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Abstract: This study presents LPV He, control with an augmented nonlinear observer (ANOB)
to improve both the position and yaw tracking errors for Sawyer motors. The proposed control
method consists of the forces and torque modulation scheme, an ANOB, and a Lyapunov-based
current controller with the LPV Hy, state feedback controller to guarantee the stability of tracking
error dynamics. The ANOB is designed to estimate all the state variables including the position,
velocity, current, and disturbance using only position feedback. We propose a vertex expansion
technique to solve the influence of the convex interpolation parameters in the LPV system on the
tracking error performance. To be robust against disturbance, a state feedback controller with the
LPV gain scheduling is determined by applying the He, control in the linear-matrix-inequality (LMI)
technique. The closed-loop stability is proved through the Lyapunov theory. The effectiveness
of the proposed control method is evaluated through simulation results and compared with the
conventional proportional-integral-derivative (PID) control method to verify both the improved
tracking error performance and a suitable disturbance rejection.

Keywords: Sawyer motors; linear parameter varying (LPV) system; disturbance observer; augmented
observer; linear matrix inequality (LMI); Heo control

1. Introduction

In high-precision motion control, Sawyer motors have been widely used to achieve
the strict requirements in position ControlThese motors play an extremely important role
in automated assembly lines, precision machining tools, and semiconductor wafer stage
systems. The Sawyer motors are dual-axis linear motors that have four forcers mounted
symmetrically on the housing part [1]. Forcers X1 and X2 generate force in the X direction
while forcers Y1 and Y2 generate force in the Y direction, as shown in Figure 1. Yaw of
the motor is generated by asymmetries in the forcers and leads to loss of synchronization
between the motor and platen teeth. The motor is not only a high-order dynamics but also
has complex nonlinear properties. In addition, the motor has high position resolution and
speed motion in the open-loop microstepping ControlHowever, it can have step-out, a long
settling time, and especially low disturbance compensation. These problems are closely
related to the yaw motion control that degrades the position tracking performance. Thus,
the motor requires a highly accurate position control method.

Many advanced control approaches have been proposed to improve the position track-
ing performance for the Sawyer motors [1-5]. Structures of various robust adaptive con-
trollers have been developed to guarantee position tracking performance [1,2]. To achieve
the desired position, the nonlinear cascade control algorithms used linear techniques, such
as conventional PID control [3]. By modifying proportional-integral-derivative (PID) and
lead-and-PI compensators, they are designed to obtain the desired performances [4]. A
combination of robust adaptive control and iterative learning control make compensation
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decisions to adapt to uncertain parameters and improve transient response in the position
control [5]. However, the above-mentioned control algorithms are not optimal in the posi-
tion tracking performance because the optimal control of nonlinear systems is very difficult
and a great challenge. Although the optimal control of these motors was also studied to
improve the positioning precision [6,7], the performance criteria for nonlinear dynamics
are still uncertain and the influence of disturbance in the position control has not been
considered; disturbance plays a critical role and directly affects control of the yaw angle of
the motor. In addition, complex nonlinear models of the systems always contain nonlinear
parameters that vary throughout the control process, making the nonlinear control system
unstable. Therefore, linear parameter varying (LPV) systems whose nonlinear parameters
are updated continuously online through measurements were developed to improve the
control quality through greater stability and robustness [8-10].

Forcer X2

Forcer Y1

Grid

Sensor

Forcer Y2

X
Forcer X1 JYaw

Figure 1. Bottom view of a Sawyer motor.

To address the influence of disturbance, many different disturbance observers (DOBs)
were designed to estimate and compensate for disturbance [11-19]. DOB was generalized
to obtain the high-order disturbances in the sense of the time series expansion [11]. The
use of all the measured states and linear DOB techniques based on control algorithms to
reject external disturbance was studied in [12-15]. To improve the transient response by
compensating for unknown and uncertain disturbances, a state-space DOB is proposed
in [16,17]. However, the limitation of the aforementioned DOBs needs accurate state
information regarding the nonlinear dynamics to estimate disturbance. This limitation
is extremely difficult in practice to measure all the state variables using sensors because
there are several problems, such as cost and space limitations. Therefore, an augmented
nonlinear observer (ANOB) design is considered to estimate all the state variables including
disturbance. In addition, there are different strategies to compensate the friction using
the friction model and comparing the output of the inverse model and the input of the
original nonlinear system [18,19]; however, it is difficult for friction compensation because
the friction is very diverse. In the context of the previous studies mentioned above, the
augmented nonlinear observer design is essential for the Sawyer motors to improve the
transient response in position control in the presence of disturbance.

The main contribution of this study was to design the LPV Hy, control with an
ANORB to reduce both the position and yaw tracking errors for the Sawyer motors in the
presence of disturbance. The proposed control method consists of the forces and torque
modulation scheme, an ANOB, and a Lyapunov-based current controller with the LPV
Ho, state feedback controller. The forces and torque modulation scheme is developed
to guarantee the stability of the position and yaw tracking errors for the mechanical
tracking error dynamics and to generate the desired phase currents. A Lyapunov-based
current controller with an LPV H,, state feedback controller is proposed to guarantee
the stability of phase current tracking errors for the electrical tracking error dynamics
under the influence of back-electromotive forces (EMFs) and phase lag by inductances
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during operation. All the state variables (position, velocity, current) including the load
forces and load torque are estimated by using only the position feedback. Estimated state
variables are used instead of the measured signals. This makes the control performance
unaffected under the measurement noise in the currents. The position control problem
of the Sawyer motor was analyzed in the optimal LPV problem. A vertex expansion
technique is introduced to compute the convex interpolation parameters to solve the
influence of vertices on the tracking performance in the LPV system. To be robust against
disturbance, a state feedback controller with the LPV gain scheduling is determined by
applying the He, control in the linear-matrix-inequality (LMI) technique. The closed-loop
stability is proved through the Lyapunov theory. The effectiveness of the proposed control
method was demonstrated by comparing the simulation results with the performance of
the conventional PID control method.

This article is organized into seven sections. Section 2 describes the mathematical
model of the Sawyer motor. Section 3 defines the forces, torque modulation scheme,
and the Lyapunov-based current controller. Section 4 defines the configuration of the
LPV system. Section 5 proposes the ANOB and H, feedback control design using LPV
synthesis including the ANOB and LPV H,, state feedback ControlSection 6 presents the
simulation results of the proposed control method and a performance comparison with the
conventional PID control method. Finally, Section 7 presents the conclusions.

2. Mathematical Model of Sawyer Motor

The mathematical model of the Sawyer motor consists of mechanical and electrical
dynamics that can be respectively represented [1,2] as follows:

0,y = wy
wx _ 7wax+F1\);I1+Fx27dx
0y, = wy
—Bywy+E+F,—d )
., = ¥y T2y
y M

Gyaw = Wyaw

—ByawWyaw+1x(Fr1 —Fxo)+ly (Fyl —Fp ) —dyaw
]

a’yaw =

; _ —Riyqgtxsin(y8y) (wx +1y cos (Gygw ) Wyaw ) +0y14a
Ixla = L

. _ —Riyp—xcos(70x1) (wx +1y cos(wa)www)Jrvxlb
Ix1p = L

. —Riypg+xsin(y6y) (wx —Iy cos (Gy,zw ) Wyaw ) +0x24
Ix2q = T

© —Riygy—xcos(70:) (wx Iy cos(f)yaw)wyaw)-i-vxzp,
Iyob = L @)
. . —Riy1u+K sin(yeyl) (wy-Hy COS(eyaw)wynw)"rUyla
lyla = T

; B —Riy]b —K cos(yeyl) (wy—Hy cos(9y,m)wy,,w)+vy117
bylp = L

. —Ripgtx sin(veyz) (wy -1y cos(Gyaw)wyaw)-i-vﬁa
ly2a = L

. _ —Riypp—xcos (wyz) (wy —Iy cos (Gyuw ) Wyaw ) +0y2p
lyZb - L
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where v = 27” and
Fe1 = —xsin(y0x1)ix1a + € c08(70x1)ix1p, Frxa = —xsin(y0x2)ix2a + € cos(70x2)ix2p
Fyl = —Ksin (’)/eyl ) iylu + K cos (’)/9]/1) iylb/ Fyz = —K Sil’l(’y@yz) iyZu + K cos (’)/eyz) iyZb

01 = Ox + L sin(6yaw), 032 = Ox — Ly sin(Oyaw)
9y1 = 9y + ly Sil"l(@yaw), 9y2 = 9y — ly Sil’l(eyuw)

where 6y, 0, and 6y, are the positions of the X-axis, Y-axis, and yaw rotation of the motor,
respectively; wy, wy, and wyqy are the velocities of the X-axis, Y-axis, and yaw rate of the
motor, respectively; I, and ly are the distances from the center of the motor to the forcer; Fyq
and Fy, are forces made by the two X-axis forcers, whereas F;; and Fy; are forces made by
the two Y-axis forcers; x is the force constant; M and | denote the motor mass and inertia,
respectively; By, By, and Byaw are coefficients of friction; p is the tooth pitch of the platen;
ix1a, Ix1bs Ix2as 1x26s Iylas Ly1b, fy2a, and i,pp, are phase currents; vy1q, Ux1p, Ux2a, Ux2bs Uylas Uylbs
Uy2q, and y2p are input voltages in phases A and B; and dy, dy, and d 4, are unknown load
forces and torque, respectively.

3. Forces, Torque Modulation Scheme, and Lyapunov-Based Current Controller
3.1. Tracking Error Dynamics

Let us define the tracking-error state vectors as follows:
T T 1T
e = [ Cmech  Celec }

e e e e e e T (4)
Cinech — |: Ox Wy 9y wy eyaw Wyaw :|

T
Celec = [ €xla €xlb €x2a €x2b C€yla C€ylb €y2a eyZb]

where:
g%
eex_gz_ex 7 wa—wx CUx

eey:9§—9y ’ ewy:wy_wy

_pd e =w B —w
eeyuw - Gyﬂw - ey”w ! yaw yaw yaw

_ ;
__d ; e =1 1
€xla = 1y, — Ixla / x1b x1b ~ “x1b ®)

€y2q = 1?(2” —iyoa €x2h = lyop — Ix2b
d

g ‘ _d
eylg = Zyla —lylg ’ Cylb Zylb ty1p

. . _d

eya = lgza —iypg + Cy2b = Tyop T ly2b

where 64, 9;, and 9511{” are the desired positions of the X-axis, Y-axis, and yaw rotation,
respectively; wj, w;, and a);aw are the virtual velocities of the X-axis, Y-axis, and virtual
yaw rate, respectively; eg , eg, s and €9, are the position tracking errors of the X-axis, Y-axis,
and yaw rotation, respectively; e, €w,, and eq,,, are the velocity tracking errors of the
X-axis, Y-axis, and yaw rate, respectively; iil o iilb, izZQ, iizb' i;l o iﬁlb, i;Zn’ and i§2h are
the desired phase currents; and ey14, €x16, €x2a, €x20, €y1a, €416, €424, and e,y are the current
tracking errors in phases A and B.
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Differentiating (5) with respect to time, the tracking error dynamics are represented
as follows:

P
eg, = Wy — Wy

. ( Mw; + Bywy + x8in(Y0y1 )ix1a — K cOS(Y0x1 )ix1p )

éwx - . .
+rsin(y0x2)ixag — Kk cos(Y0x2)ixop + dx
eg, = wz — wy
. 1 Mw; + Bywy + . sin (6,1 ) iy1q — k cos(Y0y1) iy1p
Wy — M . . .
+icsin(v0y2) iyaq — K cos(V0y2) iyap + dy
éeww = w;lgw — Wyaw (6)
]w;ﬂw + ByawWyaw + Kl sin (Y051 )ix1a
—xly cos(Y0x1)ix1p — Klx Sin(Y0x2)ix2q
b = % +icly cOs(YBx2)ixop + Kly sin(¥0y1) i1
—kly cos(YBy1)iy1p — kly sin(v0y2) iy
+xly cos(Y0y2) iy + dyaw
d_ gt d 3
where wy = 0,, wy = 6, and Wy, = 0,44

. d
€xla = i (lela + Riy1, — xsin(y0y1) + Iy cos Gyﬂw)wyaw Uxla

Li gy + Riyyp + € cos(70y1) (wy + Ly cos Oyaw ) Wyazw

QZ
=
N
(S

\_/V\_/VC/\_/V\_/

. 1
€x1b = T

|
(s

<
o

2

@)

(s
( )
¢xa = 1 ( Li iZa + Riypq — xsin(8y2) (wx — Ix €08 (Byaw) Wyaw
( )
(cwy

+ Riy1, — xsin (76, + 1y cos (Byaw ) Wyaw

S
<
N
2

. _ 1
eylb = L

Q
—
(Sl

. 1 B . .
eyoa = 1 | Liyoq + Riyoq — K sin(y6y2) (wy — 1y c0s (Oyaw ) Wyaw) — Vy2a

(1
(
(
eyta = {(Li 1a
(
(

( ) -
( ) -
( )
exop = 1+ Li ZZb + Riypp + K c0s(Ybx2) (wx — Iy €08 (Byaw ) Wyaw) —
) ( )
Liyp, + Riyyp + K cos (70y1) (wy + Ly cos (8yaw ) Wyaw) —
) ( ) -
) (

. A .
eyop = 1 (Lzyzb + Riypp + 1 cos(78y2) (wy — Ly cos (Byaw ) Wyaw) — Vyop

3.2. Forces and Torque Modulation Scheme

To guarantee the stability of the position and yaw tracking errors for the mechanical
tracking error dynamics, we propose to express the forces and torque modulation in the
LPV system as follows:

wi = wt + ko.eq,, wy = wd + ko, €0, Wyaw = w;w + K0y00 €00
F? = F4 + F%, = M, + Byws + eg, + ke, eeoy + dx
Fl = Fl + Fl, = My, + Byw; + g, + ka, ew, +dy ®)

d d
Tyaw =l (Fxl ) +1 ( yl FyZ)
B
= ]wyaw + Byllwwyaw + egyaw + kwyawewyaw + dyaw
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where kg, kgy, kgww, ke, kwy, and kwww are positive constants.
We define the commutation scheme in the LPV system to generate the desired phase
currents as follows:

d _ F;f Tjﬂw : 0
e = |2t Akl sm(’y ﬂ)
M +Byw?+eg, +heoy ey +dx
2K

- . sin(y0
]w;aw-'rByawLU;aw-‘rEgyaw +kwyaw Ewyaw‘i‘dyaw (,Y X1)
4kl

©)

+
d daw
Lx1p kT 4b;/<lx> COS(')’exl)

_ ( B
( Ma i+ Brwi+eg, +kay Coy +dx

2K
cos(7041)

L%
+ ]“-’yaw +Byaw w;aw +eoy00 +kwyuw Cwyaw +dyaw
4kl

-d _ li\'i yaw
Iyon = ( 2K 4kl Sln(r)/gﬂ)
M@y +Byw? +eg, +HKwy oy +dx
2K

- _ L . sin(y6x2)

J@yaw+Byawwyayw +e0y0 +kwyaw Cwyaw +dyaw
- 4kl

d
d _ LXd o Tynw
b = (2K 4l COS(’YQXZ)
May+Bywi+eg, +key ey iy
2K

— L . cos(76x2)

]wyaw + Byﬂll’wyaw +69yaw +kwyuw ewyuw +dyaw
- 4kl

Pd d

id _ Tyaw :
lylu - < 2K + 4xly ) sm (’)/le )

Mw;-i-Byw; +eo, +kwy Cwy +dy

2K (10)
= — . sin (6
+ ]w;anrByuww;qungyaw +kwyaw ewyaw Jdeaw (’)/ yl )
4xly

d B | T
i = | 26 T 2, ) cos(10y1)
Mo, +Byw; +eg, +kay ey +dy
2K

= cos(76y1)

]wwarwawware@Ww +kwyaw ewyaw +dyaw
4kl
Y

d
o 41“7 Sin (79y2)

y2a <
( Mcu +Byw +egy+kwyewy+dy
F

2K
sin (’yf)yz)

]wyuw +Byllw “-’yuw +€gyaw +kwww eidyaw +dyﬂw
4xly

d

d _ _ Tyaw
ZyZb - 21< 4kl ) Ccos (79y2>

MwarBywy +29y +kwyewy +dy 1

2K ( )
= : cos (0
]w;aw"'Byﬂww;aw""eGyaw +kwyaw eﬂ)yllw +dyuw ('7 yZ)
B 4kl
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3.3. Lyapunov-Based Current Controller

To guarantee the stability of phase current tracking errors for the electrical tracking
error dynamics under the influence of back-EMFs and phase lag by inductances during
operation, we propose the Lyapunov-based current controller with LPV He, state feedback
control in the LPV system in terms of Theorem 1.

Theorem 1. According to the tracking error dynamics expressed by (6) and (7), the voltage inputs
of the Sawyer motor are defined as follows:

A ) . .
Uy1q = Liy, + Rzzla — kwy sin(Y6x1) — xle SIn(Y0x1 )€y,
— Ly cos (Byaw) SIN(Y0x1) Wyaw + Uy

'.d .
0y1p = Liygp + Rity, + kw3 cos(70y1) + xly cos(1031)€wyun,
+Lx €08 (Byaw ) €08(Y0x1 ) Wyaw + tx1p

A ) . .
Uxoa = Liyp, + Rziza — kwy sin(Y6x2) + xlx SIn(Y0x2) €y,
+xl €08 (Byaw) SIn(Y0x2) Wyaw + 1x2

'.d .
Uyop = Liyy + Rlsz + xwi cos(Y0y2) — Kl cos('yeﬁ)eww,

—xly €08 (Byaw) c0S(V0x2) Wyaw + Ux2p (12)

‘,d -d % . .
Vy1a = Liy1 + Riyy, — xwy sin(76y1) — xly sin(16y1) €wy
—#kly cos (Byaw) sin (Y0y1) Wyaw + Uy1a
d
0y1p = Liygp + Ri;lb + Ky, cos (78y1) + xly cos (Y0y1) ey
+ily cos (Byaw ) €08 (Y0y1) Wyaw + Uy1p
d
Uy2q = Liyp, + Ri;h — KWy sin(y6y2) + 1 sin(’yeyz)ewww
+1xly cos (Byaw) sin (Y0y2) Wyaw + Uy24
d
Uyap = Liypp + Ri;lzb + Kw’y" cos (’y()yz) —xly COS(')’gyZ)ewyaw

—«ly 08 (Byaw ) €08 (Y0y2) Wyaw + Uy2p

where the Hoo state feedback control law with LPV gain schedulingKfor the electrical tracking
error dynamics, whose design is presented in Section 5, is expressed as follows:

Ky Ki1 Kiz
K Ko1 Ko
u=Ke, KERWK=| | = ) }
Kg Ks1 Ks2
u= [ Uxla Uxip Ux2a Ux2b Uyla Uyl Uy2a  Uy2p ]
13
Ky = [ kii kip ... kig ], Ky = [ ki7 kig ... kiua } (13)
Kpq = [ koy kap o ... ko }, Koy = [ ko7 kag ... koa }
Kg1 = [ kg1 ksp ... kse }, Kgy = [ ks7 kss ... ksia }
Proof of Theorem 1. Let us consider the first Lyapunov function candidate:
1, 1, 15,
V1 = EEGX + EEey + ieeyaw (14:)
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The derivative of V; with respect to time is expressed as follows:
V1= eq.e9, + 6,60, + €6,01, 0,0
— 2 2 2
= —ke, ey, — kgyeey — keyaweeww + eg.ew, T €p,w, + €04, Cayan
Let us consider now the second Lyapunov function candidate:

_ Lo 1o 1.5
V2 — Vl + EMewx + EMewy + E‘Iewyﬂw (15)

Using (8), the derivative of V, with respect to time is obtained as follows:

V2 = 7k9xeéx — k@yegy — kgyawegyﬂw
_(ka}x + BX) Z’x - (kwy + B]/) (kwyaw + Byaw)ezfyuw

—xsin(y0y2)exnq + 1 cos(Y0x2)exop
—ksin(y0y1)ey14 + K cos(y 9y1)3 1b
“rewy )

—xsin(y0y1)ex1, + COS('Ygx Jextp
+ew,

—fksin(y8y2)ey2q + Kk cos(Y0y2)eyop
— Kl sin(Y0x1 )ex1a + Kly cOS(Y0x1)ex1p
+xly sin(y0x2)exzq — Klx cos(y0x2)exop

—kly sin (Y6y1)ey14 + Kly cos (10,1 ) eyp

+xly sin(70y2) eyaq — Kly cos(v0y2) eyap

+ewyaw

Let us finally consider the third Lyapunov function candidate:

Vo= Vi + Vo+ 5Lt + 3Led, + sLeky) + 5Le3,,

(16)
1 172 17,2 17,2
+ ELeyla +aLleyy +alep, +aley,

USing 014, Ux1b, Ux2as Ux2bs Vylas Vylps Uy2a, and vypp in (12), and the LPV He state
feedback control law with LPV gain scheduling K given by (13), the derivative of V3 with
respect to time is obtained as follows:

Vs = ~Ko,€3, — ko,€3, ~ Kouu3,,, — (K + Ba)ed, — (Ka, +By) 2,

— (ke + Byaw)eww (R+K17), — (R+kag)ey, — (R+ks0)ey,
—(R+kaj0)ery, — (R+ks1)epy, — (R+ke2)egy, — (R +k7,13)ep,,

—(R+ k8,14)€§2b — ex1aK1,18mech — €x10K2,1€mecn — €x2aK3,1€mech — ex2pKy 18mech
—ey1aK5 1€mecn — €15Ke 1€mech — €y2aK71€mech — €,2Ks 1€mech — (k1,8 + k2,7)ex1a€x10
— (k1,9 + k3 ,7)ex1aex2a — (k1,10 + ka7)ex1ar0p — (k1,11 + ks,7)ex1aey14

— (k1,12 + ke7)ex1aey1n — (k1,13 + k7,7)ex1aey2a — (k1,14 + ks 7)ex1aeyp

— (k2,9 + k3 g)exiperan — (ko0 + kag)exipexar — (ko,11 + ks g)exipeyia

— (k212 + ke s)extvey1p — (ko153 + k7,8)exipeyoa — (ka4 + ks g)exiveyon

— (k3,10 + ka9)exaaerop — (k311 + ksg)exaaeyia — (k312 + ke 9)exaaeyp

— (k313 +k7.9)ex2aey2a — (k3,14 + ks 9)exaeyor — (ka11 + ks 10)exapeyia

—(ka,12 + ke,10)exapey1y — (k13 + k7,10 )exapeyoa — (ka14 + ks 10)exavey2n
—(ks2 + ks11)ey1aey1p — (k5,13 + k7,11)ey10ey20 — (ks14 + ks 11)ey1a€,20

—(ke,13 + k7,12)ey1pey2a — (Ko,14 + ks 12)eyipeyon — (k7,14 + ks 13)ey2qa€,20
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Let us introduce the following definition:

V3= —el Me (17)
Q S Fiin Fp
where M = and F =
sT F K1 Bp
- ky g+k kyo+k ky 10+
R + k1,7 1,82 2,7 1,92 3,7 1,102 4,7
kis+ka7 kootkss  koiotkas
pi R+kag 2 2
b= kiotksz  kootkss R+k k3 10tka9
i 3 39~
kiiotkay  kpaotkas  ksiotkag
2 2 3 R +ky10
kig1 +ks7  kigo+ke7 kigz+kzz kiga+ksy
koi1 +ksg  koio+kes koiz+kzs  koia+kss
Fo=1
= 2| kg +kso ksio+keo k3iz+kro o kiia+kso
ka1 +ksio kago +keto kaiz +kzi0 kajna +ksio
kig1 +ks7 koa1+ksg ksi1+kso kaar + ks o
k112 +ke7 koao+kes kzio+keo kaio+keio
Fi1=1
Y 2| kst kry kois+krs ksiz+kro  kaiz+kzao
ki1a +ks7 koia+kss ksia+kso kana+ksio
r ksiotkean  kspstkzin kspatksin )
R+ ks 7 7 2
ks 12+ke11 kejztkz1o  kepatksiz
7 R+ ko2 2 3
Fp= ksiztkz11 keztkzio R4k k714+ks13
2 2 + k7,13 2
ksiatksii  keiatksio  k7iatksis
2 2 2 R+ k8,l4

T T T T T T T T
S = %[ Ki, Ky, K3, Ki, K5p K K7y KS,l}

Q = diag Ko, ko, + B, Ko, K, + By, Koy Koy + Byav|

According to the Schur complement [20], Q > 0 is equivalent to the following expression:

Given that ky_, kgy, kgww, ke, kwy, k

F-SsTQ's>o0

Wyaw

(18)

and K always exists to satisfy the condition in

(18), V3 is definitely negative. Therefore, e(t) converges to zero and the closed-loop stability

is guaranteed.
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Substituting (9), (10), (11), and (12) into (6) and (7), the tracking error dynamics can be
re-written as follows:

eo, = w, — koo,
T (ke + Bx)ew, — K sin(y0x1)ex1a + Kk cos(70x1 )exp

( —x sin(y0x2)ex2q + K cos(v8x2)exap )
¢o, = Cw, — Ko, eo,

. : —ep, — (kwy + By)ewy — sin(y6y1)ey1q + K cos(Y6y1)ey1p
Coy = M — K sin(y6y2) ey + K cos(Y6y2)e,op

eeyaw = ewyaw - keyawegyaw

_eeyuw - (kwyaw + Byﬂw)ewyuw - KSin(r)/exl)exlﬂ + K COS(')/le)exlb

éwww = % +1csin(y8x2)exaq — K cos(Ybx2)exop — K Sin(')/eyl)eyla (19)
+1x cos (70y1) ey1p + K sin (70y2) eyaq — x cos(v0y2) eyap
xlg = %(K sin(Y0x1)ew, — Rex1a + ke sin(Y0x1 )ewyo — uxla)
éxlb = %(_K C05(79x1)’3wx — Reyqp — xly COS(')’gxl)ewww - uxlb)
éx2a = % (K Sin(’)/‘ng)ewx — Reyp, — xly Sin(’Ysz)ewww - ux2a)
éXZb = %(_K COS(,YGJCZ)EC‘)X - Rebe + le COS(,)/GXZ)ewyaw - ube)
eyla = 1 (K sin(70y1)ew, — Rey1q + xly sin(Y6y1) €wy,,, — uyla)
ey1p = 1 (—K cos (’y(9y1)ea,y — Reyyp — Ky cos (’Y@y1>ewyuw - uylb)
. 1 . .
eyoa =1 (K sin(70y2) ew, — Reyaq — xly sin(Y6y2) €wy,, — uyz,l) 20
20
eyop = % (—K Cos (’yGyg)ewy — Reypp + «ly cos (’79y2)€www — uyZb)
O
4. Configuration of LPV System
4.1. LPV System
The varying parameters of the tracking error dynamics are defined as follows:
,’l/l1(9x1) = Ksin(’y@xl) , ,u2(9x1) = KCOS(’)/Qxl)
#3(0x2) = xksin(0x2) , pa(Ox2) = K cos(v0x2) 1)
Us (le) = KSin(’)/Gy1> ; Heé (Gyl) = K COSs (’ngl)
p7(0y2) = xsin(10y2) , ps(0y2) = xcos(v6y2)

Given that these are trigonometric functions, the varying parameters are bounded

as follows:
po=—x<p() S =x (22)

wherei =1,2,3,4,5,6,7,8.
Therefore, the tracking error dynamics of the Sawyer motor expressed in (19) and (20)
can be transformed into an LPV system expressed as follows:

e = Ac(p)e+ Beu (23)
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The parameter-dependent matrix A, (y) and B, are defined as follows:

=2 At =[]

c) @ c® () c Qo)
whereAng(V)_ng) c® JAap(p) = c? c®) JAna(p) = c) c(2) |
Anp(n) = —Rdiag1,1,1,1,1,1,1]
—ke, 1 0 0 0 0 0
1 (kay+By) 0 0 0 0 ~ #1(6x1)
M M 2) M
ch=1 g 0 ke, 1 C@=10 0 0
0 0 1 _(kwﬂsy) 0 0 0
0 0 00 Byac ! 0
COw=1]0 0 00]|cH=| -7 _ (kg +Byaw) R
0 M (gxl) 0 0 0 H1 (Qfl)lx _%
0 0 0
CO = L1 wa(0x1) —ps(0x2) a(fx2) |, C© =034
0 0 0
0 0 0
1 0 0 0
P pa(0x1) p3(6x2) —pa(fr2)
0 0 0
V5(9y1) He (9y1) W7 (I&yz) 2 (]\iyz)
“ M 0 —u2(6y) O
0 0 0 0 M2\t
(8) — 9 -1
C _V5(9y1) H6(9y1) ;17(9y2) _;43(91/2) ,C L [ 0 V3(9x2) 0 ]
T T T T 0 —pa(br2) O
0 0 0 0
ps(0y1) 0 ps(81)ly O
0 0 —pa(6) O s(0) 0 —ps(6)ly O
y1 He\by1 )ty
C“O):’glo 0 —p3(02) O |,CH =045, C =31 4y (95)" 0 —pr(62)ly 0
00 plBe) 0 —ps(B2) O ps(B0)ly O

Be11 = 08, Beo1 = —1diag[1,1,1,1,1,1,1,1]

The varying parameters ji1(6x1), p2(0x1), #3(6x2), #a(0x2), 15 (0y1) .16 (041), 17 (6y2),
and pg(6,2) can be continuously updated online during the control process through the
measurements of 6y, 0y, 01, and 6. Moreover, the values of these varying parameters are
limited by known upper and lower bounds, as expressed in (22). These varying parameters
can be described as polytopic:

,u(exll 0)(2/ Gyll 9]/2) = Vc(y) (24)
where {(u) = [ ¢1(p) &a(p) ... Cis(w) Cie(p) ]T is a convex interpolation parame-
ter vector, V = [ V.V |isavertex, and V € R¥16 satisfying the following conditions:

V =diag {gl,gz,ggj,h,&,g«&,gg}

Aclp) = Y- &i(mal (25)
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16
where ¢;(u) >0, (i =1,2...,15,16),and Y &;(u) = 1..
i=1

We define the polytopic decomposition as follows:

AN = A,0) + 1, AL, AP = A.(0) + 7, AV
A = A0) + 1, AP, AW = 4,(0) + AP
. . 7. . . (26)
Al = 4,0) + AL, AP = 4,(0) + 7igAl”
where A4.(0) = 4e1(0) * Ae12(0) ,An2(0) = 077,A21(0) = 077, and

An1(0) Ap2(0)
Agl), A£2) cee A£7), Ags) are real-fixed nodal matrices related to ],L(le, Ox2, 01, Qyz) and ex-
treme values of the varying parameters.

4.2. Vertex Expansion Technique

The convex interpolation parameter vector plays an important role in determining
the parameter-dependent matrix A, (p). It is computed based on vertices. Given that the
vertex V cannot implement the inverse, we propose the vertex expansion technique through
Definition 1:

16
Definition 1.  Consider y(9x1,9x2,9y1,9y2) = Vi(u) and ¥ Gi(p) =1, we define
i=1

B1, B2, B3, Ba, Bs, Be, B7, and Bg as the constrained polytopic pammet;rs. If ¢; > 0, then we
have the following expressions:

Ci(p) +Co(n) = B1,  Co(p) +C1o(p) = B2

Ga(u) +Cu(pn) = Ba, Ga(p) + Cr2(p) = Ba

Cs(u) +C1a(n) = Bs,  Ce(p) + C1a(p) = e
( (1)

C7(u) + Cis(u) = Bz, Cs(p) + Cas(p) = Bs

such that B1 4+ Bo+ B3+ Pa+ s+ Be + Bz + Bs = 1.

According to Definition 1 and the varying parameters limited by known upper and
lower bounds, as expressed in (22), f1 = B2 = B3 = fa = b5 = Bs = PB7 = Ps = 0.125. We
have extended the V vertex to satisfy the inverse. Thus, the varying parameter vector is
expressed as follows:

V:[SN]:{Z‘; ?8:}, N € R8x16 27)
[ ,ul(exl) 1
. | #(0x1,0x2,01,0,2) | | us(fy2
(01,032,641, 6,2) = { (o Hyy - o.(12y5) @8)
0.125

Finally, the convex interpolation parameter vector is computed as follows:

C(V) = V_lﬁ(exlrQXZI le/ GyZ) (29)
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The vertices must simultaneously comply with the following constraint conditions:

U2+ u3 = 1% (sin® (70y1) + cos?(16y1)) = >
3+ u2 = «2(sin?(70x2) + cos?(16x2)) = x> 50)
2 + 2 = k2 (sin® (76y1) + cos? (v6y1)) = x>
M7 + g = (sin® (10,2) + cos? (10,2) ) = x°

5. Augmented Nonlinear Observer and H., Feedback Control Design Using
LPV Synthesis

5.1. Augmented Nonlinear Observer

In the previous section, we assumed that all the state variables are measurable in
the error dynamics, LPV system, and the proposed current controller. The measurement
of all the state variables is extremely difficult by using sensors because there are several
problems, such as cost and space limitations. In addition, to be robust against disturbance
in the position control, the load forces and torque as disturbance must be determined. This
subsection describes the design of an augmented nonlinear observer by using only position
feedback to obtain all the state variables (position, velocity, current) including disturbance.
In practice, the load forces and torque vary very slowly; therefore, it can be reasonably

supposed that dx =0, dy = 0, and, ,dygw = 0. The augmented nonlinear observer is
designed as follows:

dy = L (0 — 02)
by = oy + lox (6x — 6x)
by = TBeutlarbocds 4y (9, —§,)
y = lay Oy = ) (31)
Oy = dy + Iy (0 — 0y)
oy = AR 1, (6, 0,)
tiyaw = Liyaw (Byaw — Oyaw)
éyﬂw = @yaw + loyawo (Oyaro — Oyaro)
oy = it F) g o) o g o
;xla _ —Rixgtxsin(y0x) (@ +IXCOS(0WW) yaw ) +x1a Lo (6 — éx)
{xlb _ —Riy1p—k cos(y0x1) ( xCOS(Gyaw)(Dyaw)Jrvnb Tl (9x éx)
;m _ —Rigtxsin(y0x2) (@ lx €05 (Byaw ) Dyaw ) +0x24 +Lyan (60 — 9x>
;be _ —Rigy—rcos(y) (¢ XLIYCOS(QWw) Oyaw ) +032p T Loy (6 — éx) (32)
;ylu _ —Riyitxsin(18,1) (@ zycos(eyaw) I/M)Jrvyla 10 (8y — Ay)
;ylb _ —Riyp—rcos(18,1) (dy zycos(e,,aw) Qyaw ) +0y10 +ly1b(9y 6,)
;ﬂa _ —Riyptxsin(16,2) (@y— lycos(anw) aw ) +0y20 Ly (8 Ay)
;yZb _ Ry —rcos(78,2) (@ —lycos(eyaw) @yaw ) +0y20 1y (6 — )
where
Py = —xsin(y01)ix1a + € c08(70x1)r1p, Fro = —xsin(10x2)ix2q + K cos(0x2)1x2p 33)

ﬁyl = —xsin(y6y1) fym + K cos (79y1)fy1b, Fpp=—x sin(fyGyz)fyz,, + K cos(78y2) fyzb
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Let us define the vector X, the estimation vector X,, and the estimation error vector
X, of the augmented state variables as follows:

and

where

and

d:
Fxl

Fn

Xo = [ X;wcha
Xmecha = [ dy

Xeleca = [ ixla

X = [ Riiecha
Kinecha = [ dx
Rteen = [ Fot
Xo = [ jzr]v;echa
Xonecha = [ dx

T
Xg;eca ]

O wy dy 0, wy

iylb ix2a ixop iyla

o T
XZ;EC& ]

~

0 @y dy 0, @
{xlb Z¢96211 {xzb fyla
jZEIECCQ :|T

0x @y dy 0, @y

ixlb ix2a ix2p iyla

T
dyaw Gyaw wyaw]

. . . T
ylb  ty2a lyZb]

~

A N T
dyaw Gyaw wyaw}

~ ~

0 ~ 0 T
b 1y2a lyZb}

~ ~ T
dyaw Gyaw wyaw:|

> + : T
ylb  1y2a lyZb}

dede*dAx/ axzex*éxr Wy = Wy — Wy

‘fy:dy_‘{yf éy:e)y_éy, Wy = wy — Wy

~ ~

dyaw = dyaw - dyaw/ eyaw = Gyaw - Hyuw/ &yuw = Wyaw — (ijuw

~ ~

~ A

Z‘xlu = ixla - ixla ’ ixlb = ixlb - ixlb

iyla = iyla - iyla ’ iylb = Z‘ylb — lylb

iyZa = iy2a -

(G d e |

= —x8in(Y041)ixia + K c08(Y0x1 )ix1p, Fxo = —xsin(10x2)ix0q + K O8(70x2)ixap

= —x sin(yeyl)?ylu + K cos (»yeyl)?ylb, fﬂ = —K sin(fyeyz)?yzﬂ + x cos (yeyz)?yzh

iyZu ’

ixoa = ix2a — Ix2a , Ixoh = Lxob — Lx2b

~

2~

Lyop = Z‘y2b — Lyop

(34)

(35)

(36)

(37)

The estimation error dynamics of the augmented state variables can be given as follows:

where A, = [

An
A

An2
Ao

Xa - (Aa - LCa)Xg + Bg[j{

}, Aq = diag[Agi1x, Aat, 1y, A 1yaw ), and

(38)
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0 0 O 00 O 00 0
Aal,lx =100 1B Aal,ly =00 1B Aal,lyaw =10 O ;

Auz=[ RE) R@ R@) R@) RGS) RS }T

(@) — 0y, R = [ =S;1 Cu —Swa Cra 014 |, R =0pp
(a6) — 7[ =Sy kCu LSy —LCx —L,Sy L,Cap LSp —1,Cp ]
f cla) @) @) clas) c@s)  o(as) ]
Cla) = 0g,,C72) = [ Sa —Ca Sxo —Cx 014 ]T,C(”?’) = 0Og
) =1704 Sy3 ~Cu S —Cp |, Cl®) =05,

C aw T

Clao) = = [ .S —1Cx —ISyo 1:Cw LSy —1,Cn —1ySy 1,Cp |
Ay = —Rdiag[1,1,1,1,1,1,1,1], L = diag[ LW L@ }
LW = [ lix lox  lox ldy l@y lwy ldyuw leuw lwyaw ]
L® = lay Lap Loa Lo lpa Lo Lpa Lyop |
C, = [ cla?) @) @) @o) ((all) ((a12) C(“13)}

CO) =0179,C) =[1 1 1 06 1 1 1 1 014"
C) =0175,CM0 =015 1 1 1 0, 111 1]
C) =047, C@D = [ 016 1 1 1 015 ]",C3) = 0479

B, — [ Claid) cl@1s) cl@e) | cld) = 110, 1 0yyy |

T
Cld) = L1055 1 0199 ],Cl0) = —H 018 1 015 ]
Sy1 = xsin(y0yx1), Cx1 = k cos(¥0x1), Sxa = K sin(y6x2), Cyxo = K cos(y0y2)
Sy1 = ksin(y6y1),Cy1 = xcos(10y1), Sy2 = xsin(y0y2), Cyo = K cos(70y2)
Coyaw = cos (Oyaw)

Theorem 2. Consider the estimation error dynamics of the augmented state variables (38). If an
observer gain matrix L can be chosen such that:

1

< ——F~
2/\max(Pa)

where LA“ — LCa)TPa + Pr(Aq — LCy) = —I and Amax(Py) is the maximum eigenvalue of P,.
Then, X, exponentially converges to zero.

Proof of Theorem 2. Let us consider the Lyapunov function candidate:

Va = gTapa)?a (39)

The derivative of V, with respect to time is expressed as follows:

V,=XT, [(Aa — LC) Py + Pa(Aq — Lca)} Xo+2XT,P,Bod
= — X", X, +2X",P,B,d

< 2 S 2
= [1Xally + 20| Pallo || Xall,

~ 2 = 2
— [ Xallz + 20 Amax (Pa) [| Xall2

IA A

Thus, if 0 < m, then )?,1 exponentially converges to zero [21]. [

Remark 1: Since the proposed method guarantees the exponential stability of the zero
equilibrium point of (39), the proposed method guarantees the robustness against the
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parameter uncertainties if the parameter uncertainties can be regarded as the vanishing
perturbation term [21]. However, if the parameter uncertainties are in the form of the
nonvanishing perturbation term, the proposed method guarantees only the boundedness
of the tracking error and the estimation error [21].

5.2. LPV He, State Feedback Control and Closed-Loop Stability Analysis

In the previous subsection, we discussed the augmented nonlinear observer design
to obtain all the state variables (position, velocity, current) including the load forces and
torque as disturbance. In this subsection, we present the design of the pre-defined control
inputs uy1a, Ux1p, Ux2a, Ux2bs Uylas Uylhs Uy2a, and 1y, in the context of a linear system using
He optimization. The estimated state variables are used instead of the measured signals so
that the control performance is not affected by the measurement noise. Let us define the
tracking-error state vectors of the augmented state variables as follows:

T T ] T

€a = [ Cecha  Celeca

’ 40

Comecha = [ —dx e, Cw, —dy ep ew, —dyaw €, €wyﬂw} (40)
T
Celeca = [ €xla €xlb €x2a €x2b C€yla €ylb €y2a eyZb]

From (23), the tracking error dynamics in the LPV system becomes:

eq = Aea(#)ea + Begu + Bw£ij
(41)
z = Cie; + Dpou
. . . . . T Irs Ir P T .
where z € R is the objective function signal, d = [ dy dy dyaw is as the exoge-
nous disturbance signal,BZTqu € R17X17 ig the covariance matrix, and C; € RY*' and
D1 € RY7*8 are the weighting matrices of the tracking errors and control inputs, respectively:

A = [ Aeal,l Aeal,z ]
ea —
Aear1 Aea22

Aeal,l = dlﬂg [Aeal,lxr Aeal,lyr Aeal,lyaw]

1 0 0 1 0 0
Aeul,lx =0 _k9x (« 1+B ) /Aeal,ly =0 —kgy (k 1 5 )
1 wyx x wy +
0 —m — 5 0 —4 -
1 0 0
Aeal,lyaw = 0 _kgy“w 1
0 1 _ (kwyaw +Byaw)
] Ji

Aeal,?. — [ Rleal)  R(ea2) R(ead) R(ead) R(ead) R(ead) }T

RE) = 0,8, R = LT —py(0x1) p2(6x1) —p3(0x2) pa(Bx2) O14 ]
RE®) =058, R = L[ 014 —ps(01) 16(01) —n7(0y2) ps(6y2) |
R() = 0, 5, R(€4) % [ Rleabl)  R(ea62)

R = [ —py(6,1) p2(6x1) p3(6x2) —pa(6x2) |

R(062) = [ —us5(01) pe(0y1) p7(02) —us(6y2) |

AeuZ,l — { C(eal) C(eu2) C(ea3) C(eu4) C(eaS) C(eu6) }

Cleal) = 0gp, Ce2) = L[ 1y (041) —p2(031) p3(0x2) —pa(6r2) 014 ]T

H

—_
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[ 014 p5(0,1) —me(01) wr(62) —ps(6y2) ]T
Cleas) — Og,z,C(“’é) _ [ Cleabl)  (-(ea62) }T

Cla) = 1| u1(0y1) —pa(6x1) —13(6r2) pa(6x2) |

C(ea62) =ly[ y5(9y1) —,u6(9y1) —]17(93/2) P‘S(GyZ) ]

Aezp = —Rdiag[1,1,1,1,1,1,1,1]

B, — [ Rlea7)  Rleas) }T/R(ezﬂ) - 09,8/R(€“8) = —%diag[l, 1,1,1,1,1,1,1]

Clead) — 08,2,(:(6&4) = %
1
L

The LPV He state feedback control law becomes as follows:
U = Kooy (42)

where Ko € R8*1 is the LPV gain scheduling.
The closed-loop system dynamics of the proposed control method is illustrated in
Figure 2. The state vectors are defined as follows:

T
d _ d d d _ T _ T
o0 = | 0F 07 0, | 0=[0: 0 O] w=[w @ @]
A __ N A A T d -d .d .d .d -d .d .d .d T
0=1[06: 0 Oyow | ,i"= [ o b x2a b tyte By e hyow }
A ~ ~ ~ T . . . . . . . . .
w = [ Wy Wy Wygw ] = [ Ixla Ix1b x2a 2 lyla lib ly2a  Ly2b ]
U= [ Uxla Ux1b Ux2a Ux2b Uyla Uylb Uy2a Uy2p }

Output Noise
v
Fd pd 4 Lyapunov Based
o1 Forces and x /7ty Cyaw . A | Current Controller | v 1
F——————» Commutation | !
> Torque Scheme »  +LPV H-State » Sawyer Motor @
Modulation Feedback | >
Controller
A ~ x y
cleca” 0’ @ 2]
|
mecha Augmented
Nonlinear [«
Observer

Figure 2. Structure of the proposed control method.

The stability of the closed-loop system dynamics consists of the estimation error dy-
namics of the augmented state variables (38) and tracking errors dynamics (41) as follows:

é“ _ Aeu(ﬂ)+ Ben Ko e, By |+

X, | { 0 A,—1C || % || B, |? (43)
~— — ~— ———

;(/_ Ad X By

cl

Theorem 3. Consider the closed-loop system dynamics (43). If the LPV gain scheduling Ko, and
observer gain matrix L can be chosen such that:

1

R —
2Amax(Pac)

where ACTIPACI + PaqAq = —Iand Amax(Pacp) is the maximum eigenvalue of Pac. Then, X
exponentially converges to zero.

Proof of Theorem 3. Let us consider the Lyapunov function candidate:
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Vae = X Pact X (44)
The derivative of V4. with respect to time is expressed as follows:
Vaa = XG[AlPac + PacAa] Xa + 22X PacBad
= — XX +2XPayByd

IN

2 2
— [ Xallz + 20| Pacll2 1 Xetll2

IN

2 2
- HXCZHZ + 2‘7')\max(PAcl)”XCZHZ

. 1
Thus/ if o< 2 A max (PACI)

To determine the LPV gain scheduling K., we apply the He control in the LMI
technique with Assumption 1 in the optimal control design [22]:

, then X; exponentially converges to zero [21]. O

Assumption 1.

(A1) (Aea(yt), Beg)is stable.

(A2) DI,Dyyis invertible.

(A3) DLC; =o0.

(A4) (Cq, Aea(pt)) has no unobservable modes on the imaginary axis.

Note that the He norm of the LPV control system is represented as follows:

[P

—~2 <A, Vd#£0 (45)
4]l

IT4ll, = sup

The LPV Ho, state feedback control will determine the bound A on the He norm of
the LPV control system with the linear matrix inequality (LMI) condition. The following
statements are equivalent.

e There exists u = Keé, such that || T 3| < A.
e  There exists ', > 0 such that:
(Aea(p) + BeaKoo)Too
+le (Aea (“l/l) + BeuKoo) T
By -1 0

Bw I-'oo(cl + DlZKOO)T
<0 (46)

(C1 + D12Keo)Teo 0 —A?]

Given that we design the H, state feedback control based on the LPV system, A.,(#)
is interpolated by the polytopic decomposition Ag;)
given by (46) is redefined as follows:

. Therefore, the linear matrix inequality

(A% + Beak @ )T N
4T (Aﬁf,) + BeaKﬁi)> Tt (Cl " Dqu))

Buw -1 0

<0 (47)

(C1 + D121<£§,)) Teo 0 2]
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Then, we define a new variable as ()

AT +To(AL0) '
B Q) + (QQ)TB;
By

CiTe + D)

c(,f,) = Kc(xé)l"oo, so the LPV gain scheduling of the
state feedback control is recovered by Kc(xl,) = Qf(,f,) I'2! with the following LMI condition:

By TeCT+ (QS,?)TD{Z

-1 0

0 —A?2]

<0 (48)

Finally, the LPV Ho, state feedback control law is expressed as follows:

6. Simulation Results

(49)

We utilized the Sawyer motor parameters, control gains, and augmented nonlinear
observer gains listed in Table 1. The desired position profiles were those of the ramp
function as shown in Figure 3, and the yaw desired profile was set to 0 rad.

Table 1. Sawyer motor parameters, control gains, and augmented nonlinear observer gains.

Parameters Values Parameters Values
] 4 x 107 3kg.m? M 1.8kg
K 17N/A L, Iy 0.0485 m
p 1.016 x 10°m Bx, By, Byaw 1 x107°N.m.s/rad
R 20 A 1x10°
L 7 x 1074H ko, ko, Ko, 40
v 2XTXp Ko r Koy r Koy 1
Lix: Lay —1x 107 loxs Ly 3.89 x 1074
Liyaw —-3x10° loyaw 0.175
ZGX/ le 1x 103 lxlu/lxlb/ lx2a/lx2b 0
Z()yaw 1x102 lylarlylh/ lyZa/ lyzb 0
= 0.04
£
o
2
‘T 0.02
n
o)
o
0
0 1 2 3 4 5
Time [s]

Figure 3. X-axis and Y-axis desired position profiles.

The results of the 16 interpolation parameters are shown in Figure 4 to satisfy the
constraint conditions related to the proposed vertex expansion technique in Section 4. The
maximum value of each interpolation parameter is 0.125, in which the influence of the load
forces and torque as exogenous disturbance of the X-axis, Y-axis, and yaw at 2 s is shown in
Figure 5. From these results, we confirm that the proposed LPV control system performs well.
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Figure 4. Sixteen interpolation parameters of the LPV control system. (a) Zoom-in X-axis at the start
time of 16 interpolation parameters. (b) Zoom-in X-axis at 2 s of 16 interpolation parameters.
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Figure 5. Load forces and load torque. (a) Load forces dy and dy, (b) Load torque dyqw-
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The estimation performance of the proposed ANOB of positions of the X-axis, Y-axis,
yaw rotation, the load forces and torque, and phase currents is confirmed as shown in
Figure 6. In addition, the estimation error performance is also represented in Figure 7.
We verify that the load forces and torque and the state variables were well estimated by
applying the proposed ANOB in the presence of 5% output noise of the current.
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Figure 6. Cont.
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Figure 6. Estimation performance of the proposed ANOB. (a) Estimation performance of 8y and .
(b) Estimation performance of 6, and 9y. (c) Estimation performance of 0y, and 9ygw. (d) Estimation
performance of dy and dy. (e) Estimation performance of dy, and ay. (f) Estimation performance of
dya and fiyaw. (g) Estimation performance of 7,1, and T1a- (h) Estimation performance of 7,7, and ;xlb-
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Mathematics 2022, 10, 18 24 of 28

Ni . - -
=3
—= 1t 4
& 0
_1 ' 4
0 1 2 3 = 5
Time [3]
(e)
E 04f )
=z
— 02} |
5 0
-02 . L L
0 1 2 3 4 5
Time [s]
®)

Time [s]
(8)
01 r T T -
< 0
E-01} _
—D_: L vl 1 'l
0 1 2 3 4 5
Time [s]
(h)

Figure 7. Estimation error performance of the proposed ANOB. (a) Estimation error performance of
Ox. (b) Estimation error performance of 8. (c) Estimation error performance of 0ya7. (d) Estimation
error performance of dy. (e) Estimation error performance of dy. (f) Estimation error performance of

dNyaw. (g) Estimation error performance of i114- (h) Estimation error performance of 7 1.
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To evaluate the effectiveness of the proposed control method in the influence of the
load forces and torque as exogenous disturbance, output noise as well as the robustness
to uncertain parameters by 5% change of the nominal parameters including inertia | and
coefficients of friction By, By, and Byaw of the motor, we represented the simulation results
in the following two cases:

Case 1: Conventional PID control.

Case 2: LPV He control with an ANOB.

The position and yaw tracking errors of the two cases are shown in Figure 8. Note
that the conventional PID control in Case 1 had a large overshoot during the acceleration
and the deceleration periods as well as violent oscillations of yaw motion. The effect of
controller gains in Case 1 was high for tracking error dynamics, which means a long settling
time in the transient response for the position and yaw tracking error control.

In Case 2, the position and yaw tracking errors were improved, and the oscillation
of yaw motion was considerably reduced in the proposed control method because the
LPV gain scheduling was controlled to regulate the tracking errors. The convergences of
position and yaw tracking errors are zero. Figure 8 also shows that the yaw motion is well
regulated in the influence of the load forces and torque as exogenous disturbance at 2 s and
uncertain parameters because the effectiveness of the He, control was guaranteed by using
the He norm in (45) to be robust against disturbance. We confirm that the proposed control
method improves the tracking error performance and rejects disturbance better than the
conventional PID control method.
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Figure 8. Cont.



Mathematics 2022, 10, 18

26 of 28

Error [rad |

0.01 . . ) '
- Case 1
|"| . —Case 2
| "|l A w
0 'ihluw‘.f
I
I
-0.01 . N ! |
0 ! 2 3 4 5
Time [s]
()
4
=10
1 :
= ™\ [ Casel
__;:__*-:‘ 05 r .‘l" '|‘ — _c ase 2
- oL 'c‘ ".l' ‘ / ~ — e
E | ." {' 7 L —
=-05¢ ‘,' N ]
1 1 . _ _
Time [s]
(d)
0.01 . '
=1 [\ —Case1
E /\ N - —Case2
— | l" Il" ;‘f .“I."VL S o —
:5 O |' I( ]‘.. "’. ‘-4‘\ ) 7 - — -
& Vo -
-001L—V , |
2 25 3 35
Time [s]
(e)

Figure 8. Position and yaw tracking errors. (a) X-axis position tracking error of ¢y . (b) Y-axis position
tracking error of e, - (c) Yaw tracking error of €0, (d) Zoom-in X-axis at the start time of €0,

(e) Zoom-in X-axis at 2 s of €0,0-

7. Conclusions
This study proposes LPV He, control with an augmented nonlinear observer for the

Sawyer motors. The proposed control method consists of the forces and torque modulation
scheme, the augmented nonlinear observer, and the Lyapunov-based current controller
with the LPV H, state feedback controller to reduce the tracking error dynamics. The forces
and torque modulation scheme is developed to guarantee the stability of the position and
yaw tracking errors for the mechanical tracking error dynamics and to generate the desired
phase currents. The augmented nonlinear observer is designed to estimate all the state
variables including disturbance using only the position feedback. The Lyapunov-based
current controller with an LPV H,, state feedback controller is proposed to guarantee the
stability of phase current tracking errors for the electrical tracking error dynamics. The
effectiveness of the proposed control method was verified through simulation results and
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compared with the conventional PID control method, showing improved tracking error
performance and suitable disturbance rejection.

One possible future research direction is to consider polytopic representation of the
LPV system using the tensor product approach to derive a polytopic convex model with
various convex hull representations [23-25].
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