2
χ

(
m2

h1
− 4m2

2

)2

)
, (A.6)

|M
φ1φ

†
1→h1h2

|2 = 16λ2
H1λ

2
χ1v

2v2
χ

(
m2

h1
+ m2

h2
− 4m2

1

)2 , (A.7)

|M
φ2φ

†
2→h1h2

|2 = 16λ2
H2λ

2
χ2v

2v2
χ

(
m2

h1
+ m2

h2
− 4m2

2

)2 , (A.8)

|M
φ1φ

†
1→h2h2

|2

=

λ2
H1

(
2m2

h2

(
v(λH1v + mh1 ) − 3m2

1

)

− 4m2
1v(2λH1v + mh1 ) + m4

h2
+ 8m4

1

)2

2(m2
h2

− 2m2
1)

2(m2
h2

− 4m2
1)

2
, (A.9)

|M
φ2φ

†
2→h2h2

|2

=

λ2
H2

(
2m2

h2

(
v(λH2v + mh1 ) − 3m2

2

)

− 4m2
2v(2λH2v + mh1 ) + m4

h2
+ 8m4

2

)2

2(m2
h2

− 2m2
2)

2(m2
h2

− 4m2
2)

2
, (A.10)
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|M
φ

†
2 φ

†
1 →h1φ1

|2 =
[√

2κ2m2(2m1 + m2)
(
m1(2m1 + m2) − m2

h1

)

× (
m2

2(2m1 + m2) − m2
h1
m1

)

−2g2m1vχ

(
λχ2m2(m1 + m2)(2m1 + m2)

(
m1(2m1 + m2) − m2

h1

)

−λχ1
(
m2

h1
+ m2(2m1 + m2)

) (
m2

h1
m1 − m2

2(2m1 + m2)
) )]2

(A.11)

×
(
m2

2(2m1 + m2)
2

(
m2

h1
− m1(2m1 + m2)

)2 (
m2

h1
m1 − m2

2(2m1 + m2)
)2

)−1

,

|M
φ2φ

†
1 →h1φ1

|2 = 4g2
1m

2
1v

2
χ

×
(

λχ2m2(m1 + m2)(2m1 + m2)
(
m1(2m1 + m2) − m2

h1

)

−λχ1
(
m2

h1
+ m2(2m1 + m2)

) (
m2

h1
m1 − m2

2(2m1 + m2)
) )2

×
(
m2

2(2m1 + m2)
2

(
m2

h1
− m1(2m1 + m2)

)2 (
m2

h1
m1 − m2

2(2m1 + m2)
)2

)−1

, (A.12)

|M
φ

†
2 φ

†
1 →h2φ1

|2 = 4g2
2m

2
1v

2

×
(

λH2m2(m1 + m2)(2m1 + m2)
(
m1(2m1 + m2) − m2

h2

)

−λH1
(
m2

h2
+ m2(2m1 + m2)

) (
m2

h2
m1 − m2

2(2m1 + m2)
) )2

×
(
m2

2(2m1 + m2)
2 (

m2
h2

− m1(2m1 + m2)
)2

(
m2

h2
m1 − m2

2(2m1 + m2)
)2

)−1

, (A.13)

|M
φ2φ

†
1 →h2φ1

|2 = 4g2
1m

2
1v

2

×
(

λH2m2(m1 + m2)(2m1 + m2)
(
m1(2m1 + m2) − m2

h2

)

−λH1
(
m2

h2
+ m2(2m1 + m2)

) (
m2

h2
m1 − m2

2(2m1 + m2)
) )2

×
(
m2

2(2m1 + m2)
2 (

m2
h2

− m1(2m1 + m2)
)2

(
m2

h2
m1 − m2

2(2m1 + m2)
)2

)−1

, (A.14)

|M
φ1φ

†
1→XX |2 = 2g4

Xq
4
1

(
8m4

1 − 8m2
1m

2
X + 3m4

X

)

(
m2

X − 2m2
1

)2 ,

(A.15)

|M
φ2φ

†
2→XX |2 = 2g4

Xq
4
2

(
8m4

2 − 8m2
2m

2
X + 3m4

X

)

(
m2

X − 2m2
2

)2 ,

(A.16)

|M
φ

†
2φ

†
1→Xφ1

|2 = 4g2
2g

2
Xm

2
1(m

2
2 − m2

X )
(
(2m1 + m2)

2 − m2
X

)

×
(
q2m

2
2(2m1 + m2)

(
m1(2m1 + m2) − m2

X

)

+q1

(
2m1(2m1 + m2) − m2

X

) (
2m1m

2
2 − m1m

2
X + m3

2

) )2

(A.17)

×
(
m2

2m
2
X (2m1 + m2)

2
(
m2

X − m1(2m1 + m2)
)2

(
2m1m

2
2 − m1m

2
X + m3

2

)2
)−1

,

|M
φ2φ

†
1→Xφ1

|2 = 4g2
1g

2
Xm

2
1(m

2
2 − m2

X )
(
(2m1 + m2)

2 − m2
X

)

×
(
q2m

2
2(2m1 + m2)

(
m1(2m1 + m2) − m2

X

)

−q1

(
2m1(2m1 + m2) − m2

X

) (
2m1m

2
2 − m1m

2
X + m3

2

))2

×
(
m2

2m
2
X (2m1 + m2)

2
(
m2

X − m1(2m1 + m2)
)2

(
2m1m

2
2 − m1m

2
X + m3

2

)2
)−1

, (A.18)

|M
φ2φ

†
2→φ1φ

†
1
|2

=
(

λ12 − 4m2
1

(
g2

1 + g2
2

)

m2
2

− λH1λH2v
2

m2
h2

− 4m2
2

− λχ1λχ2v
2
χ

m2
h1

− 4m2
2

)2

,

(A.19)

|M
φ2φ2→φ1φ

†
1
|2 = 64g2

1g
2
2m

4
1

m4
2

. (A.20)

Appendix B: Direct detection cross sections

We list the cross section formulas for direct detection
[29].

For ms = ms = m2, we consider the direct direction of
multi-component dark matter with φ1 and φ2 in our model.
The effective Lagrangian for dark matter-quark elastic scat-
tering is given by

Lq,eff =
∑

i=1,2

(λq2yh2φ
†
i φi

m2
h2

+
λq1yh1φ

†
i φi

m2
h1

)
|φi |2q̄q

+
∑

i=1,2

gXqi e εQq

m2
Z ′

i(φi∂μφ
†
i − φ

†
i ∂μφi )q̄γ μq, (B.1)

with q1 = 1, q2 = 2. Then, the relevant matching conditions
between quark and nucleon operators are given by

〈N |q̄q|N 〉 = mN

mq
f (N )
Tq , (B.2)

for light quarks (q = u, d, s), and

〈N |q̄q|N 〉 = 2

27

mN

mq
f (N )
TG , f (N )

TG = 1 −
∑

q=u,d,s

f (N )
Tq ,

(B.3)
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for heavy quarks (q = c, b, t), and those for vector operators
are given by

〈N |ūγ μu|N 〉 = 2N̄γ μN , N = p,

〈N |d̄γ μd|N 〉 = N̄γ μN , N = p,

〈N |ūγ μu|N 〉 = N̄γ μN , N = n,

〈N |d̄γ μd|N 〉 = 2N̄γ μN , N = n.

(B.4)

As a result, we get the effective Lagrangian for dark matter-
nucleon elastic scattering as follows,

LN ,eff =
∑

i=1,2

mN

mq

(λq2yh2φ
†
i φi

m2
h2

+
λq1yh1φ

†
i φi

m2
h1

)

×
( ∑

q=u,d,s

f (N )
Tq + 2

27
f (N )
TG × 3

)
|φi |2 N̄ N

+
∑

i=1,2

gXqi e ε

m2
X

i(φi∂μφ
†
i − φ

†
i ∂μφi )

×
(

(2Qu + Qd) p̄γ
μ p + (Qu + 2Qd)n̄γ μn

)
. (B.5)

Thus, from 2Qu + Qd = +1 and Qu + 2Qd = 0, there
is a nonzero interaction only for dark matter-proton scatter-
ing with X -portal. Consequently, we obtain the total spin-
independent cross sections for the φi -nucleus coherent scat-
tering [29], as follows,

σ coh
φi−A = μ2

A,i

4πm2
i

×
[
Z
(
c(i)
p f p + g(i)

p

)
+ (A − Z)

(
c(i)
n fn + g(i)

n

)]2
,

(B.6)

where μA,i = mimA/(mA + mi ) is the reduced mass of the
φi -nucleus system with mA being the target nucleus mass,
Z , A are the number of protons and the atomic number,
respectively, and the effective couplings and form factors
are given by

c(i)
N ≡ mN

mq

(λq2yh2φ
†
i φi

m2
h2

+
λq1yh1φ

†
i φi

m2
h1

)
, (B.7)

f p ≡
∑

q=u,d,s

f (p)
Tq + 2

9
f (p)
TG � 0.28, (B.8)

fn ≡
∑

q=u,d,s

f (n)
Tq + 2

9
f (n)
TG � 0.28, (B.9)

g(i)
p = −2eqi gXεmi

m2
X

, (B.10)

g(i)
n ≈ 0. (B.11)

Similarly, the φ
†
i -nucleus scattering cross sections have the

X contributions flipped in sign, given by

σ coh
φ

†
i −A

= μ2
A,i

4πm2
i

×
[
Z
(
c(i)p f p − g(i)

p

)
+ (A − Z)

(
c(i)n fn − g(i)

n

)]2
.

(B.12)

Then, the averaged spin-independent cross section for dark
matter-nucleus coherent scattering is given

σ coh
φi ,φ

†
i −A

= ri
2

(
σ coh

φi−A + σ coh
φ

†
i −A

)

= μ2
A,i

4πm2
i

ri

[(
Zc(i)

p f p + (A − Z)c(i)
n fn

)2 + Z2(g(i)
p )2

]
,

(B.13)

with ri = �i/�DM. As a result, the above dark matter-
nucleus scattering cross section is related to the normalized-
to-proton scattering cross section by

σ coh
φi ,φ

†
i −p

=
(μN ,i

μA,i

)2 σ
φi ,φ

†
i −A

A2 , (B.14)

with μN ,i = mimN/(mN + mi ).
On the other hand, if the dark matter-nucleus scattering

is not coherent, such as for the boosted dark matter φ1, the
total spin-independent cross sections in Eqs. (B.6) and (B.12)
should be replaced by

σ inc
φ1−A = μ2

A,i

4πm2
1

×
[
Z
(
c(1)
p f p + g(1)

p

)2 + (A − Z)
(
c(1)
n fn + g(1)

n

)2
]
,

(B.15)

σ inc
φ

†
1−A

= μ2
A,i

4πm2
i

×
[
Z
(
c(1)
p f p − g(1)

p

)2 + (A − Z)
(
c(1)
n fn − g(1)

n

)2
]
,

(B.16)

respectively. Then, the averaged spin-independent cross sec-
tions for dark matter-nucleus incoherent scattering are given
by

σ inc
φ1,φ

†
1−A

= 1

2

(
σ inc

φ1−A + σ inc
φ

†
1−A

)

= μ2
A,1

4πm2
1

[
Z
(
c(1)
p f p

)2 + Z(g(1)
p )2 + (A − Z)

(
c(1)
n fn

)2
]
.

(B.17)

Then, the above dark matter-nucleus scattering cross section
is related to the normalized-to-proton scattering cross section
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by

σ inc
φ1,φ

†
1−p

=
(μN ,1

μA,1

)2 σ inc
φ1,φ

†
1−A

A
. (B.18)

The elastic scattering between dark matter and electron is
mediated by CP-even scalars and the X gauge boson, so the
corresponding cross sections are similarly given [29] by

σ
φi ,φ

†
i −e = μ2

e,i

8πm2
i

ri

[(λe2yh2φ
†
i φi

m2
h2

+
λe1yh1φ

†
i φi

m2
h1

)
+ 2eqi gX εmi

m2
X

]2

+ μ2
e,i

8πm2
i

ri

[(λe2yh2φ
†
i φi

m2
h2

+
λe1yh1φ

†
i φi

m2
h1

)
− 2eqi gX εmi

m2
X

]2

= μ2
e,i

4πm2
i

ri

[(λe2yh2φ
†
i φi

m2
h2

+
λe1yh1φ

†
i φi

m2
h1

)2 + 4e2q2
i g

2
X ε2m2

i

m4
X

]

(B.19)

where μe,i = mime/(me + mi ) is the reduced mass of the
φi -electron system.

Appendix C: Kinematics for boosted dark matter

Consider the DM co-annihilation processes, φ
†
1φ

(†)
2 → φ1Y

with Y = h1, X , or its conjugate process.
In the galactic center of mass frame, from the momentum

and the energy for Y ,

pY = m2(2m1 + m2)

2(m1 + m2)

(
1 − m2

Y

m2
2

)1/2

×
(

1 − m2
Y

(2m1 + m2)2

)1/2
, (C.1)

EY = m2
2 + 2m1m2 + m2

Y

2(m1 + m2)
, (C.2)

the velocity for the Y particle [6,7] is given by

vY = pY
EY

= m2(2m1 + m2)

m2
2 + 2m1m2 + m2

Y

(
1 − m2

Y

m2
2

)1/2

×
(

1 − m2
Y

(2m1 + m2)2

)1/2
. (C.3)

Similarly, with the momentum, p′
1 = pY , and the energy for

φ1 appearing in the final states, given by

E ′
1 = 2m2

1 + 2m1m2 + m2
2 − m2

Y

2(m1 + m2)
, (C.4)

the velocity for the boosted dark matter φ1 from the DM
co-annihilations is given by

v′
1 = pY

E ′
1

= m2(2m1 + m2)

2m2
1 + 2m1m2 + m2

2 − m2
Y

×
(

1 − m2
Y

m2
2

)1/2(
1 − m2

Y

(2m1 + m2)2

)1/2
. (C.5)

Moreover, when the Y particle decays into a pair of lep-
tons, ignoring the lepton masses, we get the energy of the
leptons in the rest frame of the Y particle as Ē f = mY

2 . How-
ever, the energy of the leptons in the galactic center of mass
frame is boosted [6,7] to

E f = 1

γY
Ē f (1 − vY cos θ)−1 (C.6)

where θ is the angle between the velocity of the Y particle
and the lepton velocity, and

γY = 1√
1 − v2

Y

= EY

mY
. (C.7)

Therefore, the leptons can carry the energies between E−
f

and E+
f with

E∓
f =

√
1 ∓ vY

1 ± vY

mY

2
, (C.8)

and the energy spectrum for the leptons is box-shaped with
the width being given by �E f = E+

f − E−
f = vY γY mY .

We also comment on the cosmic ray signatures from
boosted dark matter in our model.

Due to the same semi-annihilation processes discussed
for boosted dark matter in the previous section, namely,
φ

†
1φ

(†)
2 → φ1Y with Y = X, h1 and their complex conju-

gate processes, the subsequent decays of the boosted particle
Y , Y → f f̄ , can produce leptons at galaxies, so they give
rise to cosmic ray signals too.5 Then, we can consider the
corresponding differential flux for the leptons as

d� f

dE f
= 1

4πm1m2
〈σv〉

φ
†
1φ

(†)
2 →φ1Y, c.c.

· dN f

dE f
r1(1 − r1) J

(C.9)

where the differential number of leptons is given by

dN f

dE f
= 1

E+
f − E−

f

�(E f − E−
f )�(E+

f − E f ) BR(Y → f f̄ ),

(C.10)

where

E∓
f =

√
1 ∓ vY

1 ± vY

mY

2
, (C.11)

with vY being the velocity of the Y particle in the galactic
frame, given by

5 We also remark that the energetic leptons produced from the semi-
annihilation processes can be also constrained by the CMB recombina-
tion [6,7].
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vY = m2(2m1 + m2)

m2
2 + 2m1m2 + m2

Y

×
(

1 − m2
Y

m2
2

)1/2(
1 − m2

Y

(2m1 + m2)2

)1/2
. (C.12)

We note that we need to consider the J -factor for indirect
detection, in the following way,

J = 1

��

∫

��

d�

∫

l.o.s.
ds ρ2

DM. (C.13)
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