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Abstract

We propose a rigorous precision-aware framework for fixed-point emulation of
Grover’s quantum search algorithm, systematically analyzing how truncation errors
propagate and accumulate through quantum gate operations. Although fixed-point
arithmetic significantly reduces resource requirements in quantum computing emu-
lators, limited fractional-bit precision introduces non-negligible numerical errors,
adversely impacting algorithm accuracy. To address this, we introduce a simplified
two-amplitude quantum-state representation that captures Grover’s algorithmic struc-
ture across iterations. Leveraging this model, we analytically derive explicit asymptotic
error bounds on the emulated measurement probability distribution, demonstrating
that errors scale exponentially as O (2"~/), where n is the number of qubits and f is
fractional-bit precision. Extensive numerical simulations and practical experiments on
an actual fixed-point quantum emulator validate our theoretical predictions, confirm-
ing the accuracy and robustness of our error analysis. Finally, we present a closed-form
expression to determine the minimal fractional-bit precision needed to meet a specified
accuracy threshold, providing concrete, actionable guidelines for designing resource-
efficient quantum computing emulators.
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1 Introduction

Over the past few decades, quantum computing (QC) has been vigorously studied in
both academia [1-4] and industry [5-7]. By leveraging quantum phenomena such as
superposition and entanglement, quantum computers operate on fundamentally dif-
ferent computational principles compared to classical machines. Owing to this unique
mode of operation, quantum computers can dramatically reduce the computational
overhead for certain problems and potentially solve instances that are intractable on
classical supercomputers [8§—10]. In fact, multiple studies have demonstrated the supe-
riority of quantum hardware over classical counterparts in carefully chosen tasks [11,
12].

To translate these performance advantages into real-world applications, consid-
erable effort has been dedicated to developing QC hardware via various physical
implementations [13—15]. In parallel, researchers are exploring quantum algorithms
that aim to efficiently tackle practical problems, such as optimization [ 16—18], machine
learning [19-21], and complex system simulations [22-24]—all of which may ben-
efit from quantum speedups or favorable computational scaling for specific problem
classes.

Despite these advances, current quantum hardware continues to face significant
challenges in scalability and error correction, and has therefore not yet reached a prac-
tical, large-scale fault-tolerant stage [4, 25]. Because of these limitations, researchers
often lack direct hardware access to develop, test, and evaluate sophisticated quantum
algorithms. To bridge this gap, QC emulators—which simulate or emulate quantum
circuits on classical machines—have been actively investigated [26—33]. These emu-
lators fill a critical role in quantum computing research, enabling rapid prototyping
and testing of quantum algorithms before fully scalable quantum hardware becomes
available. Moreover, recent efforts have explored strategies for integrating quantum
hardware and software stacks into classical computing infrastructures, facilitating
hybrid quantum-classical workflows [3, 34].

A QC emulator models quantum states and gates as vectors and matrices, respec-
tively, on a classical computer [35]. However, numerical errors originating from the
classical hardware—such as floating-point or fixed-point inaccuracies—can directly
degrade the fidelity of the emulated quantum operations. Identifying and quantify-
ing these classical errors are therefore essential for designing reliable QC emulators.
Moreover, in state-vector emulation, the total memory cost scales with both the num-
ber of amplitudes and the arithmetic word length. Thus, although exponential state
growth is intrinsic to classical QC emulation, precision remains a key implementation
parameter because it directly affects memory footprint, data-path cost, and emulator
accuracy. Although a few works have discussed precision issues in QC simulation—
for example, prior studies showed that quantization errors in fixed-point emulators
grow with circuit size and addressed this issue by adopting higher-precision floating-
point arithmetic [28, 36]—, systematic, algorithm-specific investigations that translate
arithmetic precision into explicit emulator-accuracy bounds and practical design rules
remain limited. In particular, there is a lack of focused studies that determine how
much fixed-point precision is minimally required for a given target algorithm and
error tolerance.
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In this paper, we address this gap by proposing a quantitative framework to ana-
lyze how classical arithmetic errors influence the accuracy of a fixed-point-based QC
emulator. Our objective is not merely to reproduce the ideal closed-form final state of
Grover’s algorithm, but to analyze the iteration-by-iteration execution of a fixed-point
emulator, in which truncation arises at each repeated diffusion-scaling step and accu-
mulates over successive Grover iterations. From this analysis, we derive a closed-form
formula that computes the minimum required precision (i.e., the number of fractional
bits) required to keep errors under a specified target—thus providing practical guide-
lines for resource optimization.

To concretize our study, we focus on Grover’s algorithm [37], a quantum search
procedure widely regarded for its quadratic speedup in unstructured search. This
speedup benefits numerous application domains demanding efficient data retrieval,
and emulators specialized to Grover’s algorithm have indeed been proposed [32, 38].
Grover’s algorithm exploits quantum superposition to simultaneously probe multiple
data items, requiring only O (v/N) queries for a dataset of size N, whereas classical
algorithms need O (N) [39-41]. This offers a quadratic improvement over the clas-
sical approach, empowering quantum computers to address search problems at scales
that would be infeasible for classical machines. The algorithm also underpins poten-
tial breakthroughs in cryptography [42—44] and optimization [45—47]. We emphasize
that the goal of this work is not to claim immediate generality across arbitrary quan-
tum algorithms, but to establish a rigorous algorithm-specific precision analysis in a
structured and practically meaningful case where closed-form treatment is possible.
Grover’s algorithm is particularly well suited to this purpose because its state evolu-
tion remains in a two-amplitude subspace and the same Grover operator is repeatedly
applied over many iterations, allowing arithmetic-error propagation to be analyzed
formally and translated into concrete emulator design rules.

Next, we adopt a fixed-point arithmetic environment for the QC emulator, moti-
vated not only by hardware efficiency but also by the practical need to control the
per-amplitude word length in an emulator whose state storage already scales expo-
nentially with the qubit count. This choice also reflects the common use of fixed-point
arithmetic in hardware-oriented QC emulators, where fixed-point operators often offer
substantially lower logic utilization, power consumption, and latency than floating-
point counterparts [32, 35, 38, 48-51]. In particular, we investigate how the resulting
truncation errors—arising from representing real numbers with a finite number of
fractional bits—accumulate over multiple gate operations. Although fixed-point arith-
metic mitigates the resource overheads more effectively than floating-point in many
practical designs, the finite precision of fractional bits inevitably leads to truncation.
Accordingly, the central design question is not merely whether truncation occurs,
but how much precision is minimally required to satisfy a target error bound with-
out unnecessary hardware over-provisioning. Throughout this work, we assume ideal
oracle and diffusion operations and intentionally isolate truncation as an independent
arithmetic-error source, rather than modeling device noise or imperfect quantum gates.
In this work, we pinpoint the specific operations in Grover’s algorithm where these
truncations occur and rigorously quantify how they propagate through consecutive
computational steps.
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Our approach begins by proposing a simplified representation of the quantum-state
within Grover’s algorithm and providing a theoretical proof of its validity. Building on
this representation, we derive a mathematical formula for the £, distance between the
true and emulated measurement probability distributions under varying qubit counts
and fractional-bit precision. We then investigate how this ¢, distance scales with these
parameters, forming a rigorous theoretical foundation for understanding and predicting
emulator errors. We demonstrate the soundness of our derivation by comparing the
theoretical error bound with actual measurements from a working fixed-point QC
emulator specialized for Grover’s algorithm (henceforth referred to as the FP-Grover
emulator). Finally, leveraging our formula, we determine the minimum fractional-bit
precision required to maintain emulator errors below a specified threshold, providing
practical design guidelines for resource-efficient FP-Grover emulators by explicitly
addressing hardware resource usage (e.g., memory, registers, arithmetic logic) under
given error constraints.

The key contributions of this paper are summarized as follows:

1. Numerical error analysis: We present a systematic method to analyze the trun-
cation errors in a FP-Grover emulator, deriving how these errors manifest in the
measurement probability distribution (measured by the ¢, distance).

2. Empirical validation: We evaluate how the number of qubits and fractional bits
affect the overall accuracy loss. Through comparisons of theoretical predictions
and emulator outputs, we verify the validity of our approach.

3. Design guideline: We formulate a closed-form expression relating desired error
thresholds to the necessary fixed-point precision. This formula can be used directly
by designers to achieve resource-optimized emulators while guaranteeing specified
accuracy levels.

This paper is structured in the following way. Section 2 briefly reviews the essen-
tial background on quantum states, gates, and the principles of Grover’s algorithm.
Section 3 details our simplified state representation technique for Grover’s algorithm
and derives the error accumulation formulas under fixed-point arithmetic. Section 4
compares the proposed theoretical formula with measured error values from a practical
emulator and discusses how to determine the minimum required fractional bits for a
given error target. Finally, Sect. 5 offers concluding remarks and future perspectives.

2 Fixed-point Grover emulation: preliminaries
In this preliminary section, we briefly introduce the fundamental quantum computing

concepts and Grover’s algorithm necessary to understand the fixed-point arithmetic
emulation and associated truncation errors analyzed subsequently.

2.1 Quantum information and gate operations
In classical computing, information is stored in an array of bits, and logical gates pro-

cess these bits to perform computations. In quantum computing, qubits and quantum
gates, respectively, serve as counterparts to classical bits and logical gates. Specifi-
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cally, the amplitude and phase of a qubit encode information, while physical operations
that modify these amplitudes and phases drive the computation. Unlike classical bits,
which can only assume one of two discrete values (0 or 1), a qubit can reside in either
of the basis states |0), |1), or any superposition thereof. This superposition property
is rooted in uniquely quantum phenomena, giving rise to the enhanced computational
power that quantum computers can exhibit relative to classical devices.

A single-qubit system has two basis states [52], each represented by a unit column

vector:
1 0
10) = |:O:| 1) = [1j| ey

Any superposition of |0) and |1) can be written as:

V) = «l0) + BII) = [;} @

where o and f are complex amplitudes that satisfy |la||> + [|8]|> = 1. Hence, |/) is
a unit vector.

A quantum system comprising n qubits spans 2" possible basis states. Labeling
these basis states as |0), |1), ..., [2" — 1), we can model the state of the system by a
2"-dimensional column vector:

2"—1
T

W) = > aili) = [0 @1 ... axa] . 3)
(=0

where each «; is a complex number. As in the single-qubit case, these amplitudes must

satisfy 4/ 21226] llo; |2 = 1 to ensure |y/) is a unit vector.

When measuring a multi-qubit state in the computational basis, the system proba-
bilistically collapses to one of the basis states. Specifically, the probability of obtaining
|i) upon measurement is given by

P(ly) — 1) = lleill%, 4)

and the sum of all measurement probabilities is 1, implying

71

D el = 1. )
i=0

Quantum gates: A quantum gate can be represented by a unitary matrix that acts
on the state vector. Because quantum states must remain normalized (as in Eq. (5)),
the operator must preserve the vector norm, making it unitary. Table 1 lists several
commonly used single- and two-qubit gates, along with their matrix forms. Multi-
qubit gates can be constructed from these basic operations via tensor (Kronecker)

)l =
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Table 1 Representative quantum gates for single-qubit and two-qubit systems

Gate Symbol Unitary matrix Gate Symbol Unitary matrix
! . 10
Hadamard H 7 |:1 71:| Phase-shift P 0
. [01 10
Pauli X 1 0i| T 0 ein/4:|
1000
[0 —i 0100
Y I 0] Controlled-NOT CNOT 0001
(0010
10
z 0 —1]
products. For instance, if Uy, Ua, ..., U, are single-qubit gates applied in parallel to

the n qubits, the overall n-qubit operation U is the Kronecker product:

U=U1QU;® - ®U,. (6)

2.2 Grover's algorithm

Grover’s algorithm [37] is a quantum search procedure that identifies an x satisfying
f(x) =1, where f(x) is defined as

F) = 1 ifx e S, @

0 otherwise,

and S is the set of valid solutions (i.e., s € S implies f(s) = 1). Applied to an n-
qubit system, Grover’s algorithm first prepares the uniform superposition over all 2"
basis states, then iteratively applies k rounds of a Grover operator G to amplify the
amplitudes of solution states. Denoting the final state by |Vfinal), One can measure it
with high probability of collapsing onto a solution. Mathematically,

[Wfinal) = G¥|u), where G = (H®"Zo H®")(Zy). ®)

Here, the number of iterations k is approximately

Zn
k = L%\/:—SL ©)
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where | - ] rounds to the nearest integer and n; is the number of solutions in S. The
initial uniform superposition state |u) is represented as the equation below:

1
u) = H®"|0") = >l (10)

in which |0") denotes all n qubits in the |0) state, and H®" is a Hadamard gate acting
on each qubit.

The G operator in Eq. (8) comprises two components: an oracle gate, represented
by the matrix Z ¢, and a diffusion gate, given by H®" Zo, H®". As illustrated in the
middle of Fig. 1, the oracle gate identifies solution basis states |s) and flips their phase,
effectively negating the amplitude coefficient for each solution state. Meanwhile, the
diffusion gate, shown on the right in Fig. 1, reflects the amplitude of all 2" basis states
about their average. Concretely, the oracle Z s is defined by

ey = [0 xes,
Zylx) = (=D |x) X)) xés. (11)

while, as written in [53], the diffusion operator H®" Z,. H®" can be expressed as

H®Z H® = 2u){u| — I,

[p—n+l . p—n+l
= oo — 1, (12)
27n+1 . 2fn+1
where Zo |x) = 2|0")(0"|x) — |x)
— 0,
_ lx) x # . (13)
|x) otherwise.
Above, (x| is the conjugate transpose of |x).
Next, let us define two orthonormal vectors:
2n—]
lYs) = (14)
zeS
2n—]
¥ns) = Z ). (15)
- nA i=0
i¢S

Using these, the initial state Eq. (10) can be expressed as a superposition of |¢g) and

[¥ns):

lu) = o = [vs) % ).
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Oracle

Fig.1 Illustration of the G operation in Grover’s algorithm, which reflects the amplitudes of the state about
their average to amplify the solution states

From Egs. (14) and (15), the vectors |{s) and |{ys) form an orthonormal basis
in a two-dimensional subspace, as they are mutually orthogonal and each is of unit
length. Consequently, one can represent the initial state of Grover’s algorithm in this
subspace, as shown in Fig. 2, in angular form:

lu) = sin(@) [¥s) + cos(®) [¥ns), (16)
where 6 = sin_l<\/§:). (17

Here, the Grover operator G can be viewed as a rotation by 26 on the unit circle
spanned by | ns) and |5). After k applications of G, the state vector rotates by 2k0,
yielding a final state

|Vtinal) = G |u)
= sin((2k + 1) 0) [rs) + cos((2k + 1)0) [Yns). (18)
Choosing k according to Eq. (9) makes (2k 4 1)6 approach 7 /2, thereby maximizing
the amplitude of |Y/g) and enabling a high-probability measurement of a solution.
Letting § = % — (2k + 1) denote the residual angle error, one can show |§| < 6,
which implies

|cos((2k + 1)0)| = |sin §| = sin |§] < sinf (19)

Thus, the nonsolution amplitude remains strictly smaller than the initial amplitude
sin(0), ensuring that the solution basis states are prominently amplified.

2.3 Fixed-point arithmetic and truncation error
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[9s)

1 =

| J¥w) = [Yrina)

1ha) = G*[tho)
3 1) = G'|tbo)
[v0)
— [Yns)

Fig.2 Geometric interpretation of G as a rotation by 26 in the plane spanned by |y s) and |{g)

2i-1 9i-2 21 20| 2-1 2-2 2-f+1 2-f

i f

Integer Fraction

A 4

Fig. 3 A real number in fixed-point format, where fixed integer and fractional bits define its range and
precision

Fixed-point arithmetic encodes real numbers by assigning fixed bit widths for the
integer and fractional parts, as illustrated in Fig. 3. This approach relies fundamentally
on integer operations, often making it simpler and faster than floating-point arithmetic
in hardware implementations. Denoting by i and f the bit widths for the integer and
fractional parts, respectively, any real number r in this system lies within

—QiT 2y <y <271 07T, (20)

and Ar, the resolution of r, is
Ar =277, 1)
Figure 4 depicts how bit-space requirements differ for fixed-point addition and
multiplication. For addition, if the integer portion exceeds the allotted bits, an overflow

can occur, whereas the fractional precision remains unchanged. Consequently, no
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Integer Fracw Integer Fraction
’ 4 1 1

7’ | I
7
> Integer Fraction
Integer Fracw—i Integer Fraction
_- I ~~
_ L Truncated :
> Integer Fraction fraction bits !

Fig.4 Changes in bit requirements during addition and multiplication in fixed-point arithmetic. Multiplying
two fixed-point numbers may require twice as many fractional bits, causing truncation in the least significant
bits

Integer Fraction

Truncated
fraction bits_,

Integer Fraction

Fig. 5 Right-shifting a fixed-point bit array. The truncated fractional bits become the source of truncation
error

additional truncation error is introduced during addition. In multiplication, however,
both the integer and fractional parts of the product can grow beyond the original bit
widths. The integer part can overflow if it exceeds the allocated bits, and the fractional
part can lose bits if its precision requirement (up to 272/ surpasses the available 27/,
resulting in truncation errors.

In the specific case of Grover’s algorithm, the diffusion operation in Eq. (12) requires
accumulation of all 2" amplitudes before scaling. In the FP-Grover setting studied in
this paper, overflow is excluded by construction so that the analysis can focus on
truncation due to the fractional-bit width f. The potentially largest intermediate quan-
tity arises in this diffusion operation, where all 2" amplitudes are summed before the
27"*1 scaling. By the Cauchy—Schwarz inequality and the normalization condition in

Eq. (5), this unscaled sum satisfies 22'1_1 vlm]| < V2% ¥ |la = 2"/%. Accordingly,

m=0

we conservatively set the integer-bit width to i = n in the evaluated implementation.
We do not claim that i = n is the minimum possible width; rather, it is a sufficient
overflow-free choice for the parameter regime considered in this work. Under the
experimental settings considered in Sect. 4, the representable range in Eq. (20) is
sufficiently large for the diffusion accumulator, so overflow does not occur. The ora-
cle operation in Eq. (11) only flips signs and therefore does not increase magnitude.
Hence, the analysis in Sect. 3 focuses on truncation errors induced by f.

Scaling operations (multiplying by powers of two) can often be handled by bit-
shifting instead of a more expensive multiplication logic (i.e., multipliers, the high
HW resource consumer). Indeed, left-shifting by a bits corresponds to multiplying by
24, while right-shifting by a bits corresponds to multiplying by 27¢. As illustrated in

@ Springer



Precision-Aware Fixed-Point Emulation of ... Page110f28 214

Fig. 5, right-shifting can remove low-order fractional bits, thus generating truncation
eITOorS.

Mathematically, if a real r in the arithmetic operation is represented as rpp in
fixed-point form with f, then the truncation error € satisfies

r=rppte, € =r mod 277, (22)

Hence, rrp is a multiple of 2=/, while the residual € captures the portion of r that
exceeds this precision limit. In the upcoming sections, we will analyze how such
truncation errors accumulate when Grover’s algorithm is emulated under fixed-point
arithmetic and evaluate their collective impact on the final measurement probability
distribution.

3 Theoretical analysis of truncation errors in FP-Grover emulation
3.1 Preservation of quantum-state structure under Grover’s iterations

From Eq. (8) in Sect. 2, Grover’s operator G selectively amplifies the amplitudes of
the basis states corresponding to solutions. Moreover, from Eq. (10), the initial state
of Grover’s algorithm assigns identical amplitudes to all basis states. Consequently,
at any step in Grover’s algorithm, the amplitudes of all solution states remain equal,
and the amplitudes of all nonsolution states remain equal (albeit possibly at a different
value). Formally, for an n-qubit system, let |/) be the state of the system at any
iteration. Then the amplitude of the m! h basis state, Y [m], can be written as

; €S,
Ylm] = xS, . m=0,1,...,2" —1, (23)
ays, otherwise,

where S is the set of solution indices.

In what follows, we leverage this simplified representation—the idea that any inter-
mediate state has only two distinct amplitude values—to analyze truncation errors. We
first prove, via mathematical induction, that Grover’s algorithm indeed preserves the
form in Eq. (23) at every iteration.

Base case: Let |9) = H®"|0") be the initial state. From Eq. (10), all basis states
share the same amplitude

Yolm] = Nk m=0,1,...,2" — 1. (24)

Hence |yg) satisfies the structure of Eq. (23), with g = ays = 1/4/2".
Induction step: Assume that, after [ iterations,

as, meS,
. (25)
a; nNs, otherwise.

Yi[m] = {
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We must show the same holds for iteration / + 1. By definition,
Wis1) = Glyn) = (H®" ZoH®")(Z)I¥n). (26)

First, let |1ﬂ[ ) = Zy |Yy). Since Z; multiplies the amplitudes of solution states by
—1 while leaving nonsolution states unchanged (see Eq. (11)), the resulting state |¢[ )
again contains only two distinct amplitude values (with solution amplitudes negated).
Applying the diffusion operator H®" Zo H®" defined in Eq. (12) to |v//) computes the

sum of all amplitudes, scales it by 27!, and then subtracts each original amplitude
individually, yielding:

[Wi41) = Glyn) = (H®" Zoy HO")|4))
2—n+1 o Z—n—H

S I A
2—n+l o 2—n+l
2}1_1 ’
2h=o Vilhl
=27 : — 1) 27)
o ilh]
One can verify by direct inspection that this preserves the two-amplitude structure:

2"—1

Yipalm] = 27" Y "yl — yim]
h=0

2"—1
27 yithl + s, meS,
h=0

- =0 (28)

2~ ntl Z Y[h] — oy ns, otherwise.
h=0

Thus, by mathematical induction, the state after each iteration / continues to have
exactly two distinct amplitude values, as per Eq. (23).

3.2 Numerical formulation of truncation error accumulation

When using f fractional bits in fixed-point arithmetic, any portion of a real number
below 27/ is truncated, which ultimately leads to distortions in the measured proba-
bilities of a QC emulator. In this subsection, we develop a formal framework to track
how these truncation errors accumulate in FP-Grover emulation.

Setup: To avoid notation ambiguity, we first summarize the conventions used
throughout Sects. 3.2 and 3.3. A single prime (') denotes the quantity immediately
after applying the oracle Z ;, whereas a double prime (") denotes the quantity after

@ Springer



Precision-Aware Fixed-Point Emulation of ... Page130f28 214

applying the full Grover operator G. The subscript F' P denotes a fixed-point quan-
tity, the subscript “scaled” denotes the output of the diffusion-scaling step, and the
subscripts S and N S refer to solution and nonsolution amplitudes, respectively. For
error notation, the Latin letter e denotes the error in the full-state notation, either as
the full 2" -dimensional error vector |e;) or as its basis-indexed component form e;[m],
whereas the Greek letter € denotes the corresponding reduced scalar error values under
the two-amplitude representation, such as €; s and €; ys. Let [¢;) = G' (H @n |0”))
denote the exact quantum state after / applications of the Grover operator G. We repre-
sent each amplitude of |;) in fixed-point form and gather them into a vector |y Fp).
Since truncation arises during each iteration of G and propagates forward, let |e;)
capture the cumulative truncation error up to the /" iteration. Formally,

V1) = Wirp) + ler). (29)

From Sect. 3.1, each Grover state takes the form in Eq. (23), so both |y rp) and |e;)
retain two-amplitude values according to whether m € S orm ¢ S:

arp.s, meS,
I,”I,FP[m] = . (30)
o Fp.NS, otherwise,
€1,S, meSs,
ellm] = . 31)
€INS> otherwise.

Thus, ¢;[m] is the basis-indexed component of the error vector |e;), while ¢; s and
€,ns are the two reduced scalar values taken by this component for solution and
nonsolution basis states, respectively.

State update: We now expand |Y;11) = G |Y;) in fixed-point form:

[Vi+1) = Gy rp) + Glep)
= (H®"ZuH®")Zf V1. rp) + (H®" Zo HE") Zfer)
_ (H®"ZorH®n)|1//[,pp)+(H®nZorH®")lel/)
1 pp) + le]), (32)

where |Y] p) = Zy [Y1,rp) and |e)) = Z |er).

Detailed recurrences: Consider first the fixed-point state vector |¢rp) =
G |Y;. Fp). Applying the diffusion operator (H®" Z,. H®") involves summing all 2"
amplitudes, scaling by 27"*! and subtracting each original amplitude:

W, pp) = (HE" Zon HEM) Y, 1 p)
Yiso vy pplh]
=27t : — ¥, pp) (33)
Yo vy pplh]
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Addition and subtraction do not themselves degrade fractional precision in fixed-point
arithmetic, but scaling introduces a truncation error, denoted el’,sca led"

Because |¢;’ rp) follows Eq. (30), we can factor out the number of solutions 7;.
For example,

2"—1

27n+1 Z w;’FP [h]

h=0

—n+1
=2™" ((2" — Ng)Q FP.NS — nsOll,FP,S)

—n+1
=2a;,pp.Ns — 2 " ng(ar,Fp N + i Fp.s), (34)

which, in a practical fixed-point implementation, corresponds to a right bit-shift—
specifically, the accumulated sum of the 2" probability amplitudes is stored in a fixed-
point number with an n-bit integer part, and the scaling operation is then performed
by applying an (n — 1)-bit right shift to this value—that may discard fractional bits
below 2~/ We define

2"—1
6l/,scalea' = (2—n+l Z wl/,FP[h]) mod 2_'f7 (3%
h=0

reflecting the truncated remainder.
Combined fixed-point value and truncation: Hence, the scaling result can be
expressed as a combination of the fixed-point amplitude ¥/ rp (..7.q @0d its trun-
. , )
cation error €, (..

2" —1

—n—+1 / ) I

2 Z wl,FP[h] = O FP scaled + €l,scaled- (36)
h=0

Substituting Eq. (36) into Eq. (33), where el”sm 1eq 18 as defined in Eq. (35), one obtains

2"—1

Vi pplml = 27" g pplh] = ¥ pplml
h=0

/ /
— 1% FP scaled T oL FP.S t € scatear ™€ S, 37)

’ / .
Y Fp.scaled — ¥, FP,NS + €l scaled’ otherwise.

Updated error terms: Equation (32) similarly yields the updated error vector |e}) =
G le;). Namely,

le)) = (H®"Z, H®") |e))
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oo ellhl
= 27! : — ley) (38)
o ¢lh]
where
2"—1

2_1’1"1‘1 Z e;[h] — 2—11-'1‘1((2}1 _ ns) GI,NS — ny ELS)
h=0

—ntl
= 2e.ns — 27" ng (e ns + €vs).

Adding the scaling-induced error €, .., finally leads to the recurrences for the next
iteration / 4 1. In particular, we have

" ’
Vg1, rplm] = wl,FP[m] = €l.scaled

— al/,FP,scaled + o rps ifmesS

. (39
% ppscaled — YU FPNS otherwise,
err1lm] = e;/[m] + 6l/,scaled
ZGI’NS + €1,8 + El/,scaled
_p—n+l ifmeS
_ /ns(éz,zvs + e.,s) ifm (40)
€ILNS + 6l,scaled
—27"*n (e N5 + €.5) otherwise,
with initial values
Vorpiml = = — colml, eolm] = (=) mod2™. @)
o rplm] = — — eplm], eolm] = (—) mo .
211 2)1

Iterating Eqs. (39) and (40) through [ = k yields the final state |y rp) and the
accumulated error |eg) in the FP-Grover emulation.

Approximate scaling behavior: To see how |e;) scales with n and f, consider
sufficiently large n and small ng, so 27"*!n; ~ 0. Under this approximation, the
update Eq. (40) reduces to

!/
2eins + €5 + € geareqs MES,
EILNS T € sealed® otherwise.

e+1[m] = {
Hence,

/
€k,NS = €k—1,NS + €k—1,scaled
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/ /
€k—2,NS + €x—2,scaled + €k—1,scaled
k—1
’
= ... = €,Ns T+ Zeh,scaled' (42)
h=0

Since €9 N5 < 2~/ and each e;l’smled <2~/ (from Egs. (41) and (35)), we have
ans =02 H+owk-27") =001, (43)

n
where k &~ O(22) by Eq. (9). Meanwhile, the solution error € g grows even more
aggressively:

/
€k, 5 = €k—1,5 + (2 €k—1,NS + 6k—l,scaled)

k—1
= ... = €5 + Z(ZEM,NS—’—Gr/n,Scaled)
m=0
= o(k*277) = 0(2"). (44)

Therefore, the scaling behavior of €, ys and € s with respect to n and f can be
summarized as follows:

s =023, gs=0@2". (45)

These results will be central to our analysis in Sect. 3.3 on the total measurement error
in the final FP-Grover state.

3.3 Impact of accumulated errors on measurement probability distribution

We now use the big-O bounds derived in Sect. 3.2 for the errors in the quantum-state
coefficients, €x, ys and €; s (Eq. (45)), to determine how these errors ultimately distort
the measurement probability distribution produced by the FP-Grover emulation. Con-
ceptually, the severity of an emulation error corresponds to the discrepancy between its
output probability distribution and the ideal distribution. Hence, we adopt the ¢, dis-
tance between the true probabilities and the emulated probabilities as a representative
metric, which we refer to as the ¢, error.

Definition of £, error. Let p[m] be the ideal probability of measuring basis state
m in the final state after k Grover iterations, and let prp[m] be the corresponding
probability under fixed-point emulation. We define the ¢, error as

2n—1

6= | Y (plml - prelm])*. (46)

m=0
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Here, p[m] follows from Eq. (4), which states

pls] = |yalml]” = (Yx pplm] + exlm])
= (Vi rplml)’ + 29 rplml exm] + (exml)’. (47)

Although (wk, F p[m])2 itself may exceed the fixed-point precision 27/, we capture
this mismatch by a square truncation error ey, [m]:

prplml = (Y rplml)® — egqlml, (48)
esqlml = ((Virplm])*) mod 27/, (49)

Then,
plml = prplm] + egqglm] + 29k pplm]em] + (ek[m])z, (50)

so the total truncation error in p[m] is

eplm] = egqlml + 29k pplm]ex[m] + (ek[m])z. (5D

Scaling behavior of probability errors: From Eq. (49), we know e [m] = O (27f )
Moreover, if m ¢ S, we have | pp[m]| = |ak, Fp,ns|, Which can be expressed as:

cos((2k + 1)0)|
2" — ng
sin @ B s
RV TV L

where 6 = sin~! /%. (52)

Thus, we conclude |ax, rp.ns| = O27"). Conversely, for m € S, | rplm]| =
lak,Fp.sl ~ ns_l, effectively a constant O (1) with respect to n and f. Including the
bounds for €; ys and € s derived in Sect. 3.2, we obtain:

lak, Fp NSl = lok, Ns| =

€sq, NS = 0(2,]0)’ €5q,8 = 0(27](),
|k, rp.Nsl = 0(27"), lok, rp sl = O(1),
€L NS = 0(2%#), s = 0(2"7).

Substituting these into Eq. (51) isolates the scaling behavior of the probability error
ep[m]. For nonsolution states:

s =02 )£ 002" 002)+0(2"27))
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—o@ ) £o@ 2 )+ 002" ). (53)
Ifn < f, then 0(2’f) dominates, so
epvs = 0(277). (54)
Likewise, for solution states,
eps =002 )+0Mm 02" )+ 022" D)
=o0(2" ). (55)

Ly error of the final distribution: Because e,|[m] follows the same structure as in
Eq. (23), we can substitute it directly into Eq. (46):

p

Z (ep[m])2 = \/(2" —ns)elthS + ny 6,27’5. (56)

m=0

Assuming ny < 2", we apply the bounds from Egs. (54)—(55) to obtain

b = \/0(2”)0(2*2}”) + 0(22=-1)
~ o o@emD) = o(2"). (57)

Hence, each additional fractional bit (increasing f by 1) effectively halves £,, whereas
each extra qubit (increasing n by 1) doubles it, provided n; remains relatively small
compared to 2. This completes our theoretical analysis, giving a clear guideline on
how n and f jointly drive the magnitude of truncation-induced measurement errors in
FP-Grover emulation.

4 Experimental validation and design guidelines for precision
optimization

4.1 Verification of the proposed truncation error formulation

To confirm that the theoretical £, error analysis derived in previous sections accu-
rately reflects the actual behavior of an FP-Grover emulation, we must verify that
the theoretical errors match the measured errors in a practical implementation. Here,
the objective is not to re-evaluate the ideal closed-form final state of Grover’s algo-
rithm, which is already available from Eq. (18), but to validate the iteration-by-iteration
arithmetic behavior of a fixed-point emulator executing repeated Grover updates under
ideal gate operations. Accordingly, this section isolates truncation as an independent
arithmetic-error source and does not model physical gate imperfections or device-level
noise. To this end, we designed Algorithm 1, which computes the final amplitudes
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Algorithm 1 Arithmetic procedures for emulating Grover’s algorithm using fixed-
point and double-precision floating-point expressions, enabling direct evaluation of
the ¢, truncation error.

Input n, f, ny Input n, ng
n : number of qubits, f : number of fractional bits, n : number of qubits, 7 : number of solutions
ng : number of solutions Output ampy g, ampg
Output amp fixed NS, AMP fixed.S ampys,ampyg : double-precision reference
amp fiyed, NS> @Mp fixed,s : fixed-point expression of values of the state amplitudes
state amplitude 1: procedure GROVER_DOUBLE

1: procedure GROVER_FIXED 2: double ampyg. amps =27"/2

20 int amp fixed, NS, AMP fixed,s = \‘2—"/2+«fJ 3:  double sum §

3: int sum 4 intk = L%\/ %—‘

4: intk:t% %'—‘ 5: fori =0tok —1do

5: fori=0tok—1do 6 amps = —amps

6: " - _ . 7: sum = (2" —ng) xampyg + ns x ampg

- amp fixed,S amp fixed,S 3: ampys = =1+ cum — ampys

7: sum = (2" — ng) % AMp fixed NS + s * AMP fixed,s 9: am — 21+ 4 cum — am :

8 ampfixed,Ns = sum>»(n —1) —ampfixed NS 10: end If)‘fr ps

9 ampgixed,s = sum>»(n —1) —ampfixed.s .

10:  end for 11:  returnampys,ampg

X 12: end procedure
11: return amp fixed NS AMP fixed.S
12: end procedure

Input n, f, ny
n : number of qubits, f : number of fractional bits, ng : number of solutions
Output ¢>
£, : distance between resulting probability distribution and the reference distribution
1: procedure GROVER_L2
2: intampfixed, NS» AMp fixed,s = GROVER_FIXED(n, f,ns)
3: doubleampyg,amps = GROVER_DOUBLE((n,ny)
4:  double probfiyed NS, Probfixed,s, probys, probg
5. probfixed, NS = (double)(amp%imd.NS » f) 2-f
6: probyived s = (douhle)(amp%l.xed.s» x2S
7. probys = amp,zvs, probg = amp%
8
9

return ¢, = \/(2" —ng)(probys — probf,-”d_N_g)z + ng(probg — prabfimd's)z
: end procedure

of Grover’s algorithm and evaluates the resulting ¢, error via both fixed-point and
double-precision floating-point expressions. Double-precision floating-point is used
as a numerical reference, since it follows the same iterative execution flow without
fixed-point truncation and thereby isolates the effect of fractional-bit quantization.
Overflow is not modeled as a separate error source in this section, because the eval-
uated FP-Grover implementation operates in the overflow-free setting described in
Sect. 2.3, using a fixed integer-bit allocation chosen to exclude overflow by construc-
tion.

Algorithm 1: The procedure GROVER_FIXED computes the final quantum-
state amplitudes (amp fixed, NS, AMP fixed,s) in a fixed-point representation, while
GROVER_DOUBLE obtains the double-precision reference amplitudes (ampys,
ampy). Both subroutines implement k iterations of Grover’s operator G (see Eq. (8)).
This iterative execution is essential because the truncation analyzed in this work is gen-
erated at each repeated fixed-point diffusion-scaling step, and is therefore not revealed
by a single evaluation of the closed-form ideal-state expression alone. After comput-
ing these amplitudes, the procedure GROVER_L2 calculates the measured ¢; error
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by comparing the resulting fixed-point probabilities to the reference probabilities:

by = { (2" —ny)(probys — prObfixed,NS)2
1
+ ng (P”Ubs - prObfixed,S)z}z,

corresponding to Eq. (46).

Algorithm 2: We also implement L2_ THEORETICAL, which computes the theo-
retical £, error based on the formulas derived in Sects. 3.2 and 3.3. Concretely, this
algorithm:

1. Uses Egs. (39) and (40) to iteratively compute the final fixed-point amplitudes
(ak.Fp.NS, ok Fp.s) and the accumulated truncation errors (€x, NS, €k.s)-

2. Evaluates the measurement probability error (¢, s, €p.s) via Eq. (51).

3. Substitutes these results into Eq. (56) to produce the theoretical £, error value.

Experimental results: We tested Algorithms 1 and 2 by varying n = 8§, 12, 16,
f =16,17,...,40, and setting n; = 1. The integer-bit width was set to n for all
experiments, ensuring overflow-free arithmetic as described in Sect. 2.3. For each
parameter set (n, f, ng), we computed the measured ¢, error by running the actual
fixed-point emulator (Algorithm 1), and separately computed the theoretical ¢, error
using the analytical formulation implemented in Algorithm 2. The two values are

Algorithm 2 Arithmetic procedure that implements the proposed theoretical frame-
work for computing the ¢, error in FP-Grover emulation.

1: procedure L2_THEORETICAL
2: INPUT: (n, f,ny)
3:  double ay rp s, @ Fp.s = 27" —mod(27"/2,27F)
4 double ¢ ys, €;.5 = mod(2~"/2,271)
5: double ay4 NS, %old,S €old, NS+ €old,S
6:  double scqied, €scaled
. n
7: intk = L% ﬁ—A ;
8: fori=0tok—1do
9 Cold, NS = Xk, FP NS> Qold,S = %k FP.S
€old NS = €k,NS+ €old,S = €k,S
1 dscaled = 2% oldNs — 27" s ng 5 (@oa NS + @old.5)
12: €scaled = MOd(Ugeqled 27]‘)
13: Uscaled = %scaled — €scaled
14: ok, FP.NS = Qscaled — Qold.NS
15: o Fp.s = Ascaled + old,s
161 €k NS = €old, NS + €scaled — ns(€old, NS + €old,s)

17: €x.5 = 2€01d, NS + €old,S + €scaled — 27" s (€ota,ns + €old, s)
18:  end for

19: €gq.Ns = mod(a,%’FP,NS»Tf)
200 €5q5 = mod(a,%,FP_S, 277y

p—n+l

210 €p NS =€5q,NS T 2%k FP NS * €k NS +E;§,N5
22: épys:quys+2*olk‘]:p1§*E/(,S-'rélz,s

23 OUTPUT: 63 = /2" —ny)el s +nsel g

24: end procedure
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Fig. 6 ¢, error versus the number of fractional bits f for n = 8,12, 16. For every tested parameter
combination, the measured £, error from Algorithm 1 and the theoretical ¢ error from Algorithm 2
coincide; hence, only one visible curve appears for each n. The vertical axis is logarithmic

exactly identical across all tested parameter combinations. Accordingly, the measured
and theoretical results overlap completely and appear as a single visible curve for each
n in Fig. 6. Figure 6 plots this common £, value versus the fractional-bit count f on
a semi-log scale.

Notably, Fig. 6 shows linear decreases of the error curves for each n. These linear
trends confirm the exponential falloff predicted by the big-O relationship derived in
Eq. (57). To numerically verify these observations, Table 2 partitions the £, error data
into intervals of width wp,.c = 4 in terms of f and computes the average scaling
ratio within each interval. For an interval ending at fractional bit f = a, the average
scaling ratio 7 yec(a) is defined as

1
121 wpree
# , (58)

rprec(a) = 7 |
2 f:a_wprec

which quantitatively characterizes how quickly the £, error decreases as f increases.
Across all intervals tested, the computed ratio consistently yields a value of 7 e (@) ~
0.5, a result also confirmed visually in Fig. 7, which plots r .. versus varying f for
each n. This demonstrates that each additional fractional bit approximately halves the
£, error.

Similarly, as n increases, Fig. 6 shows that the ¢, error curves shift upward by
approximately a constant factor. To quantify this observation, Table 2 also presents
the average scaling ratio r,um_g (f), defined as

1
16—8
Z2‘11:16

, 59
Z2’}1:8 ( )

Tnum_q fH=

which measures how quickly the error grows as n increases from 8 to 16. Across all f’s,
Tnum_g (f) consistently remains close to 2, aligning with our theoretical prediction that
each additional qubit effectively doubles the ¢, error. Hence, these empirical results
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Fig. 7 Average scaling ratio of the ¢5 error with respect to f, evaluated for various qubit counts (n =
8,12, 16)

strongly validate the scaling behavior predicted by our analytical formulation for the
FP-Grover emulator.

4.2 Optimal precision selection for targeted emulation accuracy

Having experimentally validated our error model and confirmed its scaling behavior,
we next leverage these insights to guide the choice of precision in designing the
FP-Grover emulator. Specifically, our goal is to determine the minimum number of
fractional bits f,;, required to guarantee that the £, error remains below a desired
threshold €2 ;4

Precision formula: From Eq. (57), we assume

Ez = d - 2n_f, (60)

where a is a proportionality constant. To pin down a, we substitute specific values of

(n, f, €2) from the midpoint of our empirical dataset in Sect. 4.1, namely n = 12,
f =280, =7.492 x 1079, Solving for a yields a = 2103 g0

t = 27103, (61)

or equivalently, f = n — log, ¢, — 1.03. (62)

Given a desired maximum error £2 4y, the minimal integer f,,;, becomes
Fnin = [n 102, Camax — 1.03] (63)

Experimental validation of the formula: To confirm that Eq. (63) indeed provides
a valid design rule, we tested it with £3 jux = 1073, 1075, 107 for various n. As
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Table3 Minimal required fractional-bit precision ( f;,;,, ) calculated using the proposed formula for different
error thresholds (€2 ;,,4x ), along with the corresponding verification of actual £, errors from the FP-Grover
emulator

n i Z2,ma)c = 1073 eZ,mux = 1075 i Z2,ma)( = 1077
fmin Z2 fmin Z2 fmin Z2

8 17 8271 x 10~% 24 4.459 x 1076 31 3.825 x 1078

12 21 8.742 x 10~* 28 7.493 x 1076 35 4354 x 1078

16 25 8.778 x 10~* 32 7.599 x 1076 39 5.859 x 1078

These bold numbers represent the final £, errors (a standard statistical measure used to quantify the difference
between predicted and true values).

reported in Table 3, each calculated f,;, yielded an emulator error below €2 ,,4x
when plugged back into Eq. (56). Thus, the proposed formula is practically effective
for determining the minimum fractional bits needed to meet an error specification.

Practical design implications: With Eq. (63), designers can quantitatively balance
accuracy and resource efficiency when configuring an FP-Grover emulator. By pre-
computing fin, one can avoid unnecessary memory and computational overhead
while ensuring the error remains below £ 4. For example, in software-based FP-
Grover implementations, it is crucial to select an appropriate data type (e.g., int16
or int32) with the minimal memory footprint that accommodates the required
fractional-bit precision. In hardware-based implementations, designers can customize
register widths, arithmetic logic units (ALUs), and data-path widths based on fiy,
minimizing hardware resource usage without compromising accuracy constraints.
Thus, our method systematically guides emulator designers and system architects
toward optimal precision choices, providing rigorous analysis of classical errors in
quantum algorithm emulation as well as a practical resource-allocation framework for
real-world FP-Grover emulator implementations.

5 Conclusion

In this work, we systematically investigated the impact of classical truncation errors
on the accuracy of fixed-point arithmetic emulation for Grover’s quantum search algo-
rithm. By introducing a simplified yet rigorously justified representation of quantum
states throughout Grover’s iterations, we derived precise mathematical expressions to
characterize how truncation errors propagate and accumulate across successive quan-
tum gate operations. Our theoretical analysis demonstrated that truncation-induced
errors in the measurement probability distributions scale exponentially as O (2"~ /),
where n denotes the number of qubits and f represents the fractional-bit precision.
We validated this theoretical prediction comprehensively through both numerical
analysis and empirical experiments using an actual fixed-point QC emulator imple-
mentation. These empirical validations aligned precisely with our derived theoretical
results, confirming the accuracy and robustness of our analytical framework. Cru-
cially, our analysis provided a practical closed-form formula for selecting the minimal
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fractional-bit precision required to meet any specified error tolerance. The relia-
bility and applicability of this formula were verified empirically, thereby offering
QC emulator designers a systematic and theoretically grounded approach to bal-
ancing computational accuracy and hardware resource constraints. Ultimately, our
work bridges theoretical error analysis and practical emulator design, laying a robust
foundation for precision-aware fixed-point quantum emulation of Grover’s algorithm.
At the same time, we note that the present study is intentionally algorithm-specific
rather than universally general across arbitrary quantum circuits. The tractability of
our closed-form analysis relies on the strong structural regularity of Grover’s algo-
rithm, especially its low-dimensional state evolution and repeated operator application.
Extending the proposed precision-analysis methodology to other structured quantum
algorithms therefore constitutes an important direction for future research.
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