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1. Introduction and Preliminaries

Recent mathematical studies have shown that the quantum calculus theory plays a
vital role in numerous dimensions in the physical sciences and associated domains. This
is true for both fractional and fundamental natures. When we examined the role and
significance of differential equations, in this instance the fractional ones, we concluded that
they have enlarged their range of engineering applications, particularly when modeling
control system issues or problems that arise in control systems. Differential equations may
simulate a variety of physical events, although fractional types have a far wider range
than conventional ones, e.g., see [1-5]. When the applications are firmly grounded in
mathematical premises, an astounding discovery emerges. In recent years, there has been
a wonderful synthesis of a more generalized form of classical calculus, namely fractional
calculus, with analytic functions. Consequently, many exceptional outcomes in this area
have been demonstrated in a short period of time. The fact that this generalized form
is far more potent in its spectrum of applications has drawn the attention of pure and
applied mathematicians, as well as engineers. The modeling of engineering issues as non-
linear differential equations was fairly widespread before the examination of differential
equations, including fractional-order derivatives, was even presented, despite the fact that
they were rather difficult to manage. However, this new differential operator related to
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fractional powers has been shown to be a compelling tool for nonlinear problems; see [6-8].
Many mathematicians have sought to define numerous operators that are connected to
analytic function subfamilies and are used to solve differential equations with fractional
and algebraic exponents. To gain a mathematical understanding and to provide a solid
mathematical foundation for these new emerging concepts, Srivastava provided a compre-
hensive theory on g-calculus in terms of GFT, a branch of research that deals with complex
variables and discusses functions geometrically, in his book [9]. Thus, one may reliably link
g-calculus to its fractional analog. Srivastava continued to investigate the essentials of this
theory while also exploring new aspects following his outstanding work in this book. He
and his colleague Bansal explored a very specific set of functions known as g-Mittag—Leffler
functions in terms of any of their elements belonging to close-to-convex functions and
demonstrated the requirements. This work is available for interested readers in [10]. There
are other works that may be cited as references here, but continuing with the same author,
we also discovered another article that defined the associated operators in classical, -, and
fractional g-calculus. He also included the application side of all these specified expressions
in GFT. Now, we shall look at the formal definition of the g-derivative, followed by the
notion of analytic functions. If the constraints f(0) = 0, f/(0) = 1 are satisfied by the
analytic function f, which is defined in the open unit disc 6 ={z € C : |z| < 1}, then these
functions belong to class A, whose Taylor series can be written as

f(z)=z+ Y anz" =z+m?+a32+..., z€J. 1)
n=2
A function f is called univalent in this open unit disk ¢ if f and §(f) have a one-to-one
relationship, i.e., if f(z1) = f(z) results in z; = z;. The constraints f(0) = 0, f/(0) = 1
normalize the functions in the class S, which are not only analytic but also univalent in J,
indicating that
S={fe€ A: fisunivalentind}.

A basic mathematical characteristic is starlikeness. A straight line connecting each
point in a collection to a fixed point creates a domain that resembles a star. If we define
this with reference to the fixed point, let us say zg, the domain is said to be starlike if all
such straight lines lie completely within it. Observing from this fixed point, if each and
every point in the domain can be seen, the domain is said to be star-shaped or starlike
geometrically. The starlike function is a function that maps é onto a starlike domain and has
the origin as its fixed point. The class §* of starlike univalent functions is composed of all

functions of class S that meet the requirement z?R(ZﬁS) ) > 0, z € 6. The next significant
class is class P, which is composed of all analytic functions p that are normalized by the
requirement p(0) = 1 such that ®p(z) > 0, z € 4. That is, the functions from this class
must have their series expression as follows:

p(z) =1+ i tnz". (2)
n=1

Let w be an analytic function in ¢ if w(0) = 0 and |w(z)| < 1 for z € §; then, w is
the Schwarz function. The existence of Schwarz function w is such that the two analytic
functions f(z) and g(z) can be linked as follows:

f(z) = g(w(2)), z €54, ®)

then these functions f and g are related to each other through the subordination relation-
ship, and this can be represented as f < g. When we use the relationship mentioned in (3),
we can write the definitions of the well-known classes P and S* as follows.

P—{p:p(O)—landp(z)—<14_;265},
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Now, we give some definitions from quantum calculus, generally known as the g-
calculus which is the calculus without the concept of limits. It is used to extend univalent
functions theory and to develop various sub-collections of analytic functions. In g-calculus,
the following is the g-derivative of a complex-valued function f that is defined in the
domain D.

zf'(z) 14z }

f(z)—f(q2)
<mﬁ@={ﬂqﬂ' 270,

o), oz, @

where 0 < g < 1. Also,

tim (D,f)(2) = tim LS _ gy,

g—1- g1 (1—q)z

assuming that the limit exists and the derivative D;f of function f provided in (1) is
represented by the Maclaurin series

D;f(z) = i [n]qanz”_l,

n=0
where
= ifneC
;=9 wit ' ®)
1 nig",  ifneN
Factorial function has g-analog of the form given as;
l .

Exponential functional has g-analog of the form given as;

g 1
e;(z) = —, 0<g<1;|z| < —.
‘7() ];)[]]q! q || 1_1/]

In the theory of analytic and univalent functions, the study of coefficients of Maclau-
rin’s series is required. One of the coefficient problems is the Hankel determinant. Hermann
Hankel invented the Hankel matrix. It is a matrix with identical elements along every
skew diagonal, and those elements are the coefficient of a specific power series of analytic
functions. This determinant is a significant figure that helps in describing the characteristics
of the associated analytic functions. Pommerenke [11] suggested the following determinant,
which is gth Hankel determinant for analytic functions:

ay Api1 . ”n+j—1
n+1 an42 o Aptj .
Hjn(f) = . : . : , j,nmeN.
Aptj-1  Aptj-2 -+ Ap42j-2

We are interested in finding the upper bound of this determinant. With certain variations
in j and n, we see that the above-defined gth determinant H;,(f) then reduces to the
following determinants. For j = 2,n = 1, we have

ay dap

2
=a1a3 —a
ay az 143 27

Hy1(f) =
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which is further reduced to the following well-known Fekete-Szego functional.
ap a
Hoi(f)=| 0 o | =0—a 7)
2 a3
For j = 2,n = 2, one can have
Hoa(f) = | % ™ | = ayay — a3 ®)
2,2 4 ay 204 — a3.
For j = 3,n =1, one can have
ay dp 4as
H3:(f) = | a2 a3 a4
as aqg 4as
= a5(a3 — a3) — ay(ay — ara3) + a3(azay — a3). ©
This implies that
|Ha ()] < lasl|as — a3 + laalla — azas| + [as] | Ha2(F)] (10)

The span of applications of the Hankel determinants has been in various technological
studies, particularly those where mathematical tools are used to a large extent. For example,
they are used in the theory of Markov processes, and then we see their applications in the
solutions of non-stationary signals in the Hamburger moment problem, just to name a few,
and readers who are interested in finding the use of Hankel determinants in solutions of
the above-stated problems can access [12-14].

Another important type of determinant other than the ones defined by Hankel is the
Toeplitz determinant which is defined as follows.

an Ap+1 -+ Ontg-1
Ay Ay ... Gpig
TaH=| T T L (1)
Auig-1 Antq --- ay

Both the Hankel and Toeplitz determinants are related to each other by having constant
entries in their diagonals and the reverse diagonals. The determinants given and named
after Toeplitz have these special entries along their diagonals; on the other hand, Hankel
has similar entries on its reverse diagonals. The Toeplitz demonstrates a huge range of
applications; just to take an idea of how they are used, one can see [15], which gives
a clearer view of how this determinant is used in diversity to almost all branches of
applicable mathematics, as well as the pure mathematics. If one needs to see the recent
research on Hankel determinants, one can find that several authors who have worked
to explore the second and third-order Hankel determinants, denoted by Hy» and Hj,
respectively, to study a variety of groups of functions. Many research articles can be
found to explore similar ideas, like [16-19]. Though the articles [13,20,21] show some very
interesting ways in which this determinant has been used and explored, we can find very
little exploration done by the researchers to find the actual span of Toeplitz determinants.
This is equally true that several advanced research articles comprising applications of these
determinants in the literature for a huge range of functions can be found. To find some
interesting results, one can read Janteng et al. [22,23] who did marvelous research on the
second Hankel determinant, and they did it for such a function that has derivative with
positive real part. They also studied it for starlike as well as convex functions. In the
literature, we find some other researchers like Bansal [24] and Lee et al. [25], who, in their
research, brought the second Hankel determinant for analytic functions under discussion.
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Bansal et al. [18] continued working in this direction, followed by Zaprawa [26], as well
as Zhang et al. [27] and then Babalola [16], who presented their research of discovering
the third-order Hankel determinant, particularly meant for several univalent functions.
Raza et al. [28] and Shi et al. [29,30] were inspired by this direction of research and explored
the properties of third Hankel determinants, focusing on calculating their upper bounds.
They carried this particular research for collections of analytic functions whose geometry is
related to the cardioid domain and for Bernoulli’s lemniscate. They also presented similar
results for an exponential function. The work presented by Mahmood et al. [31] was a
continuation of earlier work on the third Hankel determinant, but they did the related
results for the subgroup of functions that are g-starlike. The research was then advanced by
Zhang et al. [32], who very recently calculated the next-order Hankel determinants and
compared them to the ones calculated before. They carried it out for fourth order. They
presented their work on determinants of starlike functions that were actually connected to
the sine function.

Some recent developments of the current year 2023 regarding the sharp bounds of the
third Hankel determinant for certain subclasses of starlike functions are listed in Table 1.

Table 1. Sharp bounds on |Hz 1 (f)| for some subclasses of S*.

Author/s Type of Starlike Functions Sharp Bound Reference
Riaz et al. subordinated by 1 + %z + %24 1/225 [33]
Riaz and Raza subordinated by z + /1 + 22 1/9 [34]
Wang et al. subordinated by 1+ sinh ™! (z) 1/9 [35]
Deniz et al. subordinated by m 43/576 [36]
Marimuthu et al. subordinated by cosz 139/576 [37]
Lietal. symmetric connected with 0.0883 [38]
exponential function
Tang et al. symmetric, subordinated by 1 + 2z + £z* 0.047 [39]

Since our focus is to give a review of the works related to the Hankel as well as the
Toeplitz determinants, we observe that Ali et al. [20] were working on those Toeplitz
matrices whose elements are actually the coefficients of different functions, to name a few,
e.g., starlike and the close-to-convex functions. There is a remarkable number of research
articles coming in this direction. One of these works is the one given by Tang et al. [40] who
carried out their research on both the Hankel and Toeplitz determinants, where Hankel was
of third order. This work was for a subclass of g-starlike functions, which were multivalent
and of order alpha. Then we see the contribution of Zhang et al. [41], who worked in similar
directions with the same type and order of determinants, but the innovation was in the type
of function that was considered. Their focus was to prove alike results for starlike functions
that are defined by the sine function. The referred work by Ramachandran et al. [42] is a
piece of work that shows the derivation of an estimation for these determinants, which have
bounded domains by conical sections, and those involve the Ruscheweyh derivative. This
brief overview of the work done so far in this direction shows a vital interest of researchers
of Hankel determinants who are studying these for a variety of analytic and univalent
functions. Forq =3,n =1,

ai az 4as
Ti(f) =] a2 a1 a | (12)
a a4 M
Forq=3,n=2,
ap ds day
Tap(f)=| a3 a2 a3z | (13)
a, d4dsz ap
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An interesting result from article [43] was used to find sharp limits for |H3 1(f)|. For
more in-depth work on Hankel determinants, see [44—49]. In [50], a new form of the fourth
Hankel determinant is provided. This form is examined for a new subclass of analytic
functions that is introduced, and the fourth-order Hankel determinant’s upper bound for
this class is found. In [51], a novel category of analytic functions connected to exponential
functions is presented, and the upper bound of the third Hankel determinant is formulated.
Motivated by the above-mentioned works, we intend to contribute the following to the
literature on inequalities related to analytic functions.

* To introduce a novel class 5; s of g-starlike functions which are subordinated by
g-cosine function.

¢ To find the sharp coefficient bounds for functions of class S

qcos*
*  Toestablish the Zaleman inequalities for functions of class S5 .

*  To find the upper bounds of Hankel and Toeplitz determinants for S ..

Now, to proceed with the above, we define the following.

Definition 1. The g-version of the trigonometric cosine function is given as follows:

eq(iz) +eq(—iz)

cosy(z) = - (14)
and the series of (14) is given as
1 1 5 1 5 15
cos;(z) = zZ— z7 + z° — zi+... (15)
OB R

Definition 2. If a function f € S fulfills the following criteria, then it is said to belong to the

class 5j cos-
W < cosy(z), z €. (16)
That is,
D
Sgcos = {f €EA: :qu(J;SZ) = COSq(Z)}. (17)

The class 5; s generalizes the class 57 of starlike functions related to the function
*

cos(z) and lirrll Sjcos = S¢- The introduction and study of class S was made by Tang
g—1
et al. [52]. The following lemmas are required to proceed with our main results.

2. A Set of Lemmas
Lemma1 ([53]). If p(z) =1+ Y, 1 tuz" € P, then

2, = Htad—1),
Aty = ﬁ+2@—ﬁﬁmgm4—ﬁym2+%4—ﬁM1—mﬁﬂx
forsome a (|a] < 1), B (|B] <1).
Lemma 2 ([54]). Let p € P be the function that defines (2). Then,
It <2, (n€N). (18)

Lemma 3 ([55]). Let p € P be the function that defines (2). Then,

‘tz—vtﬂ SZ—U‘t%‘ for 0<v< (19)

1
=
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Lemma 4 ([55]). Let p € P be the function that defines (2). Then,

212 —v|, v<l1,
[ty — tgty_i| < { 21|/’ | Iy (20)

3. Main Results and Their Demonstration
Theorem 1. If the series form of f € S . is specified in (1), then

1

< 1
las] < q(1+q£i/'§
losl < e, 1)

< 24°+64°+10q* +12¢° +104° +6q+6
|a5| — 2 4 212 2
7*(1+49)"(1+4%)" (1+q+4%)

The first two inequalities show the sharp bounds.

Proof. If f € 7, then from the relationships given in (3) and (17), we have

zDyf(z) =
————~ =cosy(w(z)), z €9,
foy = cosy(w(z)
where w(z) = ff;(;% If the function p(z) can be written in the form of (2), then
w(z) = b1z + tpz? 4tz 4 ...
T 24z b2 1B 4.
Now,
tiz+taZ? 325+
cosg(w(z)) = cosg (m)
1 t1(—2t+12
1= 4[2l]q1Z2 + 4l 4[2]1! )2 (22)
(—8tta+12426 -3 1% —4 12 ) 4] +H 42! 4
+ o2, T, 1 L
Consider
zDgf(z) z{(z+a222+a3z3+...)7(qz+qazzz+qa323+...)}
fla) z(1-q)(z+a2z2+a3z3+...)
= 1+agz+ {a3q(1+q)as — a3q}2> + {q(1 + g+ 9*)as — (4> + 2q)azaz + ga3 } 2° (23)

+q{asq® + (—azas + as)q* + (—a3 + aza3 — aas + as)q
+3a3a5 — 2aza4 — a3 — a3 + a5}z + .. ..

The comparison of coefficients of z, 22, 23 and z%, along with precise computation leads
us to
a =0, (24)

_ i
© T ARy )

. h(eh-£)
MO TR g0+ ) @)
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a5 = 16q2(q4+2q3+2q21+2q+1)[Z]q!2[4}q! <<[2]‘7!q2([2]‘7! B 3[4]‘7!)
+[2]q!q<[2]q! - 3[4]q!) + [4],7!) #+12[2],1[4],19(1 + )t (27)
—8[2],'[4], 1 (1 + g)tats — 4[2], 4], '9(1 + )83 ).

Applying Lemma 2 to (25), we obtain |a3| < p (liq)z. For sharpness, consider
the function
zD, fo(2) 1 1 1 1
q 3 5 7
————— =co0s4(z) = zZ— z° + z> — A (28)
G I IR RS R N

Now using (23), (28) and comparing them, we obtain

1 3

fo(z):z—mz +.... (29)

Now, consider
t1 (2t — £3)
4[2]19(1+q+4%)

1
2[2],1q(1+q+4°

lag] = |-

1
(tz — 2t%> ‘

)lfl\

Applying Lemma 3 with v = 1, we obtain

|€l4| < 1 |t1(21‘t2‘)
=202, 19(1+q+¢?) 2171

Letting |#1| = t, we obtain

1
lay| < t<2 — t2>
212 1q(1+q+4%) 2
= o).
. . _ 2 . . < 4/3
The function @(t) has maximum value at ¢ 73 which gives that @(t) < TR
For the sharpness, consider t) = % and go(z) = l}g% such that

go(z) =1 _ z(3z2—+/3)

) S @1 T s vE

It is easy to see that wy(0) = 0 and |wy(z)| < 1. Hence the function

zDgf1(z) B z? 4+/323 z4
O cosy(wo(z)) =1 — 3(,)! + 5([2l,)! + 9([al,)! +... (30)
is in class S} .os- Now, using (23) and (30) and comparing, we obtain
fi(z) =z — ! 2+ 43 . (31)

3q(q+ D)2, 99(1+q+49%)[2],
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Hence a4 = m. Now, applying Lemma 1 in (27), we obtain
1
25| 1697 (q* +29° + 24> + 29 + 1) (2] 12[4] ! ‘ (([2}‘1!‘72 (mq! B 3[4]'1!)
[2]q!q(([2]q1 - 3[4]q!) + [4]q!))t% +6[2],1[4],19(1 + q)
(B +a(a—£))8 —8[2],14],la (1 +q) (K +2(4 — )t
(4—B)na® +2(4— 1) (1 |a2) p)  — 4[2),![4],!9(1 + )
(t% +a(4— t%))z) ‘
This implies that
1
T L VN, o P 1)[2], 2], (20211 +a) + l41,1)

+2[2],1[4],19(1+ q) (4 - #)Pa® — 4[2] 19(1 + 9) (4 — )%
—42] 1[4t (2 +q)ta = ) (1 |af) B).
Using triangular inequality and letting t; = ¢, |a| = h, we obtain

1
162 (4" + 24° + 2% + 29 + 1)[2],12[4], (2 +a) 21, + 1)

las| <
+2[2], 41,1 (2 + 9) (4 — )22+ 42] 1 (P + q) (4 — )%
+8[2], 4], (qz + q) (4— t2)>.

We assume that

1
Hilth) = 16q2(q4+2q3+2q2+2q+1)[2]q!2[4]q!((2[2]‘7!(q2+q) + 4,
+2[2], (41,1 (7% +q) (4 — )22 + 4[2), 1 (4 + ) (4 — )72

!
+8[2],![4],! <q2 + q) (4— tz)).

Upon partial differentiation, we obtain

oY 1
Thq - 16112(114 + 2q3 + zqz + Zq + 1)[2]q!2[4]q! (4[2]17![4]17! (qz + q) (4 - tz)

£t +8[2],! (qz + q) (4 — tz)zh) > 0.

It implies ¥, (£, k) is an increasing function in [0, 1]. Therefore,

max(¥,(t,h)) = ¥,(t1)

1 +2[2].!
16g?(q* +20° + 29 + 29 + 1)[2] P[4] .| +4]
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Set

Dy (t) = 1 e
q 160%(q* +2q° + 2% + 29 + 1)[2] (4] 1| +4]2].!

which gives

1
(1) = Lt t
1" = e 2P 2P 1 20+ 1)[2], 24! (16 + M),
where
L = —8¢° —404% — 969" —1484° — 164¢° — 1329* — 484° + 284° + 287 + 4,
M = —64q° — 1284 — 644.

If we set @ (t) = 0, then we obtain three roots, which are t; = 0,

_ 4\/(—2¢7 — 6q° — 1047 — 114* — 993 — 442 + 59+ 1)q

t
2 247 — 640 + 1045 + 11g* + 9¢° + 42 — 59 — 1

7

4/(—297 — 6q° —104° — 11g* — 9¢° — 4q* + 59 + 1)g

t pr—
3 247 — +64° +10g° + 11g* + 9¢° + 442 — 59 — 1

Calculations give that
CD;/ (tl) <0,

which shows that the function ®,(t) has maximum value at t; = 0. So

e 2(1+4q)(2+ [4],!)
|as] 7(0) = q(q4+2q3+2q2+2q+1)[2]q![4] !

q
2¢% + 64° + 10g* + 12¢° + 104* + 6 + 6
P+ 1+ (1 +q9+)

O

Taking § — 17 in the previous expression, we conclude that the following bound is
a much more improved bound than the one proved in [37].

Corollary 1. If the series form of f € S} is specified in (1), then

1 2 52
‘a?)‘ S *,|ﬂ4| S ,|ﬂ5| S .
1 93 192

4. Zalcman and Generalized Zalcman Conjecture

A noteworthy hypothesis for univalent functions was put forth by Zalcman in 1960,
and Ma [56] provided its generalized form in 1999. These hypotheses have been proven for
several univalent function subclasses. Zalcman’s hypothesis states that every f € S with
the form (1) fulfills the following sharp inequality.

a% — a2n,1’ <(1-n)? n>2 (32)
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The generalized Zalcman'’s hypothesis claims that the following inequality is satisfied
by f € S having Taylor series of the form (1).

l[anam —apim 1| < (n—1)(m—-1), YmmneN,n>2,m>2. (33)

After assigning specific values to n and m, we are looking forward to finding the upper
bounds for these inequalities, which is meant to be true for the considered class S; . The
inequality (32) has the following form for n = 2.

’a% — a3‘ <L
Theorem 2. If the series form of f € S} .o is specified in (1), then

‘ﬂg —a%‘ = |as| < (34)

q(1+q)°
This is sharp for the extremal function fo defined in (29).

Proof follows easily by Theorem 1. This result is reduced to the following by allowing
qg—1".

Corollary 2. If the series form of f € S} is specified in (1), then,

’013 *ﬂ%‘ <

AN

The inequality (33) is reduced to |ayaz — as| < 2 for n = 3,m = 2. We go through it below:
Theorem 3. If the series form of f € S s is specified in (1), then,

4V/3

ag —azaz| = |ag| < .
| =l s g ar e,

(35)

This is sharp for the extremal function fi defined in (31).

Proof follows easily by Theorem 1. This result is reduced to the following one by
allowing g — 17.

Corollary 3. If the series form of f € S} is specified in (1), then,

2
ag —azap| < ——.
|ag — azaz| < 93
The inequality (33) is reduced to |as — a§| <4 forn =3,m = 3. We go through it below:

Theorem 4. If the series form of f € S . is specified in (1), then,

<4. (36)

’a5—a§‘ <4
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Proof. From (25) and (27), consider

1
16q(4* +24% + 247 + 29 +1)[2], 1 [4]! (=

as — a% =
+720" + 6107 + 3607 + 139 + 2 ) # + 12[2] 1[4],1(1 + )2
—8[2], 1[4],1(1 + q)trts — 4[2],1[4],1(1 + q)tg).

Using Lemma 1 and, after simplification, we obtain

2

3% +16q” +39¢° + 624°

as *ﬂg
—(—q” —34° —5¢° —6g* —4g° + 29 + 1)t} +
B 1 2[2],![4],1(q + 1) (4 — 1) 5a?
16‘](‘]4 + 2‘73 + 2’72 + Q_q + 1) [2]q!2[4]l]! _[2]q'[4}q'(q + 1)(4 - t%)2a2

4[2), 4], g + D (4 — ) (1 - |oc|2)z

Assuming |a| = h € [0,1], t; =t € [0,2] and using triangular inequality, we have

|as — a3
(=47 —34° —5° —60* — 4¢° + 29 + 1)+
1 2[2),![4],1(q + 1) (4 — £2)2h>
16q(q* + 24> + 292 +2q + 1)[2],12[4] ! +[2,![4],1(q + 1) (4 - £2)*h>+
4[2],1[4],! (g + 14— 1)
= Q4(t,h).
Differentiating with respect to I gives
9Q; 1 4[2],14],H(q +1)(4 — )R
oh  169(q* +24° + 24> + 29+ 1)[2] 12[4] !\ +2[2],'[4], (g +1)(4 - ?h )

Clearly aa% >0, g€ (0,1), t € (0,2) which means that Q,(t, ) is increasing function for

h € ]0,1]. Thatis

(—q” —3¢° —5¢4° — 6q* —4g° + 29+ 1)t4+
2[2],14],! (g + )4 — )P
+[2], 4], (g + 1) (4 — £2)>+
4[2] 4] H(q + 1)t(4 — 1)

169(q* +24° + 29 + 29 + 1)[2], 12 [4],!

max Qg (t,h) = Qq4(t,1) =

After simplifications,

— 1 4 3 2
() = l6q(q4+2q3+2q2+2q+1)[2}q!2[4]q!(At +BE+Cf 4 D+ E),

where

= —q" —3¢° —5¢° — 6" — 44> + 29 +1,

= - <4q8 +20q7 + 484° + 76q° + 88¢* + 764° + 4847 + 20q + 4),

- <8q8 +40q7 + 96¢° + 15245 + 1764* + 152° + 964% + 409 + 8),

= 164° + 809" +1924° + 304¢° + 352¢* + 3044° + 1924* + 80 + 16,
= 32¢% +160q” 4 3844° + 6087° + 704q* + 6084> 4 3844* + 1604 + 32.

mO 0O = >
I
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Differentiating ®;(t) with respect to ¢, we obtain

() = 16q(q* +24° + 2q21+ 2q+1)[2],12[4],! (A/t3 TBE+CEt D)
with
A = a(—q -39°—5¢ — 6" — 4’ +29+1),
B = -3 (4q8 +20q7 + 484° + 76q° + 884* + 7647 + 4847 + 20q + 4),
¢ = —2(8¢° +40q" +969° +1529° +1769" +152¢° + 964 + 409 + 8),
D = 164°+ 809" 4+ 192¢° + 304¢° + 3524* + 3044° + 1924 + 80q + 16.

Certain calculations show that A’t> + B't> + C't + D > 0 for t € (0,0.6] and q € (0,1).
Also, A't? + B'#? + C't + D < 0for t € (0.6,2) and g € (0,1) . This means that @/ (t) > 0
t € (0,0.6] and ®;(t) < 0for t € (0.6,2). It implies @ (t) is increasing in (0, 0.6] and P,(t)
is decreasing in (0.6,2). This means that

718.6160q° + 832.05444* + 718.74564°
+454.2724% + 189.53924 + 37.9856

(g*+293+292+29+1)

( 37.8564% + 189.1504q” + 453.88324°+ )

(1) < Dy(0.6) =

<4,q€(031,1).

Consequently, we obtain
|as — a3| < 4.

O

5. Hankel Determinants
Theorem 5. If the series form of f € S s is specified in (1), then

1

|H2,1(f)| < m

This is sharp for the extremal function fo defined in (29).

The proof of above inequality is followed by using (24) and (25) in (7) and then
applying Theorem 1.

This result is reduced to the following one proved in [37] by allowing g — 1~

Corollary 4. If the series form of f € S} is specified in (1), then

NI

|Ha1(f)] <

Theorem 6. If the series form of f € S s is specified in (1), then

1

|H2,2(f)| < m

This is sharp for the extremal function fo defined in (29).

The proof of above inequality is followed by using (24) and (25) in (8) and then
applying Theorem 1.
This result is reduced to the following one proved in [37] by allowing g — 1~
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Corollary 5. If the series form of f € S} is specified in (1), then

[Hoaf)| < 7.

Theorem 7. If the series form of f € S . is specified in (1), then

8% + 3197 + 629° +924° + 1084* + 934° + 644> + 329 +9

[Ha1(f)] < = 3 22 2 4 B (gt + 203 + 202 '
7*(1+q)(1+9+92)"(1+q+9*+9°)(q* +29° + 29> + 29 + 1)

Proof. Using (24) in (9), we obtain
H:(f) = asaz — a3 — a3. (37)
Now using (25)-(27), we obtain

748 + 2997 + 61q° + 944° + 108¢* + 93¢° + 5997 + 279 + 6

) = TR g a2 g )R
B 7q* +14¢° + 179> + 149 + 7 4y
162(q* +24° + 202 +29 + 1)(1+ 4 + g2 2,2
N £33
8q2(7* +24° + 297 + 29+ 1)[2], 12
3¢* + 64° +5¢% + 69 +3 22,

162(q4 243 + 27 + 20+ 1)(1+ g+ 2) 2,2
Applying Lemma 1, we obtain

Hyi(f) = (7g° 4+ 2997 + 61g° + 944° + 1084* + 934> + 594> + 274 + 6) p
31 - 64q2(q4+2q3+2q2+2q_|_1)(1+q+q2)[2]q!2[4]q! 1
(74" +14¢° +17¢° + 149 + 7) B} (1} + a(4 — 1))
3202(q* + 23 + 202 + 29 + 1) (1 + g + ¢2)°[2], 12
B (ti’ +24 - e — (4—)Ba+2(4— 1) (1 — |,x|2)ﬁ)
320%(q* +29° + 29 + 29 + 1)[2], 12

)’
]

_ (3q* 64> +5¢* +6q+3) (1 +a(4 1)
642 (g% + 2% + 292 + 29 + 1) (1 + g + ¢2)*[2

12
q
(84% +31q7 + 62q° +924° + 108¢* + 9343 + 644> + 329 +9)
642 (q* +2¢° + 2> + 20 + 1) (1 + 9 +¢%) 2], 2[4],}
(9% + 1843 + 19% + 187 + 9) 1 (4 — £3)
322 (4* +2° +20> + 29 + 1) (1 + 4 + ¢2)°[2], 12
n Ha? (4 — 1)
32q%(q* +29° + 297 + 29 + 1)[2] 12
B (3q* +64° + 5% + 6q + 3) a2 (4 — 13)?
6442(q* +20° + 207 + 20 + 1)(1 + 9+ ¢2)[2], 12
B—12)(1-1al)p
16g%(q* + 2% + 242 + 29 + 1)[2] 12|

|Hz1(f)|
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Using triangular inequality and letting t; = t, |a| = h, we obtain

(8¢° + 3197 +62q° +92¢° + 108¢* +934° + 644> + 329 +9)
6402 (q* + 24° + 2% + 29 + 1) (1 + 9 + ) [2],12[4],!
(99* + 184> + 194% + 187 + 9) t*h (4 — 1?)
3202(3* +20° + 24 + 20 + (L + 9 +°) 2],
n th% (4 —12)
3207 (q* + 24 + 2% + 29 +1)[2], 2
(39* + 64° + 54> + 6q + 3)t2h? (4 — +2)?
6402(9* + 207 + 242 + 29 + 1) (1 + 4 +¢2)°[2] 2
B4 -
+ 16q%(q* + 243 J(r 242 Jr)zq n 1)[2]q!2> = Qy(t,h).

|H31(f)] = (

Partially differentiating (),(t, ) regarding “h”, we obtain

0, (9% + 184 + 199% + 187 + 9)t4(4 — 12)
oh 3242(q* +29° + 247 + 29 + 1)(1 + 9+ ¢2)*[2], 12
ht*(4 — 12)

Tl6P(gt 27 + 22 + 29+ 1) 2],

2t(3¢* + 64° + 5% + 6 + 3) 1% (4 — t2)?
3202(q* + 2% + 242 + 29 + 1) (1 +q + 2)°[2],12 |

Clearly aa% > 0forg e (0,1),t € (0,2). Hence O(t, h) is increasing function in [0, 1] and
has its maximum value ath = 1, i.e.,
max(Qy(th)) = Qu(t1)
(84% +31q7 + 62q° + 924° + 108¢* + 934> + 644> + 329 +9)
6492 (q* +29° + 2% + 29 + 1) (1 + g + ¢%)[2], 12 [4],!
(99* + 184 + 1997 4 187 + 9)t4(4 — 12)
324%(q* +20° + 242 + 29 + 1) (1 + q + ¢2)°[2], 2
N (4 — %)
320%(q* +29° + 29 + 29 + 1) [2] 12
(3q* +64% + 5% + 6+ 3) 2 (4 — £2)?
6442(q* +20° + 207 + 29+ 1)(1 + 9+ ¢2)[2], 12

N £(4—12) = oo(t)
1672 (% + 207 + 242 +2q + D)[2],2 ) 731

This implies that
gq(t) = AP + Bt* + C* + D + Et,
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where
A = — (27q8 + 11147 4 2374° + 3664° + 4204* + 363> 4 2314 + 1087 + 24) <0,
B = — (10q8 + 404" +904° 4 1404° + 1604* + 1404° + 90g% + 40q + 10) <0,
C = 112¢° + 44877 +9444° + 14404° + 16647* + 14404° + 9444> + 44847 + 112,
D = 24¢° +96q” +2164° + 3364 + 384¢* + 3364° + 364> + 2169 + 24,
E = 48¢°+192¢” 4 3684° + 5444° + 6404* + 5544° + 5444 + 1929 + 48.

We see that g; (f) > 0 which implies g4 (t) is an increasing function in (0, 2). So
_ 8% + 3147 +62q° +92¢° +108¢* + 934° + 649> + 329 +9
7> (9* +29° + 29 + 29 + 1)(1 + g + ¢%) 2], 12 [4],!
848 + 317 + 629° + 929° + 1084* + 934> + 644 + 329 + 9
PA+9 1 +9+@)? A +q+ ¢ +0°)(q* + 207 + 22 +29 + 1)

gg(t) < 4(2)

O

This result is reduced to the following improved result that is proved in [37] by
allowing g — 17

Corollary 6. If the series form of f € S} is specified in (1), then

6. Toeplitz Determinant
Theorem 8. If the series form of f € S . is specified in (1), then

1
P+q)t
This is sharp for the extremal function f defined in (29).

T2 (f)] <1+

Proof. Using (24) in (12), we have

AN
w

1
0
as

:1—11%,

T:a(f) =

O = O

_ O

and
Ts2(f)| <1+ |as|™

Using Theorem 1, we have

O

This result is reduced to the following by allowing g — 1~.

Corollary 7. If the series form of f € S} is specified in (1), then

17

IT31(f)] < TR
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Theorem 9. If the series form of f € S s is specified in (1), then

4
|T3,2<f)| < q3[2]q|(1 +q)4(1 +q+ ‘72) '

Proof. Using (24) in (13) we have

0 as a4
Tgrz(f) = as 0 as = 211%(14.
as 0 0

and
T32(f)| = 2|as|*|as].

Using Theorem 1, we have

4
B e )

O

This result is reduced to the following one by allowing g — 1~.

Corollary 8. If the series form of f € S} is specified in (1), then

o)l < 55

Theorem 10. If the series form of f € S . is specified in (1), then

qcos

428 +492¢'0 4 4404° + 3214% + 22247+
1794° + 1504° + 964* + 384% + 134% + 109 + 5

P*1+9)°%1+q+¢2)°

( q'° +10q" + 474" + 1384"3 + 28342+ )

ITsa(f)] <

Proof. For g =4,n = 1in (11), we obtain

1 ap a3 ay
as 1 as das
az ag 1 ap
ag az ap 1

Ty (f) =

Using (24) and expanding, we obtain
Tar ()] < |1 —aF — a3| + [a||oF —af — 1| + [a||1 + o} — o (38)

Now consider

‘1—aﬁ—a§‘: | AB+ 8 -4 t '
16[2],20%(2 +q+1)*  16[2], 2% (g +1)?

Using Lemma 1 and taking t; = t € [0,2] and after simplifications, we obtain

(4 — £2)*2a? t4
16[2], P2 (¢ +q+1)*  16[2),Pg2 (g +1)%|

‘1—11421—11%‘ =11-
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Now, applying triangle inequality and by replacing || = h, we obtain
2252
1-ai-a] < 1+ 16[2], 22 (42 +q+1)° * 16[2], 122 (4+1) (39)
= Hy(t, h).
Now consider
‘aé—aﬁ—l‘ _ t | AHB 48 4 0
2 2 :
16[2],124%(g +1)"  16[2],1%4*(¢> +q +1)
Using Lemma 1 and let t; = t € [0,2] and after simplifications, we obtain
2
‘a%—aﬁ—l‘: t4 5 — C i 1
5 .
16[2]q!2q2(q+1) 16[2}q!2q2(q2+q+1)
Now, applying triangle inequality and by replacing |«| = &, we obtain
2242
> o2 < ! (4—2)
]a3 e 1’ = 16[2], 242 (g+1)° 16[2]q!2q2(q2+q+1)2 (40)
- Hq(t, h).
Now consider
t 41345 4 15 — atft
‘1+a§—a2‘:1+ — - - 1t h —2hh 5 |-
16[2],24% (9 +1)"  16[2],24%(¢> +q +1)
Using Lemma 1 and letting #; =t € [0,2] and after simplifications, we obtain
4 4 — 12)21242
‘1+a§—a2‘§ 1+ ztz 5 = ( ) “ 5 |-
16[2],2q*(1 +q)°  16[2],12¢*(1+ 9 +¢%)
Now, applying triangle inequality and by replacing |«| = h, we obtain
222
2 2 < t4 (47t2) =h
-l < 1 ey ey (41)
= Hy(t, h).
From (39)—(41), we have
1-ad—af| =3 —af—1| = [14+a} —ad| < (e, ). 42)

Partially differentiating H,(t, i) regarding “h”, we obtain

OH,  (4—1)*~n

Oh 2], 1202(1+q + %)%

Clearly aa% > 0forg € (0,1),t € (0,2). Hence H,(t, h) is increasing function in [0, 1] and
has its maximum value at h = 1.

(4— )22 . t
16[2],20%(> + 9 +1)*  16[2],2¢%(q +1)°

max Hy(t,h) = Hy(t,1) =1+

= hy(t).
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This implies that
d
o) = 2,2( 2 7+ 12,2 2
[Zq' (q +q+1) 16[2],2¢*(q + 1)
(4 -2) 24 2(4 - B)(—21)P 413
16[2],242(¢2 +q+1)°  16[2],122(q +1)°
(4— )% (4—£2)8 3

BRI, + g+ )7 4R] 2@ +q+ D)7 420 PP+ 17
We see that h(t) > 0 for g € (0,1) and t € (0,2) which implies /,(t) is an increasing
function in (0, 2). So

1

Using (43) in (42), one may have

1
g

Using Theorem 1 and (44) in (38), we have

428q™M + 492910 4 4404° + 3214% + 22247+
1794° + 1504° + 964* + 384> + 134% + 109 + 5

P+ 1 +q+¢2)

( q'® + 104" + 479 + 13843 + 2834'2+ )

ITy1(f)] <

O

This result is reduced to the following one by allowing g — 1~.

Corollary 9. If the series form of f € S} is specified in (1), then

2873
‘T4,1 (f>| = 2304

7. Conclusions

In this work, our main emphasis has been to highlight the significance and role of
Fractional Calculus in Geometric Function Theory. For this purpose, we used the well-
known g-fractional differential operator to define the g-analog of the cosine function. With
the blend of these two concepts, we introduced the g-version of starlike functions, followed
by defining the same function in the domain of the g-cosine function. This association was
made successful using the concept of differential subordination. Working classically, we
explored and investigated this class of functions by establishing the coefficient inequalities,
including the coefficient bounds, Zalcman inequalities, and the upper bounds of the Hankel
and the Toeplitz determinants. It is pertinent to mention that the obtained results, when
compared with already-known results for simpler versions of these functions, were found
to be much better and improved. Many other interesting dimensions are still to be explored,
and we strongly believe that this work can be used as a reference for many more to come.
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