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1. Introduction

Mathematics is a universal language and every real-world problem can be described in
mathematical models. Inequalities play a vital role in solving such models and proving the
existence and uniqueness of their solutions. In the literature, a lot of celebrated new and
classical inequalities can be studied. It is a common practice that the authors investigate
generalizations, refinements and extensions of already known inequalities. We are inter-
ested in analysing inequalities proved in [1-3], by applying Caputo fractional derivatives.
In the following, well-known Ostrowski, Griiss, Ostrowski-Griiss and Hermite-Hadamard
inequalities are given.

Theorem 1.1 ([1]): Let ¥ : I —> R be a differentiable mapping in I°, the interior of I
and x1,x2 € I°, x1 < x3. If |P'(¢)| < M for all t € [x1,x2]. Then for o € [x1,x2], one
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have:

1 ( _ x1+x2)2

w( 1 /szP( dol < 4 o 5
7) X2 —x1 Jy P)dp| < 4 (x2 — x1)?

] (x2 = x)) M. (1)

Inequality (1) provides the estimation of the value of function at an arbitrary point to
the integral mean of that function over a given interval. It deals with bounded differen-
tiable functions and finds applications in numerical computations of integrals, see [4, 5]
and references therein. The Griiss inequality is stated as follows:

Theorem 1.2 ([1]): Let ¥, @ : [x1,x2] —> R, be two integrable functions. If m < W (t) <
Mandn < ®(t) < N forallt € [x1,x3]. Then one have:

< };(M‘ m)(N = n).
2)

/XZ‘P(U)(D(J)da —)ﬁ/xlz‘lj(a)da /x 2(I)(cr)da

1 1

Inequality (2) provides estimations of integral mean of the product of two func-
tions to the product of their integral means and deals with the bounded functions. By
applying Griiss inequality, an Ostrowski-type inequality was established by Dragomir in
[3], as stated in the following theorem. In the literature, it is well known as the first
Ostrowski-Griiss inequality.

Theorem 1.3 ([3]): Let ¥ : I —> R be a differentiable mapping in I°. If m < W¥'(t) < M,
then for o € [x1,x,] one have:

1 x2 v — ¥
N e A e G |

(x2 — x1)(M — m). 3)

<

-

Many authors received results directly connected with Ostrowski and Ostrowski-Griiss
inequalities, see [5-14]. Next, we give the well-known Hermite-Hadamard inequality.

Theorem 1.4: Let ¥ : [x1,x2] — R be a convex function. Then one have:

¥ (’“ +x2) <! /XZ‘P(co)dfp < 2o + ¥la) (4)
2 X — X1 Jx 2

The above inequalities were studied extensively, and a lot of works exist on mathematical
inequalities. For Ostrowski-type inequalities, one can go through the papers [5-9]. For
Griiss and Ostrowski-Griiss-type inequalities, one can go through the papers [10-13]. For
Hadamard-type inequalities, one can see [15-20].

The aim of this paper is to derive the aforementioned inequalities for Caputo fractional
derivatives, which are defined in the following.
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Definition 1.1 ([21]): Let ® € AC"[a,b] and n = [R(7)] + 1 (R(z) denote the real part
of 7). Then Caputo fractional derivatives of order 7 € C, R(z) > 0 of ® are defined as
follows:

1 *0W(y
CDT q) — : ,
ar @ (x) Tor=0 ), Gopr dt, x>a (5)
and
LN L OI
Dl _d(x) = =1 ® df, x<b. (6)

I'n—r1) /), (t—x)T—ntl

Ift = n e {1,2,3,...} and usual derivative of order n exists, then Caputo fractional deriva-
tive (°D? 4+ ®@)(x) coincides with @™ (x), whereas (CDE_ ®)(x) coincides with ® (x) for
a constant multiplier (—1)". In particular, we have

(“DY, @) (x) = (“D)_®)(x) = O (x) (7)

wheren =1and r = 0.

The Caputo derivative introduces memory effects or non-locality into diffusion and
reaction-diffusion models, offering a means to describe anomalous diffusions and sys-
tems with long-range interactions. In the Keller-Segel model, replacing the classical time
derivatives with Caputo (fractional) derivatives allows for the modelling of anomalous
chemotaxis, where the movement of organisms and the diffusion of the chemical signal
display non-local or history-dependent behaviour. This modification results in a more
generalized and adaptable framework, capable of describing more complex biological and
physical phenomena beyond the classical Keller-Segel theory, see [22-25].

Farid in [14] proved the Ostrowski inequality without considering the piece-wise func-
tion and the corresponding Motgomery identity, also he proved some related well-known
inequalities in alternative ways. We follow the same method in proving Ostrowski and
Ostrowski-Griiss-type inequalities for Caputo fractional derivatives.

2. Ostrowski-type inequalities for Caputo fractional derivatives

First, we give the following Ostrowski-type inequality for Caputo fractional derivatives.

Theorem 2.1: Let ¥ € C"tV[xy, x,] with |¥ D ()| < () for all p € [x1, x2], where
n € L[x1,x2]. Then for o € [x1, x2], the inequality given below holds for Caputo derivatives:

(0 —x)" ¥ 0) + (= 0)" ¥ (o) - (r<n — 1+ 1Dy D (x1)

+T(n—v+ l)CD§+(I)(x2))

< / (0 —x1)" " n(p) dp + / (2 — 0)" n(p) dg,
®)

where i, v > 0.
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Proof: Letg € [x1,0]. Then ¥"+1 according to the statement must satisfy the following
inequality for u, v > 0:

o o
/ (0 —x)"" PP D () dg +/ (p —x1)"“n(p)de > 0.
X1 X1

Since (6 — x1)"™# > (p — x1)"# for 1, v > 0, integrating by parts and using this fact we
have

(0 —x)" * ¥ (6) = (n— 1) / "0 =) E O () dy

> —/ (9 —x1)""n(p)de > —/ (6 —x1)""n(p)de. )

Using the definition of Caputo fractional derivatives in the above inequality, one can obtain

o
(@ —x)" ¥ (0) = T(n— p+1)°Dy_0(x)) > — / (0 —x1)" "n(p)dp. (10)
x1
Similarly, for ¢ € [o,x2] and p, v > 0, we have
X2 X2
/ (x2 — 0)" " n(p) dp —/ (2 — )" ¥ (p) dp > 0.
o o

Integrating by parts using x, — 6 > x, — ¢, we have

(2 — 0" ¥ () = (n—v) / " — )T () dy

> —/:Z(xz —9)""n(p)dp = —/:z(xz —0)""n(p) do. (11)
Using the definition of Caputo fractional derivatives in the above inequality, one can have
(2 = ) O0) = Tl = v+ )DL, 00 2 = [ (=0 n(e)dp. (12
o
Summing inequalities (10) and (11), one can get:
(@ = 0)" ¥ (0) + (2 = )" ¥ (o) = (T (1 = 0+ DEDY_(x1)
+T'(n—v+ I)CDZJF(D(xZ))

> — (/ (6 —x1)""#n(p)de +/ 2(xz - )" "n(p) dco). (13)

Similarly, using non-negativity of terms (p — x1)" #(5(p) — lI’("Jrl)(go)), and (x; —
)" (1(p) + ¥V () for u, v > 0, one can get:

/ (0 — 2" (1(p) — ¥V () dp = 0, (14)

/ 2(Xz — )" (n(p) + ¥V (p)) dp > 0. (15)
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Integrating by parts, the above integrals provide the following inequality:

(6 —x)" " ¥ () + (x, — 0)" ¥ (g) — (r(n — 1+ )DL _0(x)

X2

o
+T(n—v+ I)CDZ+®(xz)) < / (o —x1)"""n(p)de +/ (2 — )" "n(p) do.
X1 o
(16)
Required inequality (8) can be obtained from (13) and (16). |

Applications of Theorem 2.1 are given in the following results.

Corollary 2.1: Under the assumptions of Theorem 2.1, the following Hermite-Hadamard-
type inequality holds for Caputo fractional derivatives:
x
< / 1(p) do.

X1

YO () + YW () Tr—u+1)
2 2(xp — x1)H

[CDQ‘_\P(xl) +Cpt +®(x2)]

Proof: By fixingo = x; in (10) and ¢ = x; in (12) respectively, the upcoming inequalities
are yielded

" I'(n—pu+1)CDY_¥(x) *2
¥ (xy) — £ - > —/ n(p) do,
(e — X)) x
'h—v+1 CDg Y(x *2
W () — ) ot 2) > —/ n(p) do.
(-x2 - xl) X1

The above two inequalities yield the incoming inequality

P () + ¥ (xy) F(n—pu+DDE_W(x1) T(n—v+1)°DL, ¥(x)
2 - 2(x — x1)"H 2(x — xp)"v

> —/xz n(p) de.

X1

Similarly, by fixing ¢ = x; in the resulting inequality of (14) and ¢ = x; in the resulting
inequality of (15), respectively, and one can add the upcoming inequality

PO (x1) + PO (x3) T(n—u+DDE_W(x;) T(n—v+1)°DL, ¥(x)
2 - 2(x — x1)"H 2(xy — xl)”‘”

< /x2 n(p) do.

X1

From the above two inequalities, one can obtain the following modulus inequality:

YO () + ¥ () (F(n —p+ DD, _¥(a)  T—v+ I)CDZI#P(xz))‘

2 2(xp — x1)"H 2(x2 — x1)"V

< /xz n(p) de.

X1

By putting 4 = v, from the above inequality, the required result is obtained. |
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Another variant of Hermite-Hadamard type inequality for Caputo fractional derivatives
is given in the following.

Corollary 2.2: Under the assumptions of Theorem 2.1, the following inequality holds:

'n—u+1) Comit C it ) (X1 +x2
2ﬂ—n+l(x2 _xl)(n—u) ( Dxlz’fz_q)(xl) + Dx1+xz O(x) ) - ¥ T

X2

< 247M(xy —xl)”_"/ 1n(p) do.

X1

Proof: By settingo = 22 in (8), we get

70— (12)

(F(I’l —u+ I)CDx1+x2 (D(xl) + F(T’l -V + l)cDx1+x2 (D(XZ))‘

X1+x2
7 *2
<207 - xl)”"”/ n(p) dp +2"""(x2 — x1)"™" /xm n(p)de. (17
X1 2
Now, we fix £ = v in (17), to get the required inequality. The proof is completed. |

In the following theorem, we establish Hermite-Hadamard-type inequality for Caputo
fractional derivatives with bounds in the form of Caputo derivatives:

Theorem 2.2: Let ¥ € C"tV[xy, x;] with |¥ D (p)| < ¢(p) for all ¢ € [x1,x,], where
¢ € Llx1,x2). Then for o € [x1,x2], the inequality given below holds for Caputo derivatives:

21 (n—a + 1) c w (¥4 %
_ )
(3 — x)"~¢ ( D"”"Z Pl + Dx1+xz LIJ(Xz)) p ( > )

2 Tn—a+1) (¢4 Crotl
< o — ) (Dxl?c2 ¢(x1) + Dx1+x2 C(xz)) (18)

where o > 0.

Proof: Under the given conditions, we have the following inequality

X1+x X1+xp

(0 — x1)"™ B+ () dg + / T o —x)" @) dp 2 0. (19)

X1 X1
Integrating by parts, we have
X+ X2

(xz ;x1) g (XI %z-xz) —(—a) n—a)/ (¢ — %)™ "W () dg

x1+x)

> —/ i (p —x1)""“¢(p) do. (20)

X1
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After some rearrangements of terms and using the definition of Caputo fractional deriva-
tives, one can obtain the following fractional integral inequality

2" T (n—a + I)CDXWC2 Y(x1) X1+ X
O (LT 72
(2 — x1)" ¢ 2

2" T(n—a + 1)
< CDiltiz (). (21)

(xZ — xl)n o

Under given conditions, one can also have the following inequality

[CZ (2 — )" "¢ (p) dop — [cz (x2 — )" P (p) dg > 0. (22)

+x 1+x2
2

From which we have

Xy — X1 na (n) X1 + x2 _ _ I'(n—a) _\n—a—1g(n)
( . ) ¥ (_2 ) (=)= %(xz p)" 1 (p) dp

> —/)w2 (x2 —9)"""¢(p) do. (23)

After some rearrangements of terms and using the definition of Caputo fractional deriva-
tives, one can obtain the following fractional integral inequality

2" T (n—a + 1)cDx1+x2 Y(x;)

+ — gy w
(2 — x)" ¢ 2

2" T(n—a + 1)
< ‘D ?iltiz (). (24)

(e —x)"*
By adding inequalities (21) and (24), the following inequality is obtained
2" (n— a4+ 1) o (%145
)
(xz — xl)n—a ( DX1+X2 ‘P(xl) + Dx1+x2 ‘P(Xz)) -y (T)

zn—a—lr(n —a+1) C a1 Cradtl
= (xp — x1)"~ ( D"”"Z ¢+ Dx1;x2+5(x2)) . (25)

Now, we interchange the non-negative terms (¢ — x1)"~% and (x2 — ¢)"~* in inequalities

(19) and (22). Then by adding the obtained inequalities after integration like inequali-
ties (21) and (24), one can get the following fractional derivative inequality:

2410 (n— o 4+ 1) (

c g (XX
(x2 _xl)n_a Dx1+x2 lP(xl)_i’ Dx1+x2 ‘I"(xz)) \P ( 2

21 (n— o + 1)
B (CD‘iiltiz Cx) + CD?qtiz (xz)) (26)
- 2

The required inequality is the combination of inequalities (25) and (26). |
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Theorem 2.3: Let ¥ : [x1,x2] — R be a differentiable function which satisfies {(¢) <

YD (9) < n(p) forallp € [x1,x2], where, n € Llx1,x2). Thenforo € [x1,x,], we have
the inequality given below:

/ (p —x1)""“C(p)do —/ (2 =)' “nlp)de

L(n—a+1)(“DE_¥(x1) 4+ D’ @ (xp))

(6 —x1)" " + (52 — 7)"

< / (0 —x1)"“n(p) dg — / “( = )" () do, (27)

< ‘I’(”)(a) _

where o > 0.
Proof: Leto € [x1,x2]. Then under the given conditions, the following inequalities hold:
/ (p —x1)" "W (p)dp > / (p —x1)"""C(p) do,
X1 X1
o o
| 0=y dp < [0 -2 n(0)do,
X1 X1
X2 X2
/ (2 — )" "W (p) dp > / (x2 — )" "¢ (p) do,
o o
X2 X2
/ (2 — )" "D (p) dp < / (X2 — )" " n(p) do.
o o
From above four inequalities, the following inequality holds:
o X2
/ (p —x1)"""¢(p)de —/ (2 — )" "nlp)de
X1 o
o X2
< [0 =x gy dp — [T - oy r ) dg
X1 o
o X2
< / (p —x1)" "n(p)de —/ (2 — )" “¢(p)do. (28)
X1 o

This further gives the following inequality

/ (p —x1)""“¢(p)do —/ 2(Xz —9)" """ n(p)de
< ((6 =x)" "+ (2 — )" *) ¥ (o)

—T(n—a+1) (CDﬁ_‘I’(xl) + CDngd)(xz))

< / (0 —x1)"“n(p) dg — / "2 — ) () dy. (29)

Hence the required inequality can be formulated. |
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Corollary 2.3: By settingo = @ in (27), the Caputo fractional Hadamard inequality is
obtained as follows:

X X
1+% 0

(p —x1)""“C(p)dop — /1+2 (x2 —0)""“nlp)de

PAN 1
< () (x1 +x2) — (@+1) (CDa “WY(x) + ¢pe +CI)(x2))

— xX1+x X1+x2
2 (2 — x1)" 2 2

x1+x2

<[ - - [ - o) do. (0)

+
X1 pat a2 )

X2

Next, we give the fractional version of Ostrowski-Griiss-type inequality using Caputo
fractional derivatives:

Theorem 2.4: Under the assumptions of Theorem 2.3, we have
“DY_W(ur) + “D% W (uz) 4+ CD% W (o) + D% _Y(0)

sy
) T—o+ 1)) (0 —x1)"* + (x2 — 0)1—%)

(0 = 2)" ¥ (1) + (2 = 0)" ¥ (xy)
(0 —x)"™ + (12— 7)""
1

= 0 —x)" (o)

/ 1(0) do + (x2 — )" / ") dp — / (0 — 0" ¢(p) dp

X1 o

|:(0' - xl)"_“

—/ 2(Xz — co)”_“é(qo)dco]- (31)

Proof: ¢ € [x1,0], using the non-negativity of (¢ — ¢)"~* (P D () — ¢ (p)) and (p —
x1)" (5(p) — ¥V (p)), we have

/ (6 — )" (P (p) — ¢ (p)) dp + / (0 —x1)""*(n(p) — ¥ (p)) dp > 0.
This gives

/ (0 — )" "W+ () dp — / (0 — )" (p) dp + / (0 —x)"“n(p) do

X1 X1
- [ o =xr gy g 2 0 (32)
X1
Integrating and using the inequality (¢ — x1)"~* < (¢ — x1)""* for ¢ € [x1,0], we have

(0 —x)" (PP (x) + ¥P(0)) = T(n—a + 1) (CDglﬂ(a) + CDg_qJ(ul))

< (o —xl)”‘“/ n(p) de —/ (6 —9)"""C(p) do. (33)

1
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Similarly, for ¢ € [0, x,], we have

/ "0 — )" (n(p) — ¥ () dp + / "2 — )" F D () — () dp > 0.

This gives

X2 X2
/ (9 — )" “n(p)de —/ (p — )" P (p) dg
X2
+/ (2 — )" P () dg

x
—/ (2 —9)"""C(p)dp = 0. (34)
g
Integrating and using the inequality (¢ — ¢) < (x2 — ) for ¢ € [0, x2], we have

(62— )" (PP (x2) + ¥ (0)) — T(n— o + 1)(°DE_¥ (o) + °DL, ¥ (12))

uy—

<=0 [Ta@do = [0 o). (39)
By adding (34) and (36), we obtain:

“DY_W(uy) + “D%, W (up) + CDL  W(0) + “D%_W¥(0)
Tm—a+1)" o —x)"* + (62— 0)""%)

(0 = x)" "W (1) + (2 = 0)" ¥ ()

(0 —x)"*+ (p —o)"¢

! |:(0 —x)"

(o —x)" (= 0)"

/ n(p)de + (x2 — 0)”_“/ n(p) de —/ (6 —p)"“C(p)de

1

\Il(”)(o-) _

x2
—/ (2 — )" ¢ (p) d¢] : (36)
On the other hand, one can have:

/ (p —x)" (P (p) — ¢ (p)) do +/ (@ — )" *(n(p) — ¥V (p))dp > 0,
(37)

/ "2 — )" (1) — ¥ () dp + / 0 =) F T () — () dp > 0.
(38)
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Computing integrals and adding the resulting inequalities, we get

CDY_W(ur) + “D, W (up) + CDL  W(0) + “D% _W(0)
T(n—a+1)"1(e —x)"*+ (x2 — 0)"™%)

(6 —x)" "YW (1) 4 (62— 0)" ¥ (xp)

(0 —x)"% + (x — )"~

! |:(U —x)"

T (e =x)" (= o)

/ n(p)de + (x2 — a)”_‘"/ 2 n(p) de —/ (6 —p)"“C(p)de

\{1(")(0-) _

+

x
—/ (2 — cﬂ)”_“c(@)dca]- (39)
The required inequality (40) can be obtained from (36) and (39). |

Corollary 2.4: By settingo = x; in (40), we get Caputo fractional Hadamard-type inequal-
ity as follows:

PO () + PP ) T —a+ DEDy, ¥ () + “Df ¥ ()
2 2(XZ — xl)”“’

— 1 n—a 2 2 n—a
< 2o — ) [(xz — x1) /x n(p)de — /X1 (2 — )" (0) dgo} . (40)

1

3. Conclusion

We derived Ostrowski- and Hadamard-type inequalities for Caputo fractional derivatives.
Conditions of well-known inequalities were utilized in unusual ways . In the recent past,
such inequalities were established by establishing identities with the help of convenient
kernels. Also, the methods of proofs can be extended to generalized fractional integrals
and derivatives.
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