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1 Introduction

There is no doubt that we need to go beyond the Standard Model due to nonzero masses for
neutrinos. The scotogenic model [1] is among the mechanisms for generating neutrino masses,
and it requires an inert scalar doublet (one more scalar doublet with a vanishing VEV) and
three right-handed neutrinos. Unlike the high-scale seesaw mechanism [2–6], neutrino masses
are generated by radiative corrections with the inert scalar doublet and the RH neutrinos
running in loops. So, there is no need to take new particles in the scotogenic model to be much
heavier than the weak scale, and the lighter neutral scalar field of the extra Higgs doublet is a
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good candidate for dark matter (DM). Then, there are testable signatures of the inert scalar
doublet by dark matter direct detection, electroweak precision tests and collider experiments.

Recently, there has been a new proposal to extend the scotogenic model with extra singlet
scalar fields, φ and S, where a nonzero VEV of φ leads to a small lepton number violating
coupling in the scalar sector due to the breakdown of a discrete Z4 symmetry [7]. In this
case, each neutral scalar field of the inert doublet can mix with the component field of the
complex singlet scalar S with the same CP parity, so small neutrino masses can be ascribed
to small dark matter mixings in the limit of the decoupled field S. Thus, the model provides
not only an effective description of the lepton number violating quartic coupling λ5,eff of
the original scotogenic model, but also an extra annihilation channel for dark matter into a
pair of the dark Higgs scalars. There is a similar model proposed to explain the neutrino
masses based on the Z4 symmetry, but the focus was on the impact of the extra scalar fields
on the phenomenology of the RH neutrino dark matter [8].

In this article, we perform a general phenomenological study of the model with the Z4
symmetry for neutrino masses and scalar dark matter beyond the case where the singlet scalar
S is decoupled [7]. We propose some benchmark models for obtaining neutrino masses due
to the DM mixings and correlate between neutrino masses and dark matter phenomenology
in each benchmark model. We consider various possibilities for dark matter in the model:
a singlet scalar DM, an inert doublet-like DM, a mixed dark matter from doublet and
singlet scalars, etc, and show the importance of the light singlet dark Higgs for dark matter
annihilations satisfying the correct relic density while being consistent with vacuum stability,
perturbativity, Higgs/electroweak precision data, collider bounds as well as the strong bounds
from direct detection experiments.

The paper is organized as follows. We first present the setup for the extension of the
SM with extra scalar fields and RH neutrinos and review the motivation of the simple case
where small neutrino masses are obtained in the decoupling limit of the singlet scalar S.
Then, we consider the vacuum structure of the model with a broken Z4 symmetry and
discuss the Higgs mixing and the mass spectrum and mixings for Z2-odd DM scalar fields.
The bounds from vacuum stability and perturbativity are also given. Next we enumerate
various phenomenological constraints on the model, coming from neutrino masses, DM relic
density, DM direct detection, electroweak precision data, collider bounds, etc. We continue to
apply those constraints on some benchmark models for scalar dark matter, varying the DM
mixing angles from small to maximal values. There are three appendices dealing with dark
matter interaction vertices, perturbativity bounds, and loop functions for oblique parameters.
Finally, summary and conclusions are drawn.

2 The setup

We regard two singlet scalar fields, S and φ, an inert scalar doublet H2 in addition to the
SM Higgs doublet, and three right-handed (RH) neutrinos, NR,i as being transforming under
a local U(1)X as ϕi → eiQXθϕi with ϕi = {S, φ, H1, H2, NR,i} [7]. An extra gauge boson
associated with U(1)X could also be introduced, but we focus the case where the extra gauge
boson is decoupled. On the other hand, we assume that the SM fermions are neutral under the
U(1)X symmetry. Then, the U(1)X symmetry contains Z4 or Z2 discrete gauge symmetries
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S φ H1 H2 NR,i

U(1)X +1 +2 0 +1 +1
U(1)X ⊃ Z4 i −1 1 i i

U(1)X ⊃ Z2 −1 +1 +1 −1 −1

Table 1. The U(1)X charges, Z4 and Z2 parities.

as subgroups. There are similar constructions with Z4 symmetry for the extension of the
inert doublet models [8, 9], but there is no mass mixing between dark matter candidates in
the former case and the lightest RH neutrino is regarded as dark matter in the latter case.

We specify the U(1)X charge assignments for the extra scalar fields and the RH neutrinos
as QX(ϕi) = (+1,+2, 0,+1,+1). The U(1)X charges and Z4 and Z2 parities for scalar fields
and the RH neutrinos are summarized in table 1.

We consider the scalar potential in our model, which is composed of V = V1 + V2. First,
the scalar potential for two Higgs doublets only is given by

V1 = m2
1|H1|2 + m2

2|H2|2 + λ1|H1|4 + λ2|H2|4 + λ3|H1|2|H2|2 + λ4(H†
1H2)(H†

2H1). (2.1)

Here, we note that the λ5 term appearing in the inert double dark matter (IDM) models [10, 11]
is forbidden because of U(1)X or Z4 symmetries,

V1 ⊃ λ5
2
(
(H†

1H2)2 + (H†
2H1)2

)
= 0. (2.2)

The part of the scalar potential containing the singlet scalar fields respecting the U(1)X

symmetry is

V2 =
√
2κS†H†

1H2 + λ′
Sφφ†SH†

1H2 +
√
2µ φ†S2 + h.c.

+ m2
S |S|2 + λS |S|4 + m2

φ|φ|2 + λφ|φ|4

+
∑

i=1,2

[
λHiS

(
H†

i Hi

)
|S|2 + λHiφ

(
H†

i Hi

)
|φ|2

]
+ λSφ|S|2|φ|2. (2.3)

Here, we note that if the Z4 symmetry is imposed instead of the full U(1)X , we can also
include the extra terms for the singlet scalar for φ, such as φS2, φ2, φ4, φ2|H1|2, φ2|H2|2,
etc. Even in this case, after Z4 is broken to Z2 due to the VEV of φ, the effective Z2 models
share the same feature as in the U(1)X case that there is a possibility for the mixing between
doublet scalars and singlet scalars of S.

We also introduce the U(1)X -invariant Yukawa couplings for the inert doublet and the
RH neutrinos in our model, as follows,

LYukawa = −yN,ij l̄iH̃2NR,j −
1
2λN,ijφN c

R,iNR,j + h.c. (2.4)

with H̃2 = iσ2H∗
2 .

We assume that neither H2 or S have a VEV for positive m2
2 and m2

S , while H1 and φ

have non-zero VEVs. Then, the VEV of φ, namely, ⟨φ⟩ = 1√
2vφ, breaks Z4 to Z2, leading to
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the effective Z2 models for dark matter. Alternatively, we can regard φ as a dark composite
field breaking the Z4 symmetry explicitly due to non-perturbative effects [12, 13].

Below the U(1)X symmetry breaking scale, we obtain the effective potential only for
S, H1, H2 in V2 where the Z4 symmetry is also spontaneously broken to Z2, as follows,

V2,eff =
√
2κS†H†

1H2 +
√
2κ′SH†

1H2 +
1
2m̂2

SS2 + h.c.

+ m2
S |S|2 + λS |S|4 +

∑
i=1,2

λHiS

(
H†

i Hi

)
|S|2, (2.5)

where κ′ = 1
2λ′

Sφvφ and m̂2
S = 2µvφ. Moreover, the mass terms for the RH neutrinos are

generated by LRH = −1
2MN,ijN c

R,iNR,i + h.c., with MN,i = 1√
2λN,ijvφ. Here, the mass for

the singlet S is shifted by the contribution coming from λSφv2
φ, but we keep the notation

for m2
S the same. The effective Z2 models including the singlet scalar S leads to a flexibility

for dark matter due to the mixing between S and the neutral components of H2, as will
be discussed in the later section.

If we further integrate out the singlet scalar S with m̂2
S =

√
2µvφ ≪ m2

S and κ′ ≪ mS ,
from the combination of the Z2 invariant terms,

√
2κS†H†

1H2,
√
2κ′SH†

1H2 and 1
2m̂2

SS2, in
eq. (2.5), we obtain the inert dark matter model with the effective λ5 term [7] by

λ5,eff = 2m̂2
S(κ2 + κ′2)

m4
S

− 4κκ′

m2
S

. (2.6)

As a result, together with the Yukawa interactions of the inert doublet to the RH neutrinos
in eq. (2.4), we can obtain the neutrino mass matrix for |λ5,eff | ≪ 1 at loop order [1, 7] as

(Mν)ij ≃ λ5,effv2
H

16π2

∑
k

yN,ikyN,jkMN,k

m2
0 − M2

N,k

[
1−

M2
N,k

m2
0 − M2

N,k

ln m2
0

M2
N,k

]
, (2.7)

with m2
0 ≃ m2

2 + 1
2(λ3 + λ4)v2

H .
However, for the general neutrino and DM phenomenology in our model, we will include

the singlet scalars, φ and S, explicitly in the later discussion.

3 Vacuum structure and scalar masses

We first discuss the minimization of the potential and the vacuum structure of the model and
consider the Higgs-singlet mixing and the DM scalar mixings. We also present the vacuum
stability and perturbativity bounds in our model.

3.1 Minimization of the scalar potential

Taking the unitarity gauge for the SM Higgs, we expand two Higgs doublets as

H1 = 1√
2

(
0

h + vH

)
, H2 =

(
H+

1√
2 (H0 + iA0)

)
. (3.1)

On the other hand, the SU(2)-singlet scalar fields, S and φ are expanded as

φ = 1√
2
(ρ + vφ + iη) , S = 1√

2
(s + ia) . (3.2)
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For the local U(1)X , η corresponds to the would-be Goldstone boson, which is set to zero in
unitary gauge. In this case, we can regard the gauge boson X associated with U(1)X as being
decoupled due to its mass mX = 2gXvφ, with gX being the extra gauge coupling, so we can
focus on the dynamics of the dark Higgs in the U(1)X symmetry breaking sector at low energy.
Alternatively, without introducing an extra gauge boson, we can consider the Z4 invariant
model with a real singlet scalar, namely, φ = 1√

2(ρ+ vφ), which transforms as φ → −φ under
Z4 according to table 1, although the DM mass spectrum and the DM self-interactions also
depend on the extra Z4-invariant terms for φ in the potential, such as φS2, φ2, φ4, φ2|H1|2,
φ2|H2|2, etc. In both cases with a local U(1)X and a discrete Z4 symmetry, the essence of
the low-energy correlation between dark matter and neutrino masses can be retained.

On the other hand, if U(1)X is a global symmetry, it is broken spontaneously by the
VEV of φ, so η would be a massless Goldstone boson, which is Majoron-like as it couples to
the RH neutrinos. However, there is no mass mixing between the active neutrinos and the
RH neutrinos in our model, so there is no direct Majoron coupling to the active neutrinos.
Nonetheless, if η is a pseudo-Goldstone boson, it could make sizable contributions to dark
radiation and dark matter annihilations for a small vφ, and spontaneous leptogenesis might
be possible as an alternative to thermal leptogenesis [7]. However, we postpone the case
with a global U(1)X as another work.

Now we identify the minimum of the potential in our model. To this, we rewrite the
potential in terms of the CP-even scalars, χi = h, ρ, H0, s, as follows,

V = 1
2m2

1h2 + 1
2m2

2(H0)2 + 1
4λ1h4 + 1

4λ2(H0)4 + 1
4(λ3 + λ4)h2(H0)2

+ κsH0h + 1
2λ′

SφρhsH0 + µρs2 + 1
2m2

Ss2 + 1
4λSs4 + 1

2m2
φρ2 + 1

4λφρ4

+ 1
4(λH1Sh2 + λH2S(H0)2)s2 + 1

4(λH1φh2 + λH2φ(H0)2)ρ2 + 1
4λSφs2ρ2. (3.3)

Here, we can determine the VEVs by imposing the first derivatives of the CP-even scalar
fields to vanish, i.e. ∂V

∂χi
=0, with

∂V

∂h
= m2

1h + λ1h3 + 1
2(λ3 + λ4)h(H0)2 + κsH0

+ 1
2λ′

SφρsH0 +
1
2λH1Shs2 + 1

2λH1φhρ2, (3.4)
∂V

∂ρ
= m2

φρ + λφρ3 + 1
2λ′

SφhsH0 + µs2

+ 1
2λH1φh2ρ + 1

2λH2φ(H0)2ρ + 1
2λSφs2ρ, (3.5)

∂V

∂H0
= m2

2H0 + λ2(H0)3 + 1
2(λ3 + λ4)h2H0 + κsh

+ 1
2λ′

Sφρhs + 1
2λH2SH0s2 + 1

2λH2φH0ρ2, (3.6)
∂V

∂s
= m2

Ss + λSs3 + κH0h + 1
2λ′

SφρhH0 + 2µρs

+ 1
2λH1Sh2s + 1

2λH2S(H0)2s + 1
2λSφsρ2. (3.7)
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Then, we take the VEVs of h and ρ fields to vH and vφ, respectively, whereas setting
the VEVs of the other fields to zero. As a result, the minimization conditions for the
potential gives rise to

m2
1 = −λ1v2

H − 1
2λH1φv2

φ, (3.8)

m2
φ = −λφv2

φ − 1
2λH1φv2

H . (3.9)

Therefore, we can determine the VEVs as

v2
H = 2

λH1φm2
φ − 2λφm2

1
4λ1λφ − λ2

H1φ

, (3.10)

v2
φ = 2

λH1φm2
1 − 2λ1m2

φ

4λ1λφ − λ2
H1φ

. (3.11)

Moreover, we also get the mass matrix for {h, ρ} as

M2
h,ρ =

(
m2

1 + 3λ1v2
H + 1

2λH1φv2
φ λH1φvHvφ

λH1φvHvφ m2
φ + 3λφv2

φ + 1
2λH1φv2

H

)
, (3.12)

and the mass matrix for {H0, s} as

M2
H0,s =

(
m2

2 + 1
2(λ3 + λ4)v2

H + 1
2λH2φv2

φ κvH + 1
2λ′

SφvHvφ

κvH + 1
2λ′

SφvHvφ m2
S + 2µvφ + 1

2λH1Sv2
H + 1

2λSφv2
φ

)
. (3.13)

Here, we note that there is no mixing between {h, ρ} and {H0, s}. Thus, the vacuum with
vH ̸= 0 and vφ ̸= 0 is a stable local minimum, as far as the Hessians are positive, namely,
det(M2

h,ρ) > 0 and det(M2
H0,s) > 0.

By using the results in eqs. (3.10) and (3.11), the diagonal elements of M2
h,ρ become

2λ1v2
H and 2λφv2

φ, respectively, so det(M2
h,ρ) = (4λ1λφ − λ2

H1φ)v2
Hv2

φ > 0. Thus, together
with eqs. (3.10) and (3.11), we find the conditions for a local minimum [14] as

4λ1λφ − λ2
H1φ > 0, (3.14)

λH1φm2
φ − 2λφm2

1 > 0, (3.15)
λH1φm2

1 − 2λφm2
φ > 0. (3.16)

3.2 Higgs mixing

The SM Higgs mixes with the neutral component of singlet scalar φ from the mass matrix
in eq. (3.12), which is rewritten as

M2
h,ρ =

(
m2

h λH1φvHvφ

λH1φvHvφ m2
φ

)
(3.17)

where m2
h = 2λ1v2

H and m2
φ = 2λφv2

φ. Then, we can diagonalize the mass matrix by
introducing the mixing matrices, as follows,(

h

ρ

)
=
(
cosα − sinα

sinα cosα

)(
h1
h2

)
(3.18)
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with

tan 2α = 2vHvφλH1φ

m2
h − m2

φ

. (3.19)

Then, the mass eigenvalues for neutral scalars are given by

m2
h1,h2 = 1

2

[
m2

h + m2
φ ± (m2

h − m2
φ)

√√√√1 +
4v2

Hv2
φλ2

H1φ

(m2
h − m2

φ)2

]
. (3.20)

We note that if λH1φ is sizable, the Higgs mixing gets suppressed for vφ ≫ vH to be consistent
with Higgs data. But, for vφ ∼ vH , we can take a small λH1φ.

3.3 Dark matter mixing

Before considering the mixing mass terms, we first list the scalar masses for the inert Higgs
doublet and the real scalars, s, a, of the singlet S as

m2
H± = m2

2 +
1
2λ3v2

H + 1
2λH2φv2

φ, (3.21)

m2
H0 = m2

2 +
1
2λLv2

H + 1
2λH2φv2

φ = m2
A0 , (3.22)

m2
s = m2

S + 1
2λH1Sv2

H + m̂2
S + 1

2λSφv2
φ = m2

a + 2m̂2
S , (3.23)

with λL ≡ λ3 + λ4 and m̂2
S = 2µvφ. Due to the Z4 symmetry, we set λ5 = 0, so the masses

of H0 and A0 fields are the same, that is, m2
H0

= m2
A0

. We note that a negative λ4 is taken
for the neutral Higgs to be lighter than the charged Higgs in IDM.

In our model, however, there are mass mixings between the neutral scalars of the inert
doublet and the singlet scalars containing in S, leading to split masses between neutral scalar
fields. First, in the basis of CP-even scalars, (H0, s), we rewrite the mass matrix in eq. (3.13) as

M2
H0,s =

(
m2

H0
(κ + κ′)vH

(κ + κ′)vH m2
s

)
, (3.24)

with κ′ = 1
2λ′

Sφvφ. We also obtain the mass matrix for the CP-odd scalars, (A0, a), as

M2
A0,a =

(
m2

H0
(κ − κ′)vH

(κ − κ′)vH m2
a

)
. (3.25)

Then, we can diagonalize the mass matrices by introducing the mixing matrices, as follows,(
H0
s

)
=
(
cos θs − sin θs

sin θs cos θs

)(
H1
H2

)
,(

A0
a

)
=
(
cos θa − sin θa

sin θa cos θa

)(
A1
A2

)
, (3.26)

with

tan 2θs = 2(κ + κ′)vH

m2
H0

− m2
s

, (3.27)

tan 2θa = 2(κ − κ′)vH

m2
H0

− m2
a

. (3.28)
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Then, the mass eigenvalues for neutral scalars are given by

m2
H1,2 = 1

2

[
m2

H0 + m2
s ± (m2

H0 − m2
s)

√√√√1 + 4(κ + κ′)2v2
H

(m2
H0

− m2
s)2

]
, (3.29)

m2
A1,2 = 1

2

[
m2

H0 + m2
a ± (m2

H0 − m2
a)

√√√√1 + 4(κ − κ′)2v2
H

(m2
H0

− m2
a)2

]
. (3.30)

We note that we used the notations for the mass eigenstates of the CP-even neutral scalars
by H1,2, which are the same as for the Higgs doublets, but we remind ourselves of the
notations whenever necessary.

Therefore, the lightest neutral scalar among H1,2 and A1,2 becomes a candidate for dark
matter. In this case, even if m2

H0
= m2

A0
due to the Z4 symmetry, there arises a mass splitting

between the CP-even and CP-odd scalars due to m2
s ̸= m2

a and κ′ ̸= 0, which stem from
the Z4 breaking mass terms for the singlet scalar. So, when the mass splitting is larger
than about 100 keV, we can avoid the strong bound from direct detection for the inelastic
DM-nucleon scattering mediated by Z boson.

3.3.1 Small DM mixings

We first consider the limit with small mixings for dark scalars. Taking |κ + κ′| ≪ |m2
H0

−
m2

s|/(2vH) and |κ − κ′| ≪ |m2
H0

− m2
a|/(2vH), we can approximate the mass eigenvalues

in eqs. (3.29) and (3.30) as

m2
H1 ≃ m2

H0 + sgn(m2
H0 − m2

s) · (κ + κ′)2v2
H

|m2
H0

− m2
s|

, (3.31)

m2
H2 ≃ m2

s − sgn(m2
H0 − m2

s) · (κ + κ′)2v2
H

|m2
H0

− m2
s|

, (3.32)

m2
A1 ≃ m2

H0 + sgn(m2
H0 − m2

a) · (κ − κ′)2v2
H

|m2
H0

− m2
a|

, (3.33)

m2
A2 ≃ m2

a − sgn(m2
H0 − m2

a) · (κ − κ′)2v2
H

|m2
H0

− m2
a|

. (3.34)

First, if mH0 < ms, ma, the lighter component of the inert doublet-like scalar becomes
a dark matter candidate, with the mass splitting,

m2
H1 − m2

A1 ≃ (κ + κ′)2v2
H

m2
H0

− m2
s

− (κ − κ′)2v2
H

m2
H0

− m2
a

=
2(κ2 + κ′2)m̂2

Sv2
H + 4κκ′(m2

H0
− m2

s,0)v2
H

(m2
H0

− m2
s)(m2

H0
− m2

a)
. (3.35)

Here, m2
s,0 ≡ m2

s − m̂2
S . Thus, A1 is always a dark matter candidate for m̂2

S > 0 and κκ′ < 0.
But, for κκ′ > 0, there is a possibility that H1 is a dark matter candidate. We note that
for mS ≫ mH0 , |m̂S |, for which ms, ma ≃ mS , the above result becomes

m2
H1 − m2

A1 ≃ 2(κ2 + κ′2)m̂2
Sv2

H

m4
S

− 4κκ′v2
H

m2
S

= λ5,eff v2
H , (3.36)
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which is consistent with the effective λ5 term in eq. (2.6), obtained in the decoupling limit of
the singlet scalars. For a small mass splitting for the inert doublet-like scalars, H1 decays
into A1 and a pair of neutrinos, mediated by the Z boson, so the corresponding decay rate
is Γ ∝ ∆5 with ∆ = mH1 − mA1 .

Next, we consider the case with mH0 > ms, ma. Then, the lighter component of the
singlet-like scalars is a dark matter candidate: A2 for m̂2

S > 0 and H2 for m̂2
S < 0, with

the mass splitting given by

m2
H2 − m2

A2 ≃ m2
s − m2

a = 2m̂2
S . (3.37)

Lastly, if ms > mH0 > ma or ma > mH0 > ms, the lighter component of the singlet-like
scalars is still a dark matter candidate: A2 in the former case and H2 in the latter case,
with the mass splittings given by

m2
H1 − m2

A2 ≃ m2
H0 − m2

a, (3.38)
m2

A1 − m2
H2 ≃ m2

H0 − m2
s. (3.39)

3.3.2 Maximal DM mixings

We also consider the limit with maximal mixings for dark scalars. If θs = θa = π
4 , we need

mH0 = ms = ma, so the mass eigenvalues become

m2
H1,2 = m2

H0 ± |κ + κ′|vH , (3.40)

m2
A1,2 = m2

H0 ± |κ − κ′|vH . (3.41)

Then, we find that A2 is the lightest neutral scalar for κκ′ < 0 while H2 the lightest neutral
scalar for κκ′ > 0.

If θs = π
4 but |θa| ≪ 1, we obtain mH0 = ms and

m2
H1,2 = m2

H0 ± |κ + κ′|vH , (3.42)

m2
A1 ≃ m2

H0 + sgn(m2
s − m2

a) · (κ − κ′)2v2
H

|m2
s − m2

a|
, (3.43)

m2
A2 ≃ m2

a − sgn(m2
s − m2

a) · (κ − κ′)2v2
H

|m2
s − m2

a|
. (3.44)

This is the case for |κ − κ′|vH ≪ |m2
s − m2

a|/2. Then, unless κ, κ′ are tuned to each other,
the mass splitting between H1 and H2 is small too. As a result, we obtain the hierarchy of
the DM scalars as mH1 > mA1 > mH2 > mA2 for ms > ma and mA2 > mH1 > mA1 > mH2

for ms < ma. Singlet-like scalars, A2 or H2, become a dark matter candidate in the former
or latter cases, respectively.

Similarly, if θa = π
4 but |θs| ≪ 1, we obtain mH0 = ma and

m2
A1,2 = m2

H0 ± |κ − κ′|vH , (3.45)

m2
H1 ≃ m2

H0 + sgn(m2
a − m2

s) · (κ + κ′)2v2
H

|m2
s − m2

a|
, (3.46)

m2
H2 ≃ m2

s − sgn(m2
a − m2

s) · (κ + κ′)2v2
H

|m2
s − m2

a|
. (3.47)
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This is the case for |κ + κ′|vH ≪ |m2
s − m2

a|/2. Then, unless κ, κ′ are tuned to each other,
the mass splitting between A1 and A2 is small too. As a result, we obtain the hierarchy of
the DM scalars as mA1 > mH1 > mA2 > mH2 for ms < ma and mH2 > mA1 > mH1 > mA2

for ms > ma. Singlet-like scalars, H2 or A2, become a dark matter candidate in the former
or latter cases, respectively.

3.4 Vacuum stability

To ensure the vacuum stability of the scalar potential, we need to check if it is bounded
from below, i.e. V ≥ 0 in the limit of large field values. Then, it is sufficient to take the
quartic part of the scalar potential, V4 and demand V4 ≥ 0.

In order to derive the vacuum stability conditions, it is convenient to write V4 in
terms of the squares of real fields as V4 = Xijr2

i r2
j . Then, co-positivity of the matrix X

ensures the vacuum stability. We parameterise the bilinears as |H1|2 = r2c2
β, |H2|2 = r2s2

β,
H†

1H2 = χr2cβsβeiΣ1 , |S|2 = ρ2c2
α, |φ|2 = ρ2s2

α andφ†S = ζρ2cαsαeiΣ2 . Here, r, ρ = [0,∞],
α, β = [0, π/2] and |χ|, |ζ| = [0, 1]. With this parameterization, V4 takes the following form,

V4 = r4(λ1c4
β + λ2s4

β + λ3c2
βs2

β + λ4χ2c2
βs2

β) + ρ4(λφs4
α + λSc4

α + λSφc2
αs2

α) (3.48)
+ ρ2r2(λH1Sc2

αc2
β + λH1φc2

βs2
α + λH2Sc2

αs2
β + 2λ′

Sφζχcαcβsαsβ cos(σ) + λH2φs2
αs2

β),

where, σ = Σ1 +Σ2 varies between [0, 2π]. Then, V4 can be written in the matrix form in
the basis R = [r2, ρ2] as RT XR, with Xij being in components,

X11 = λ1c4
β + λ2s4

β + λ3c2
βs2

β + λ4χ2c2
βs2

β , (3.49)
X22 = λSc4

α + s4
αλφ + λSφc2

αs2
α, (3.50)

X12 = 1
2
(
λH1Sc2

αc2
β + λH1φc2

βs2
α + λH2Sc2

αs2
β + λH2φs2

αs2
β + 2λ′

Sφζχcαcβsαsβ cos(σ)
)

.

(3.51)

Thus, Xij is co-positive as far as Xii ≥ 0 and X12 +
√

X11X22 ≥ 0. Depending on the specific
values of α and β, the co-positive conditions are simplified to

{λ1 ≥ 0, λS ≥ 0,
λH1S

2 +
√

λ1λS ≥ 0}, for α = 0 and β = 0, (3.52)

{λ2 ≥ 0, λφ ≥ 0,
λH2φ

2 +
√

λ2λφ ≥ 0}, for α = π/2 and β = π/2, (3.53)

{λ1 ≥ 0, λφ ≥ 0,
λH1φ

2 +
√

λ1λφ ≥ 0}, for α = π/2 and β = 0, (3.54)

{λ2 ≥ 0, λS ≥ 0,
λH2S

2 +
√

λ2λS ≥ 0}, for α = 0 and β = π/2. (3.55)

3.5 Perturbative unitarity

We can derive the perturbative unitarity constraints from the calculation of the 2 → 2
scattering matrix M by demanding that all the eigenvalues of M are less than 8π.

We assume that the scattering energy is much higher than the particle masses. Hence, only
the contact interactions contribute the 2 → 2 processes. We present the scattering matrices,

– 10 –



J
H
E
P
0
8
(
2
0
2
5
)
1
0
5

Mi, with i = 1, 2, · · · , 5, for different subsets of scattering processes, in the appendix B, and
the corresponding set of the eigenvalues, Ei, for each subset of the scattering processes, read

E1 =
{
2λ1, 2λ2, , 2λs, 2λφ, λ1 + λ2 ±

√
(λ1 − λ2)2 + λ2

4

}
, (3.56)

E2 =
{
2λH1S , λH1φ, λH2S , λH2φ,

1
2
(
λH1φ + λH2S ±

√
(λH1φ − λH2S)2 + 4λ′2

Sφ

)
, (3.57)

1
2
(
λH1S + λH2φ ±

√
(λH1S − λH2φ)2 + 4λ′2

Sφ

)}
, (3.58)

E3 = {2λH1S , 2λH2S} , (3.59)

E4 =
{

λ3, λ3 + λ4, λ3 + λ4, λ3 + 2λ4,±
√

λ2
3 + 2λ3λ4

}
, (3.60)

E5 =
{
2λ1, 2λ2, λ3, λ3 − λ4, λ3 + λ4, λ1 + λ2 ±

√
(λ1 − λ2)2 + λ2

4

}
. (3.61)

4 Phenomenological constraints

In this section, we discuss the phenomenological constraints coming from neutrino masses,
dark matter relic density, DM direct detection experiments, electroweak precision data as well
as collider searches. For dark matter discussion, we assume that the lightest among the DM
scalars is a dark matter candidate, which is regarded as being lighter than the RH neutrinos.1

4.1 Neutrino masses

In the presence of the DM scalar mixings, the relevant interactions for neutrino masses
are given by

Lν,eff = − 1√
2

yN,ij ν̄i

(
cos θsH1 − sin θsH2 − i cos θaA1 + i sin θaA2

)
NR,j

− 1
2MN,iN c

R,iNR,i + h.c. (4.1)

Then, after the Z4 symmetry is broken, we obtain the neutrino masses at one-loop diagrams as

(Mν)ij = 1
16π2

∑
α

∑
k

yN,ikyN,jkMN,kFα

[
m2

α

m2
α − M2

N,k

ln m2
α

M2
N,k

]
(4.2)

with Fα ≡ (cos2 θs, sin2 θs,− cos2 θa,− sin2 θa) and mα ≡ (mH1 , mH2 , mA1 , mA2). We note
that if the Z4 symmetry is unbroken, κ = κ′ = 0 and m̂2

S = 0, so θs = θa = 0, for which
H2, A2 do not contribute to neutrino masses and H1, A1 contributions are cancelled out
because of mH1 = mA1 = mH0 .

In the limit of decoupling the singlet scalar S with mS ≫ κ′, m̂S , the mixing angles for
all the dark matter scalars become |θs|, |θa| ≪ 1 and the mass splittings between dark scalars
become small. In this case, the neutral inert doublet-like scalars contribute dominantly to
the one-loop neutrino masses, so we can approximate eq. (4.2) to

(Mν)ij ≃ λ5,effv2
H

16π2

∑
k

yN,ikyN,jkMN,k

m2
0 − M2

N,k

[
1−

M2
N,k

m2
0 − M2

N,k

ln m2
0

M2
N,k

]
(4.3)

1The case where the lightest of the RH neutrinos are lighter than the DM scalars was considered in ref. [8].
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where m2
0 = m2

H0
and m2

H1
− m2

A1
≃ λ5,effv2

H , with λ5,eff being given by eq. (2.6). Thus, we
recover the results in the scotogenic model for neutrino masses where the singlet scalar S

is decoupled and the Z2 symmetry remains [1, 7].
However, for general mixings between dark scalars, the singlet scalar S is not decoupled,

so the neutrino masses depend nontrivially on the mixing angles and the scalar spectrum.
In the limit of the maximal mixings for either CP-even or CP-odd DM scalars, the mass
splittings between DM scalars can be sizable.

For instance, for the bi-maximal case with θs = θa = π
4 , the one-loop neutrino masses

in eq. (4.2) become

(Mν)ij = 1
32π2

∑
α=H1,H2

∑
k

yN,ikyN,jkMN,k

[
m2

α

m2
α − M2

N,k

ln m2
α

M2
N,k

]

− 1
32π2

∑
α=A1,A2

∑
k

yN,ikyN,jkMN,k

[
m2

α

m2
α − M2

N,k

ln m2
α

M2
N,k

]
. (4.4)

In this case, the DM scalar masses are m2
H1,H2

= m2
H0

± |κ + κ′|vH and m2
A1,A2

= m2
H0

±
|κ − κ′|vH . Then, for m2

H0
≫ |κ ± κ′|vH , we obtain

(Mν)ij ≃ vH

16π2 (|κ + κ′| − |κ − κ′|)
∑

k

yN,ikyN,jkMN,k

m2
0 − M2

N,k

[
1−

M2
N,k

m2
0 − M2

N,k

ln m2
0

M2
N,k

]
, (4.5)

with m2
0 = m2

H0
. Therefore, we need the different mass splittings for the CP-even and CP-odd

scalars for nonzero neutrino masses, as m2
H1

−m2
H2

= 2|κ+κ′|vH ̸= m2
A1

−m2
A2

= 2|κ−κ′|vH .
We also consider the case where one of the DM mixing angles is nonzero. First, if θs = π

4
but |θa| ≪ 1, the neutrino masses become

(Mν)ij = 1
32π2

∑
α=H1,H2

∑
k

yN,ikyN,jkMN,k

[
m2

α

m2
α − M2

N,k

ln m2
α

M2
N,k

]

− 1
16π2

∑
k

yN,ikyN,jkMN,k

[
m2

A1

m2
A1

− M2
N,k

ln
m2

A1

M2
N,k

]
. (4.6)

In this case, the DM scalar masses are m2
H1,H2

= m2
H0

± |κ + κ′|vH and m2
A1

≃ m2
H0

+ (κ −
κ′)2v2

H/(m2
s − m2

a). Thus, for m2
H0

≫ |κ ± κ′|vH , the above results are approximated to

(Mν)ij = v2
H

8π2
(κ − κ′)2

m2
a − m2

s

∑
k

yN,ikyN,jkMN,k

m2
0 − M2

N,k

[
1−

M2
N,k

m2
0 − M2

N,k

ln m2
0

M2
N,k

]
, (4.7)

with m2
0 = m2

H0
. Thus, we find that neutrino masses are suppressed by the squared mixing

angle, θ2
a ≃ (κ−κ′)2v2

H
(m2

a−m2
s)2 . Similarly, if θa = π

4 but |θs| ≪ 1, the neutrino masses become

(Mν)ij = 1
16π2

∑
k

yN,ikyN,jkMN,k

[
m2

H1

m2
H1

− M2
N,k

ln
m2

H1

M2
N,k

]

− 1
32π2

∑
α=A1,A2

∑
k

yN,ikyN,jkMN,k

[
m2

α

m2
α − M2

N,k

ln m2
α

M2
N,k

]
. (4.8)
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In this case, the DM scalar masses are m2
A1,A2

= m2
H0

± |κ − κ′|vH and m2
H1

≃ m2
H0

+ (κ +
κ′)2v2

H/(m2
a − m2

s). Thus, for m2
H0

≫ |κ ± κ′|vH , the neutrino masses are approximated to

(Mν)ij = v2
H

8π2
(κ + κ′)2

m2
a − m2

s

∑
k

yN,ikyN,jkMN,k

m2
0 − M2

N,k

[
1−

M2
N,k

m2
0 − M2

N,k

ln m2
0

M2
N,k

]
, (4.9)

with m2
0 = m2

H0
. Similarly, we find that neutrino masses are suppressed by the squared

mixing angle, θ2
s ≃ (κ+κ′)2v2

H
(m2

a−m2
s)2 . Thus, we find the non-decoupling effects of the singlet scalars

manifest in the cases with maximal mixings and the neutrino masses can be suppressed
when one of the mixing angles is small.

4.2 Dark matter relic density

In the limit of decoupling the singlet scalar S, the model resembles the inert doublet dark
matter model in which the DM candidate is either H1 or A1. For a positive sign of λ5,eff in
eq. (3.36), A1 can be lighter than H1, so we can regard it as a dark matter candidate. A
negative sign of λ5,eff can be taken instead such that H1 is a dark matter candidate, but
there is no phenomenological difference.

When the singlet scalar S is not decoupled, we need to consider the general mixings
between the DM scalars and the dark matter candidate is model-dependent. In general, the
relic density is determined by the mixing quartic couplings and the gauge couplings, and
the DM annihilations are possible in the following ways:

• Self-annihilations: DMDM → ff̄ , WW, ZZ, h1,2h1,2, h1h2
In the resonance region with the SM Higgs, MDM ≃ mh1/2 and a small Higgs-portal
coupling to dark matter is required. For MDM < 80GeV, the annihilations into three-
body states from off-shell W or Z still occur with large branching fractions. For
M.DM > 100GeV, the bosonic channels would be dominant.

• Co-annihilations: DMDM′ → ff̄ , WW, ZZ, h1,2h1,2, h1h2
A sufficient contribution from the co-annihilations with heavier DM scalars is possible
for (MDM′ −MDM)/MDM < 0.1, which requires that a relatively small λ5,eff in the limit
of the inert doublet dark matter.

In all the benchmark models that we consider, the DM annihilation into a pair of
singlet-like scalars, h2h2, is present, due to the extra couplings, λSφ, λH2φ, that are absent
in the inert doublet model.

4.3 DM direct detection bounds

Dark matter can scatter with nucleons by both elastic and inelastic processes. In the case
of the inert double-like dark matter, the inelastic scattering processes are initiated by the
exchange of the Z boson, so it can be kinematically forbidden when the mass difference
between dark matter and the excited states is greater than around 100 keV. If dark matter
is singlet-like, the inelastic scattering processes do not contribute to direct detection, so we
only have to consider the elastic scattering processes with Higgs exchanges as below.
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The coherent elastic scattering between dark matter χ and nucleus N is mediated by the
CP-even Higgs bosons, h1 and h2. The corresponding scattering cross section is given by

σ (χN → χN) = µ2
N (Zfp + (A − Z)fn)2

4πm2
χA2

(
λχχh1cα

m2
h1

− λχχh2sα

m2
h2

)2

(4.10)

where Z, A − Z are the numbers of protons and neutrons in the detector nucleus, µN is the
reduced mass for the DM-nucleus system, fp,n are the nucleon form factors, and λχχh1 , λχχh2 ,
are the trilinear couplings between dark matter and Higgs-like scalars.

4.4 Electroweak precision data

The inert doublet, H2, can contribute the self energy of the SM weak-bosons, so the mass split-
ting and the mass mixings with singlet Z2-odd scalars can be constrained by the electroweak
precision measurements. The the global electroweak fit for the S, T parameters [15] shows
Sexp = −0.05± 0.07 and Texp = 0.00± 0.06, for U = 0, and the correlation coefficient is given
by ρST = 0.93. Following ref. [16], we obtain the oblique parameters S and T in our model,

∆S = 1
24π

[
(cθscθa)2G

(
m2

H1 ,m2
A1 ,M2

Z

)
+(cθasθs)2G

(
m2

H2 ,m2
A1 ,M2

Z

)
+(cθssθa)2G

(
m2

H1 ,m2
A2 ,M2

Z

)
+(sθssθa)2G

(
m2

H2 ,m2
A2 ,M2

Z

)
+c2

αĜ
(
M2

h1 ,M2
Z

)
+s2

αĜ
(
Mh2 ,M2

Z

)
+c2

θa
ln
(
m2

A1

)
+s2

θa
ln
(
m2

A2

)
+s2

θs
ln
(
m2

H2

)
+c2

θs
ln
(
m2

H1

)
+s2

α ln
(
M2

h2

)
+c2

α ln
(
M2

h1

)
−2ln

(
m2

H±

)
+
(
2s2

w−1
)2

G
(
m2

H± ,m2
H± ,M2

Z

)
−ln

(
m2

h

)
−Ĝ

(
m2

h,M2
Z

)]
,

(4.11)

∆T = 1
16πM2

W s2
w

[
−(cθscθa)2F

(
m2

H1 ,m2
A1

)
+c2

θa
F
(
m2

H± ,m2
A1

)
−(cθasθs)2F

(
m2

H2 ,m2
A1

)
−(cθssθa)2F

(
m2

H1 ,m2
A2

)
−(sθssθa)2F

(
m2

H2 ,m2
A2

)
+s2

θa
F
(
m2

H± ,m2
A2

)
+3s2

α

(
F
(
M2

Z ,m2
h2

)
−F

(
M2

W ,m2
h2

))
+s2

θs
F
(
m2

H± ,m2
H2

)
+c2

θs
F
(
m2

H± ,m2
H1

)
+3c2

α

(
F
(
M2

Z ,m2
h1

)
−F

(
M2

W ,m2
h1

))
−3
(
F
(
M2

Z ,m2
h

)
−F

(
M2

W ,m2
h

))]
(4.12)

where the loop functions are given in the appendix C. We perform a χ2 analysis to check
the experimental limit as follows,

χ2 = 1(
1− ρ2

ST

) [(S − Sexp)2

(∆Sexp)2 + (T − Texp)2

(∆Texp)2 − 2ρST (S − Sexp) (T − Texp)
∆Sexp∆Texp

]
(4.13)

where Sexp (or Texp) and ∆Sexp (or ∆Texp) correspond to the experimental mean values and
1σ uncertainties, respectively, and S = SSM +∆S, T = TSM +∆T , with SSM = TSM = 0.

4.5 Collider constraints

• LEP: There is no direct search for the inert doublet scalars at the LEP, however the
processes such as e+e− → H+H−/HiAi lead to very similar signals as in supersymmetric
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models. The re-interpretation of LEP search for charginos set the upper limit as
MH± > 70GeV [17]. Similarly, the LEP search for neutralinos exclude thw parameter
space with MH1 ≤ 80GeV and MA1 ≤ 100GeV provided |MH1 − MA1 | ≥ 8GeV [18].

• h → γγ decay rate: In our model the charged Higgs contributes to the h → γγ rate,
which can change the measured value at the LHC. The signal strength of the SM Higgs
for channel h → γγ is given by,

µγγ = σ

σSM
Br(h → γγ)

BrSM(h → γγ)
= cos2 α

Br(h → γγ)
BrSM(h → γγ)

. (4.14)

We perform a χ2 analysis to check the parameter space consistent with the experimental
value µγγ = 1.1± 0.06 [15]. The χ2 is computed as,

χ2 = µ2 − µ̂2

σ+σ− + (σ+ − σ−)(µ − µ̂) . (4.15)

• h → invisible decay rate: The SM Higgs can have invisible decay via h → HiHi/AiAi

for MHi,Ai < Mh/2. The upper limit on the invisible branching ratio of Higgs at 95%
CL is Br(h → invisible) < 0.107 [15].

5 Benchmark models

In this section, we consider some benchmark models depending on the mixing angles between
the DM scalars and the corresponding neutrino masses in our model. We generate the model
files from SARAH-v4.15.2 [19] and use SPheno-v4.0.3 [20] for calculation of particle spectra
and decays, and micrOmegas-v6.0.5 [21] for the calculation of dark matter observables.

We assume that the mixing angle between the SM Higgs and the dark scalar φ is zero,
namely, sinα = 0, in the following discussion. But, we vary the mixings between dark
matter scalars (namely, H0 − s among CP-even scalars or A0 − a between CP-odd scalars),
which are determined by the parameters, κ and κ′. We list the parameter choices for the
benchmark models in table 2.

In the following discussion, we consider the case that the RH neutrinos are heavier than
the lightest neutral scalar field in our model.2 Then, the candidate for scalar dark matter
depends on the mass ordering for the Z2-odd dark sector scalars. For mH0 > ma, ms, the
lighter singlet-like scalar is a DM candidate: A2 can be a DM candidate for µ > 0, for
which ma < ms; H2 can be a DM candidate for µ < 0, for which ms < ma; H2 and A2 are
degenerate in mass for µ = 0, so the singlet-like complex scalar can be a DM candidate. On
the other hand, for mH0 < ma, ms, either H1 and A1 can be a DM candidate.

5.1 Scenario I: no dark matter mixings

In the case with κ = κ′ = 0, there is no mixing between dark sector scalars, so neutrino
masses vanish, so we need to rely on another mechanism for neutrino masses such as high-scale
seesaw mechanism. But, we consider this scenario separately for dark matter physics.

2See ref. [8] for the case with the RH neutrino dark matter.
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Parameters Scenario I Scenario II Bi-Maximal Maximal Scenario IV
(mH0/GeV)2 316232 [1, 108] [1, 108] [1, 108] [1, 108]
(mS/GeV)2 [1, 108] [1010, 1020] m2

2 m2
2 [1, 108]

κ/GeV 0 −mS −[10−4, 1] −[10−4, 1] [1, 106]
µ/GeV 0(−1) 0 0 [1, 104] 102

vφ/GeV 106 [102, 109] 103 103 104

mh2/GeV 150 150 150 150 150
λ2 0 [10−4, 4π] [10−4, 4π] [10−4, 4π] [10−4, 4π]
λS 0 [10−4, 4π] [10−4, 4π] [10−4, 4π] [10−4, 4π]

λH1φ 0 0 0 0 0
λH2S 0 [10−4, 4π] [10−4, 4π] [10−4, 4π] [10−4, 4π]
λH1S [10−4, 1] [10−4, 4π] [10−4, 4π] [10−4, 4π] [10−4, 4π]

λ4 −0.01 −[10−4, 4π] −[10−6, 4π] −[10−6, 4π] −[10−4, 4π]
λ3 0.1 [10−4, 4π] λH1S − λ4 λH1S − λ4 [10−4, 4π]

λ′
Sφ 0 [10−4, 4π] [10−7, 10−3] [10−7, 10−3] [10−4, 4π]

κ′/GeV 0 [0.005, 6.2× 109] [0.5× 10−4, 0.5] [0.5× 10−4, 0.5] [0.5, 6.2× 104]
λSφ [10−2, 4π] [10−4, 4π] [10−4, 1] [10−4, 1] [10−4, 1]
λH2φ 4π [10−4, 4π] λSφ λSφ − 4µ/vφ 0

Table 2. The input parameters in the numerical scan of the benchmark models. The parameter
choice for the maximal scenario is the same as the one for the bi-maximal case, except for µ ̸= 0.

(a) (b)

Figure 1. Scenario I: complex singlet dark matter. (a) Variation of the relic density in the plane for
MDM vs λH1S , being consistent with the latest direct detection bound from LZ [22]. (b) Variation of
the branching fractions of various channels as a function of DM mass. We chose λSφ = 0 and µ = 0.

In this scenario, the mass eigenstates become H1 = H0, A1 = A0, H2 = s and A2 = a,
and the mass eigenvalues are mH1 = mA1 = mH0 , mH2 = ms and mA2 = ma. Taking µ < 0
for which mH0 > ma, ms, we can regard H2 = s as a DM candidate.

If λSφ = 0 and µ = 0, the scenario is the same as the complex singlet scalar DM model.
In figure 1, we show the variation of ΩSh2 in the MDM = MH2 vs λH1S plane. As evident
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(a) (b)

Figure 2. Scenario I: singlet CP-even scalar dark matter. (a) Variation of the relic density as a
function of MDM. The color code indicates the variation of the A2A2h2 coupling. (b) Branching
fractions of DM annihilation cross sections as a function of MDM. We chose a set of the parameters,
λ2 = λS = λH1φ = λH2S = 0, λ3 = 0.1, λ4 = −0.01, λH2φ = λφ = 1, λH1S = [10−4, 1], and
λSφ = [10−2, 4π]. The mass parameters are taken to m2

2 = 109 GeV, µ = −1GeV, mh2 = 150GeV and
m2

S = [1, 108]GeV.

from the plot, the DM relic density is overabundant in most of the parameter space, because
the direct detection bound constrains |λH2H2h1 | = vH |λH1S | strongly, except in the region
with a small λH1S near the Higgs resonance. We imposed the current direct detection limit
from the LUX-ZEPLIN (LZ) Experiment [22].

For λSφ ̸= 0 and/or µ ̸= 0, if open kinematically, the annihilation channel, H2H2 → h2h2
plays an important role to set the observed relic density. To explore this, we consider the
parameters as µ = −1GeV and mh2 = 150GeV, λH1S = [10−4, 1] and λSφ = [10−2, 4π]. The
values of other model parameters are given in the second column of table 2. We show the relic
density as a function of MDM for the varying effective coupling, |λH2H2h2 | = |2µ − λSφvφ|, in
figure 2(a). We show the observed relic density value by the black line. The chosen parameter
space satisfies the DD limit, EW precision data as well as theoretical constraints such as
perturbative unitarity and vacuum stability. The charged Higgs scalar does not alter the
h → γγ rate as it is considered to be heavier than 104 GeV.

For MDM ≥ Mh2 , the channel H2H2 → h2h2 opens up and can lead the DM annihilation
process for a sizable coupling λSφ. This channel is mediated via contact interaction λSφ

as well as via trilinear interactions λH2H2h2 and λh2h2h2 in the s, t, u channel processes.
Depending on the size of the effective vertex factor, there exists a cancellation among the
different diagrams. This is evident in the region of 150 GeV < MDM < 400 GeV where
contributions of various diagrams are comparable. For MDM > 400 GeV, contributions from
s, t, u channels are suppressed by 1/M2

DM and the leading contribution is from the contact
interaction. Note that this cancellation region shifts depending upon the choice of parameters.
As can be seen from this plot, there exists a large parameter space where ΩSh2 ≤ 0.12
while satisfying all other bounds.

In figure 2(b), we present the variation of the branching fractions of the DM annihilation
cross sections as a function of MDM. The channel H2H2 → h2h2 can give rise to almost 100%
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(a)

Figure 3. Scenario I: singlet CP-even scalar dark matter. Parameter space satisfying 1%− 100% of
the observed relic density. The choice of the parameters is the same as in figure 2.

contribution to the DM annihilation cross sections as far as it is open. We note that the next
to lightest-odd-particle (NLOP), A2 contributes to the DM annihilation cross sections if the
relative mass splitting is small enough, namely, (MDM − MA2)/MDM ≲ 0.1.

In figure 3, varying λSφ in the range of λSφ = [0.1, 4π], we present the allowed parameter
space for MDM = MH2 vs λH1S where both the observed relic density and direct detection
bound can be satisfied simultaneously. If H2H2 → h2h2 is open kinematically, it can
drive the DM annihilation for suitable (non-zero) values of λSφ. For mh2 = 150GeV, we
obtain 1% − 100% of the observed relic density in the range of MDM = [150, 104]GeV for
λSφ = [0.1, 4π], being consistent with perturbativity. The annihilation channel, H2H2 → h2h2,
does not provide a notable contribution if λSφ < 0.1.

5.2 Scenario II: small dark matter mixings

Next, as discussed in section 3.3, we consider the case where κ, κ′ are nonzero but smaller
than mS . In this case, as discussed in section 4.1, small neutrino masses are generated,
due to a small λ5,eff .

In this scenario, as ms, ma ≳ mH0 , mA0 , the model becomes similar to the inert doublet
model with a small mass splitting between H1 and A1 in eq. (3.36), which is approximated to

m2
H1 − m2

A1 ≃ −4κκ′v2
H

m2
S

. (5.1)

Then, for κκ′ < 0, A1 is a dark matter candidate.
If λH2φ = 0, the DM phenomenology is the same as in the inert doublet model. But,

for λH2φ ̸= 0, the extra annihilation channel, A1A1 → h2h2, plays an important role to set
the observed relic density, if open kinematically.

To analyze this scenario, we fix the parameters, as given in the third column of table 2.
As a result, in figure 4(a), we show the variation of the relic density as a function of the MDM
in the scenario II. Here, the color code indicates the variation of effective DM coupling, given
by |λA1A1h2 | ≃ |λH2φ|vφ. In figure 4(b), we also show the variation of the branching fractions
of DM annihilation cross sections as a function of MDM for the same scenario.
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(a) (b)

Figure 4. Scenario II: doublet-like CP-odd scalar dark matter. (a) The relic density as a function of
MDM. The color code indicates the variation of the A1A1h2 coupling. (b) Branching fractions of DM
annihilation cross sections as a function of MDM. We chose a set of the parameters, λH1φ = 0, λ2 =
λS = λH1S = λH2S = λ′

Sφ = λ3 = −λ4 = [10−4, 4π], and λH2φ = [10−4, 4π]. The mass parameters are
taken to m2

S = [1010, 1020]GeV, µ = 0GeV, κ = −mS , and mh2 = 150GeV and m2
H0

= [1, 108]GeV
and vφ = [102, 109]GeV.

In figure 5(a), we present the variation of ΩA1h2 in the MDM = mA1 vs |λA1A1h1 |
plane, assuming λH2φ = 0. Here, we demanded A1 to build up 1%− 100% of the observed
relic density while being consistent with the direct detection bound on |λA1A1h1 | = |λL|vH

with λL = λ3 + λ4. As evident from the plot, the DM relic density is overabundant for
MDM ≳ 103 GeV and |λA1A1h1 | < 1GeV. The reason is the following. For heavy DM masses
≳ 1TeV, the DM annihilations into longitudinal components of W, Z bosons are dominant.
According to the Goldstone equivalence theorem (for

√
s ≃ 2mA1 ≫ mW,Z), A1A1 → ZLZL is

proportional to λL and A1A1 → WLWL is proportional to λ4 in our case. Since λL is bounded
by direct detection whereas λ4 is bounded by electroweak precision data (as it leads to a
mass splitting between mH± and mH0,A0 within the inert doublet). So, both A1A1 → ZLZL

and A1A1 → WLWL are suppressed for DM mass greater than 1TeV.
In figure 5(b), we present the allowed parameter space in the same parameter space

as in figure 5(a), but for λH2φ ̸= 0. If A1A1 → h2h2 is open kinematically, it can drive
the DM annihilation for suitable (non-zero) values of λH2φ. For mh2 = 150GeV, we obtain
1%− 100% of the observed relic density for λH2φ ̸= 0 and MDM > 103 GeV, while the relic
density is overabundant for λH2φ = 0. The annihilation channel, A1A1 → h2h2, opens up
again a wider parameter space for λH2φ ̸= 0.

5.3 Scenario III: maximal dark matter mixings

Next, we consider the case where θs and/or θa are equal to π
4 . In this scenario, as discussed

in section 4.1, some (or all) the diagonal masses for DM scalars are degenerate for either
θs or θa equal to π

4 (θs = θa = π
4 ), so neutrino masses can be suppressed by small mass

splitting(s) between dark matter scalars.
For θs = π

4 and |θa| ≪ 1 (or θa = π
4 and |θs| ≪ 1), we find that mH0 = ms (or mH0 = ma).

In each case with maximal dark matter mixing(s), a combination of singlet and inert doublet
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(a) (b)

Figure 5. Scenario II: doublet-like CP-odd scalar dark matter. (a) Variation of the relic density in
the plane for MDM vs |λA1A1h1 |, for λH2φ = 0. The parameter space is consistent with the direct
detection bound and 100% to 1% of the observed DM relic density is explained. (b) The same as in
(a), but for λH2φ ̸= 0. The choice for the other parameters for both (a) and (b) is the same as in
figure 4.

models becomes a dark matter candidate. A singlet-like scalar A2 (H2) is a DM candidate
for µ > 0 (µ < 0). In the maximal cases, the effective DM couplings are given by

|λA2A2h2 | =
∣∣∣∣12(2µ − λSφvφ)−

1
2λH2φvφ − κ′

vφ
vH

∣∣∣∣, (5.2)

|λA2A2h1 | =
∣∣∣∣12(λ3 + λ4)vH + 1

2λH1SvH − κ + κ′
∣∣∣∣, (5.3)

for µ > 0, θa = π
4 and |θs| ≪ 1;

|λH2H2h2 | =
∣∣∣∣12(2|µ| − λSφvφ)−

1
2λH2φvφ + κ′

vφ
vH

∣∣∣∣, (5.4)

|λH2H2h1 | =
∣∣∣∣12(λ3 + λ4)vH + 1

2λH1SvH − κ − κ′
∣∣∣∣, (5.5)

for µ < 0, θs = π
4 and |θa| ≪ 1. On the other hand, for θs = θa = π

4 , we have mH0 = ma = ms,
so µ = 0. Then, for κκ′ < 0 (κκ′ > 0), A2 (H2) is a DM candidate. In this case, the
corresponding effective DM couplings are given by (5.2) and (5.3) with µ = 0 in the former
case and (5.4) and (5.5) with µ = 0 in the latter case. In table 2, we present the parameter
choices for the bi-maximal and maximal cases in the fourth and fifth columns, respectively.

In figure 6(a) and figure 6(b), we show the variation of the relic density as a function of
MDM, for the varying effective DM interaction λA2A2h2 , in the maximal and bi-maximal cases,
respectively. This parameter space is consistent with all the experimental and theoretical
constraints including the direct detection limit. In figure 7(a) and figure 7(b), we show the
variation of the branching fractions of DM annihilation cross sections as a function of its mass.

5.4 Scenario IV: large mass gap for singlet dark scalars

In this scenario, we consider a large value of m̂2
S = 2µvφ for which there is a large mass gap

between the components of the singlet scalar S. For instance, we choose µ = 102 GeV and
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(a) (b)

Figure 6. Scenario III: singlet-like CP-odd scalar dark matter. The relic density as a function of
MDM: (a) for the maximal case and (b) for the bi-maximal case.

(a) (b)

Figure 7. Scenario III: singlet-like CP-odd scalar dark matter. Branching fractions of DM annihilation
cross sections as a function of the relative mass splitting between DM and charged Higgs scalars: (a)
for the maximal case and (b) for the bi-maximal case.

vφ = 104 GeV. Then, the lightest scalar among the dark sector scalars is A2 and the heaviest
one is H2. The parameter choice for the scenario IV is also given in the last column of table 2.

In figure 8(a), we show the relic density as a function of dark matter mass for a varying
λA2A2h2 . Here, all the points are allowed by the direct detection constraints and other above
mentioned constraints. In figure 8(a), we show variation of branching ratio for the process
DM DM → h2h2 in MDM vs ΩA2h2 plane. In the parameter space with Ωh2 ≤ 0.12, the
dark matter annihilation is dominated by A2A2 → h2h2, which makes up > 95% contribution
to the total annihilation cross section. The contact term contribution to A2A2 → h2h2 is
suppressed for a small value of λSφ, but the s-channel and t-channel contributions to the
corresponding DM annihilation cross section can be sizable due to a sizable value of the
trilinear coupling, |λA2A2h2 | = |2µ − λSφvφ|. For instance, for the choice of parameters in
figure 8(b), µ = 100GeV, vφ = 104 GeV and λSφ = [10−4, 1], we can take λA2A2h2 to be as
large as 104 GeV, so the contact term contribution to A2A2 → h2h2 becomes subdominant
for a small value of λSφ.
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Figure 8. Scenario IV: singlet-like CP-odd scalar dark matter. (a) The relic density as a function of
the MDM for a varying |λA2A2h2 |. The parameter space is consistent with the direct detection bound
and other constraints. (b) The same as the left plot, but for a varying branching ratio of the dark
matter annihilation to h2h2.

6 Summary and conclusions

We have considered the extension of the SM with an inert scalar doublet, three RH neutrinos
and several singlet scalar fields. In this model, neutrino masses are zero in the limit of the
unbroken Z4 discrete symmetry when the mixing angles between the neutral components of
the inert scalar doublet and the singlet scalar S vanish. Thus, small neutrino masses can
be generated due to a nonzero VEV of the singlet scalar field φ, which induces the DM
mixings and splits the DM scalars, whereas the lightest neutral scalar field with Z2-odd
parity can be a dark matter candidate.

We consider various possibilities for neutrino masses and scalar dark matter in our model,
depending on the DM mixing angles. In the scenario I where the DM mixings are zero, the
neutral components of the inert scalar doublet have degenerate masses, so neutrino masses
vanish. Thus, we need to rely on a different mechanism for neutrino masses such as high-scale
seesaw. In this scenario, the inert scalar doublet could not be regarded as dark matter
due to strong direct detection bounds. Instead, it is possible to regard the real scalar or
complex scalar field coming from S as being a dark matter candidate, which can constitute
the whole of the observed dark matter through the Higgs-portal interaction and the extra
DM annihilation into a pair of dark Higgs scalars (figure 2(a)).

In the scenario II where the DM mixing angles are small due to either small DM mixing
masses or decoupled S, we can realize the lighter neutral component of the inert scalar
doublet as a dark matter candidate and obtain small neutrino masses. For a sufficiently
large mass splitting within the inert scalar doublet, we can evade the bounds from direct
detection and the DM annihilation into a pair of dark Higgs scalars can help enlarge the
parameter space for the correct relic density when the effective trilinear coupling between
DM and the dark Higgs is sizable (figure 4(a)).

Furthermore, in the scenario III where the DM mixing angles are maximal, the DM
candidate is a mixture of singlet and inert doublet scalars, so the Higgs-portal couplings
for dark matter are constrained most by direct detection as well as electroweak precision
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data. When one of the DM mixing angles is small, neutrino masses can be suppressed by
the square of the small DM mixing angle. On the other hand, when the DM mixing angles
for both CP-even and CP-odd neutral scalars are maximal, the mass splittings between the
neutral DM scalars are constrained by electroweak precision data, so the resulting neutrino
masses get suppressed too.

The Z4 breaking mass parameters, µ and κ′, split the masses for singlet and/or doublet
scalars, being proportional to the VEV of the singlet scalar field φ. In the scenario III with
bi-maximal DM mixings, the µ term is zero and the κ′ term is constrained to be small by
direct detection, without a fine-tuning. Thus, the neutral DM scalars have almost degenerate
masses, so there is a region with low DM masses that is consistent with the relic density,
due to the efficient co-annihilation channels (figure 6(b)). For large DM masses, the effective
trilinear coupling between DM and the dark Higgs is crucial for determining the relic density
through the DM annihilation channels into a pair of dark Higgs scalars, as in scenarios I
and II (figure 6(a) and (b)). As a result, in the scenario III, both electroweak precision
data and direct detection bounds favor almost degenerate masses for DM scalars, for which
small neutrino masses are generated.
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A Dark matter interaction vertices

In this appendix, we list the gauge and scalar interactions for dark matter and its heavier
partners. Here, we denote the mixing angles for dark matter as sθs = sin θs, sθa = sin θa,
etc, and the Higgs mixing angle as sα = sinα, etc.

Gauge interactions:

L⊃ e2

8c2
W s2

W

(
(A1cθa−A2sθa)

2+(H1cθs−H2sθs)
2
)(

ZµZµ+2c2
W W +

µ W−µ
)

+ e

2cW sW
((H1cθs−H2sθs)∂µ (A1cθa−A2sθa)+(A1cθa−A2sθa)∂µ (H1cθs−H2sθs))Zµ

+i
e

2sW

(
(cθsH1−sθsH2)∂µH−−H+∂ (cθsH1−sθsH2)

)
W−

µ

+ e

2sW

(
(A1cθa−A2sθa)∂µH+−H+∂µ (A1cθa−A2sθa)

)
W−

µ +h.c. (A.1)

Scalar quartic interactions:

−iλA1A1h1h1 =−c2
α

(
(λ3+λ4)c2

θa
+λH1Ss2

θa

)
−s2

α

(
λH2φc2

θa
+λSφs2

θa

)
+2cαsα

2κ′

vφ
cθasθa ,

−iλA2A1h1h1 = c2
α (−λH1S+λ3+λ4)cθasθa+s2

αcθasθa (λH2φ−λSφ)+cαsα
2κ′

vφ
c2θa ,
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−iλA2,A2,h1,h1 =−c2
α

(
λH1Sc2

θa
+(λ3+λ4)s2

θa

)
−s2

α

(
λSφc2

θa
+λH2φs2

θa

)
−2cαsα

2κ′

vφ
cθasθa ,

−iλA1A1h2h1 = cαsα

(
(−λH2φ+λ3+λ4)c2

θa
+s2

θa
(λH1S−λSφ)

)
+c2

α

2κ′

vφ
cθasθa−s2

α

2κ′

vφ
cθasθa ,

−2iλA2A1h2h1 =−cαsαs2θa (−λH1S−λH2φ+λ3+λ4+λSφ)−s2
α

2κ′

vφ
c2θa+c2

α

2κ′

vφ
c2θa ,

−iλA2A2h2h1 = cαsα

(
c2

θa
(λH1S−λSφ)+(−λH2φ+λ3+λ4)s2

θa

)
+c2

α

2κ′

vφ
(−cθa)sθa

+s2
α

2κ′

vφ
cθasθa ,

−iλA1A1h2h2 =−s2
α

(
(λ3+λ4)c2

θa
+λH1Ss2

θa

)
−
(
c2

α

(
λH2φc2

θa
+λSφs2

θa

))
−2cαsα

2κ′

vφ
cθasθa ,

−iλA2A1h2h2 = s2
αcθasθa (−λH1S+λ3+λ4)+c2

αcθasθa (λH2φ−λSφ)−cαsα
2κ′

vφ
c2θa ,

−iλA2A2h2h2 =−s2
α

(
λH1Sc2

θa
+(λ3+λ4)s2

θa

)
−c2

α

(
λSφc2

θa
+λH2φs2

θa

)
+2cαsα

2κ′

vφ
cθasθa ,

(A.2)

and

−iλH1H1h1h1 = −c2
α

(
(λ3 + λ4) c2

θs
+ λH1Ss2

θs

)
− s2

α

(
λH2φc2

θs
+ s2

θs
λSφ

)
− 2cαsαsθs

2κ′

vφ
cθs ,

−iλH2H1h1h1 = c2
αsθscθs (−λH1S + λ3 + λ4) + s2

αsθscθs (λH2φ − λSφ)− cαsα
2κ′

vφ
c2θs ,

−iλH2H2h1h1 = −c2
α

(
λH1Sc2

θs
+ (λ3 + λ4) s2

θs

)
− s2

α

(
λSφc2

θs
+ λH2φs2

θs

)
+ 2cαsαsθs

2κ′

vφ
cθs ,

−iλH1H1h2h1 = cαsα

(
(−λH2φ + λ3 + λ4) c2

θs
+ s2

θs
(λH1S − λSφ)

)
− (c2

α − s2
α)sθscθs

2κ′

vφ
,

−2iλH2,H1,h2,h1 = −cαsαs2θs (−λH1S − λH2φ + λ3 + λ4 + λSφ)− (c2
α − s2

α)c2θs

2κ′

vφ
,

−iλH2H2h2h1 = cαsα

(
c2

θs
(λH1S − λSφ) + (−λH2φ + λ3 + λ4) s2

θs

)
+ (c2

α − s2
α)sθs

2κ′

vφ
cθs ,

−iλH1H1h2h2 = −s2
α

(
(λ3 + λ4) c2

θs
+ λH1Ss2

θs

)
− c2

α

(
λH2φc2

θs
+ s2

θs
λSφ

)
+ 2cαsαsθs

2κ′

vφ
cθs ,

−iλH2,H1,h2,h2 = (−λH1S + λ3 + λ4) s2
αsθscθs + c2

αsθscθs (λH2φ − λSφ) + cαsα
2κ′

vφ
c2θs ,

−iλH2H2h2h2 = −s2
α

(
λH1Sc2

θs
+ (λ3 + λ4) s2

θs

)
− c2

α

(
λSφc2

θs
+ λH2φs2

θs

)
− 2cαsαsθs

2κ′

vφ
cθs .

(A.3)

Scalar tri-linear interactions:

−iλH1H1h1 = −cα

(
(κ + κ′)s2θs + (λ3 + λ4) vHc2

θs
+ vHλH1Ss2

θs

)
,

− sα

(
λH2φvφc2

θs
+ vHsθs

2κ′

vφ
cθs + s2

θs
(2µ + λSφvφ)

)
,
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−2iλH1H2h1 = −cα

(
2(κ + κ′)c2θs − vH (−λH1S + λ3 + λ4) s2θs

)
− sα

(
vH

2κ′

vφ
c2θs + s2θs (vφ (λSφ − λH2φ) + 2µ)

)
,

−iλH2H2h1 = −c2
θs

(
vHcαλH1S + sα (2µ + λSφvφ)

)
− s2

θs

(
(λ3 + λ4) vHcα + λH2φsαvφ

)
,

+ s2θs

(
cα(κ + κ′) + vHsα

κ′

vφ

)
,

−iλH1H1h2 = s2
θs

(
vHλH1Ssα − cα (2µ + λSφvφ)

)
+ c2

θs

(
(λ3 + λ4) vHsα − cαλH2φvφ

)
+ s2θs

(
(κ + κ′)sα − vHcα

κ′

vφ

)
,

−2iλH1H2h2 = −s2θs

(
cα (vφ (λSφ − λH2φ) + 2µ) + vH (−λH1S + λ3 + λ4) sα

)
− c2θs

(
vHcα

2κ′

vφ
− 2(κ + κ′)sα

)
,

−iλH2H2h2 = sα

(
vHλH1Sc2

θs
− (κ + κ′)s2θs + (λ3 + λ4) vHs2

θs

)
− cα

(
c2

θs
(2µ + λSφvφ)− vHsθs

2κ′

vφ
cθs + λH2φs2

θs
vφ

)
, (A.4)

and

−iλA1A1h1 = sα

(
−λH2φvφc2

θa
+ vH

2κ′

vφ
cθasθa + s2

θa
(2µ − λSφvφ)

)
,

− cα

(
(κ − κ′)s2θa + (λ3 + λ4) vHc2

θa
+ vHλH1Ss2

θa

)
,

−2iλA1A2h1 = cα
(
(2κ′ − 2κ)c2θa + vH (−λH1S + λ3 + λ4) s2θa

)
,

+ sα

(
vH

2κ′

vφ
c2θa + s2θa (λH2φvφ + 2µ − λSφvφ)

)
,

−iλA2A2h1 = sα

(
−vH

2κ′

vφ
cθasθa + c2

θa
(2µ − λSφvφ)− λH2φvφs2

θa

)
,

− cα

(
vHλH1Sc2

θa
+ (κ′ − κ)s2θa + (λ3 + λ4) vHs2

θa

)
,

−iλA1A1h2 = sα

(
(κ − κ′)s2θa + (λ3 + λ4) vHc2

θa
+ vHλH1Ss2

θa

)
,

+ cα

(
−λH2φvφc2

θa
+ vH

2κ′

vφ
cθasθa + s2

θa
(2µ − λSφvφ)

)
,

−2iλA1A2h2 = sα
(
(2κ − 2κ′)c2θa − vH (−λH1S + λ3 + λ4) s2θa

)
,

+ cα

(
vH

2κ′

vφ
c2θa + s2θa (λH2φvφ + 2µ − λSφvφ)

)
,

−iλA2A2h2 = sα

(
vHλH1Sc2

θa
+ (κ′ − κ)s2θa + (λ3 + λ4) vHs2

θa

)
,

+ cα

(
−vH

2κ′

vφ
cθasθa + c2

θa
(2µ − λSφvφ)− λH2φvφs2

θa

)
. (A.5)
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B Perturbative unitarity bounds

In the basis of B1 =
{

H−
1 H+

1 , H−
2 H+

2 , A2
√

2 , h2
√

2 ,
A2

0√
2 ,

H2
0√
2 , s2

√
2 , a2

√
2 , ρ2

√
2 , η2

√
2

}
, the scattering matrix

is given by

4λ1 λ3 + λ4
√
2λ1

√
2λ1

λ3√
2

λ3√
2

λH1S√
2

λH1S√
2

λH1φ√
2

λH1φ√
2

λ3 + λ4 4λ2
λ3√

2
λ3√

2

√
2λ2

√
2λ2

λH2S√
2

λH2S√
2

λH2φ√
2

λH2φ√
2√

2λ1
λ3√

2 3λ1 λ1
1
2(λ3 + λ4) 1

2(λ3 + λ4)
λH1S

2
λH1S

2
λH1φ

2
λH1φ

2√
2λ1

λ3√
2 λ1 3λ1

1
2(λ3 + λ4) 1

2(λ3 + λ4)
λH1S

2
λH1S

2
λH1φ

2
λH1φ

2
λ3√

2

√
2λ2

1
2(λ3 + λ4) 1

2(λ3 + λ4) 3λ2 λ2
λH2S

2
λH2S

2
λH2φ

2
λH2φ

2
λ3√

2

√
2λ2

1
2(λ3 + λ4) 1

2(λ3 + λ4) λ2 3λ2
λH2S

2
λH2S

2
λH2φ

2
λH2φ

2
λH1S√

2
λH2S√

2
λH1S

2
λH1S

2
λH2S

2
λH2S

2 3λs λs
λSφ

2
λSφ

2
λH1S√

2
λH2S√

2
λH1S

2
λH1S

2
λH2S

2
λH2S

2 λs 3λs
λSφ

2
λSφ

2
λH1φ√

2
λH2φ√

2
λH1φ

2
λH1φ

2
λH2φ

2
λH2φ

2
λSφ

2
λSφ

2 3λφ λφ

λH1φ√
2

λH2φ√
2

λH1φ

2
λH1φ

2
λH2φ

2
λH2φ

2
λSφ

2
λSφ

2 λφ 3λφ



,

(B.1)
so the corresponding eigenvalues are E1 =

{
2λ1, 2λ2, , 2λs, 2λφ, λ1 + λ2 ±

√
(λ1 − λ2)2 + λ2

4

}
In the basis of B2 =

{
sH+

1 , sH+
2 , aH+

1 , aH+
2 , ρH+

1 , ρH+
2 , ηH+

1 , ηH+
2

}
, the scattering

matrix is

M2 =



λH1S 0 0 0 0 λ′
Sφ

2 0 iλ′
Sφ

2

0 λH2S 0 0 λ′
Sφ

2 0 −iλ′
Sφ

2 0
0 0 λH1S 0 0 −iλ′

Sφ

2 0 λ′
Sφ

2

0 0 0 λH2S
iλ′

Sφ

2 0 λ′
Sφ

2 0
0 λ′

Sφ

2 0 −iλ′
Sφ

2 λH1φ 0 0 0
λ′

Sφ

2 0 iλ′
Sφ

2 0 0 λH2φ 0 0
0 iλ′

Sφ

2 0 λ′
Sφ

2 0 0 λH1φ 0
−iλ′

Sφ

2 0 λ′
Sφ

2 0 0 0 0 λH2φ



, (B.2)

so the corresponding eigenvalues are

E2 =
{

λH1S , λH1φ, λH2S , λH2φ,
1
2
(
λH1φ + λH2S ±

√
(λH1φ − λH2S)2 + 4λ′2

Sφ

)
,

1
2
(
λH1S + λH2φ ±

√
(λH1S − λH2φ)2 + 4λ′2

Sφ

)}
. (B.3)

In the basis of B3 = {Ah, A0H0, as, ηρ}, the scattering matrix is

M3 =


2λH1S 0 0 0

0 2λH2S 0 0
0 0 2λH1S 0
0 0 0 2λH2S

 , (B.4)
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so the corresponding eigenvalues are

E3 = {2λH1S , 2λH2S} . (B.5)

In the basis of B4 =
{

H+
1 H−

2 , H−
1 H+

2 , A0h, AH0, AA0, hH0
}

, the scattering matrix is

M4 =



0 λ3 + λ4
iλ4
2 − iλ4

2
λ4
2

λ4
2

λ3 + λ4 0 − iλ4
2

iλ4
2

λ4
2

λ4
2

iλ4
2 − iλ4

2 λ3 + λ4 0 0 0
− iλ4

2
iλ4
2 0 λ3 + λ4 0 0

λ4
2

λ4
2 0 0 λ3 + λ4 0

λ4
2

λ4
2 0 0 0 λ3 + λ4


, (B.6)

so the corresponding eigenvalues are

E4 =
{

λ3, λ3 + λ4, λ3 + λ4, λ3 + 2λ4,±
√

λ2
3 + 2λ3λ4

}
. (B.7)

Finally, in the basis of B5 =
{

hH+
1 , H0H+

1 , AH+
1 , A0H+

1 , hH+
2 , H0H+

2 , AH+
2 , A0H+

2

}
,

the scattering matrix is

M5 =



2λ1 0 0 0 0 λ4
2 0 iλ4

2
0 λ3 0 0 λ4

2 0 − iλ4
2 0

0 0 2λ1 0 0 − iλ4
2 0 λ4

2
0 0 0 λ3

iλ4
2 0 λ4

2 0
0 λ4

2 0 − iλ4
2 λ3 0 0 0

λ4
2 0 iλ4

2 0 0 2λ2 0 0
0 iλ4

2 0 λ4
2 0 0 λ3 0

− iλ4
2 0 λ4

2 0 0 0 0 2λ2


, (B.8)

so the corresponding eigenvalues are

E5 =
{
2λ1, 2λ2, λ3, λ3 − λ4, λ3 + λ4, λ1 + λ2 ±

√
(λ1 − λ2)2 + λ2

4

}
. (B.9)

As a result, the perturbativity unitarity bounds set the eigenvalues of each scattering
matrix to be smaller than 8π.

C Loop functions

The loop functions for the calculation of the oblique parameters are

F (I, J) = I + J

2 − IJ

I − J
ln I

J
, (C.1)

with F (I, I) = 0 in the limit of J → I, and

G (I, J, Q) = −16
3 + 5 (I + J)

Q
− 2 (I − J)2

Q2

+ 3
Q

[
I2 + J2

I − J
− I2 − J2

Q
+ (I − J)3

3Q2

]
ln I

J
+ r

Q3 f (t, r) ,

(C.2)
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where
t ≡ I + J − Q and r ≡ Q2 − 2Q(I + J) + (I − J)2, (C.3)

f (t, r) ≡



√
r ln

∣∣∣ t−√
r

t+
√

r

∣∣∣ ⇐ r > 0,

0 ⇐ r = 0,

2
√
−r arctan

√
−r
t ⇐ r < 0.

(C.4)

Data Availability Statement. This article has no associated data or the data will not
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