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We consider the gauged U (1) clockwork theory with a product of multiple gauge groups and discuss 
the continuum limit of the theory to a massless gauged U (1) with linear dilaton background in five 
dimensions. The localization of the lightest state of gauge fields on a site in the theory space naturally 
leads to exponentially small effective couplings of external matter fields localized away from the site. We 
discuss the implications of our general discussion with some examples, such as mediators of dark matter 
interactions, flavor-changing B-meson decays as well as D-term SUSY breaking.

© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

A large field excursion of the axion-like field in the effective 
theory can be realized in the setup with multiple fields due to 
a sequential suppression of the effective axion couplings [1–4], 
which is the so called the clockwork theory in a general term. The 
clockwork theory has been recently proposed as a general frame-
work where small or large effective couplings to the lightest state 
at low energy can be naturally obtained in the presence of multiple 
fields with nearest neighbored interactions [5–7]. There have been 
some applications of the clockwork theory to inflation [8], dark 
matter [9], and other interesting particle physics problems [10].

The concrete realization of clockwork theory requires a product 
of multiple identical symmetry groups and fields (or clock gears) 
with asymmetric charges under the neighbored symmetries. Since 
the local non-abelian symmetries lead to charge quantization con-
dition, the clockwork mechanism for local symmetries is restricted 
only to the case with abelian symmetries, such as local U (1) sym-
metries [7,11].

In this article, we consider a gauged U (1) clockwork, which 
leads to the zero mode of gauge fields with a position-dependent 
coupling to the matter fields localized on the sites [5–7]. On the 
other hand, the massive modes of gauge fields can have sizable 
couplings to the localized matter fields, so they could be accessi-
ble in the collider experiments. For instance, the zero mode of the 
U (1) clockwork may play a role of light mediator for dark matter 
which is localized at the peak of the zero mode wave function, 
while evading the bound from direct and indirect detections of 
dark matter if the SM particles are localized at another position 
in the tail of the zero mode of the U (1) clockwork.
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We discuss the construction of the gauged U (1) clockwork the-
ory and take the continuum limit of the theory in five dimensions. 
Then, we introduce localized interaction terms of external fields to 
U (1) clock gears and illustrate some concrete examples for utiliz-
ing the gauged U (1) clockwork such as mediators of dark matter 
interactions, B-meson decays, and D-term supersymmetry (SUSY) 
breaking. Finally, conclusions are drawn.

2. The setup

We consider a local U (1) clockwork, composed of N + 1 in-
dependent U (1) gauge fields, A j

μ ( j = 0, 1, · · · , N), and a set of 
N Higgs fields, φ j ( j = 0, 1, · · · , N − 1). The U (1) charges for 
φ j ’s are assigned asymmetrically between two neighbored U (1)’s 
as φ0 = (1, −q, 0, 0, · · · , 0), φ1 = (0, 1, −q, 0, 0, · · · , 0), · · · , φN−1 =
(0, 0, · · · , 0, 1, −q). After the Higgs fields φ j get VEVs, the product 
group of N + 1 U(1)’s, U (1)0 × U (1)1 × · · · × U (1)N+1, is bro-
ken down to one U (1). Moreover, in order to identify the coun-
terpart of the Higgs bosons for the U (1) clockwork in a five-
dimensional continuum limit, we also add a set of N − 1 scalar 
fields, S j ( j = 0, 1, · · · , N − 2), linking the Higgs fields [12], whose 
U (1) charges are assigned as follows, S0 = (1, −q − 1, q, 0, · · · ), 
S1 = (0, 1, −q − 1, q, 0, · · · ), · · · , SN−2 = (0, 0, · · · , 1, −q − 1, q).

The Lagrangian for the gauged U (1) clockwork is given by

L = −
N∑

j=0

1

4
F j
μν F jμν −

N−1∑
j=0

[
(Dμφ j)

† Dμφ j + V (φ j)

]

+
N−2∑

m2
0

∣∣∣φ j − ω−1 S jφ j+1

∣∣∣2
j=0
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= −
N∑

j=0

1

4
F j
μν F jμν

−
N−1∑
j=0

[
(Dμφ j)

† Dμφ j + 2m2
0|φ j|2 + V (φ j)

]

−
N−2∑
j=0

(αφ
†
j S jφ j+1 + h.c.)

+ m2
0|φ0|2 + m2

0|φN−1|2 (1)

where α ≡ m2
0

ω , the covariant derivative is defined as Dμφ j = (∂μ +
ig(A j

μ −q A j+1
μ ))φ j , and the Higgs potential at each site is given by

V (φ j) = −m̃2|φ j|2 + λ̃|φ j|4, (2)

and the VEV of the link fields S j are taken such that the common 
mass terms proportional to m2

0 are written and the quartic inter-
actions to the link fields S j are omitted as in the second line.

The Higgs potential V (φ j) leads to the Higgs VEV at each 
site, 〈φ j〉 = 1√

2
v j , which are set to be universal as v j = f ( j =

0, 1, · · · , N − 1). This VEV choice leads to 〈S j〉 = ω for generating 
no tadpole from the mass terms linking different Higgs fields. We 
assume that ω � f such that the additional mass terms for gauge 
fields due to 〈S j〉 are negligible. Then, expanding the Higgs fields 
around the VEV as φ j = 1√

2
( f + h j)eiπ j/ f and taking S j = ω with 

ignoring the fluctuations for S j , the Higgs part of the above La-
grangian becomes

LHiggs = −
N−1∑
j=0

(
1

2
(∂μh j)

2 + 1

2
m2

0|h j − h j+1|2

+ 1

2
g2( f + h j)

2
(

A j
μ − q A j+1

μ + 1

g f
∂μπ j

)2

+ V ( f + h j)

)
. (3)

Here, we note that the gauge invariant mass terms linking between 
φ j and φ j+1 do not produce the mass terms for the would-be 
Goldstone bosons, φ j , after the U (1)’s are broken spontaneously.

We remark that the Higgs boson interactions would not be nec-
essary for a Stueckelberg formulation for massive gauge bosons 
without Higgs bosons in the gauged U (1) clockwork theory. How-
ever, as the gauge boson masses are assumed to be generated by 
Higgs mechanism in our model, we have kept the Higgs boson in-
teractions explicitly for renormalizability in the discrete clockwork 
theory. As a result, the Higgs kinetic term along the extra dimen-
sion is generated from the Higgs mass terms in the continuum 
limit, as will be discussed in the next section. But, we will also 
show later that the Higgs bosons are decoupled from the rest of 
the fields in the continuum limit.

2.1. Gauge fields

We first discuss the mass spectrum and mass eigenstates of 
gauge fields. Introducing the appropriate gauge fixing term to can-
cel the mixing terms between gauge fields and would-be Gold-
stone bosons, the gauge boson mass terms are written as

Lgauge = −
N−1∑
j=0

1

2
g2 f 2

(
A j

μ − q A j+1
μ

)2
. (4)

Then, the massless mode of gauge field is given by
Ã0
μ(x) =

N∑
j=0

a j0 A j
μ(x), (5)

with

a j0 = N0

q j
, N0 =

√
q2 − 1

q2 − q−2N
. (6)

On the other hand, we obtain the massive modes of gauge field as 
follows,

Ãk
μ(x) =

N∑
j=0

a jk A j
μ(x) (7)

with the mass eigenvalues given by

M2
k = m2

(
1 + q2 − 2q cos

kπ

N + 1

)
≡ m2λk,

m2 ≡ g2 f 2, k = 1,2, · · · , N, (8)

where the wave functions are given by

a jk = Nk

[
q sin

( jkπ

N + 1

)
− sin

( ( j + 1)kπ

N + 1

)]
,

Nk =
√

2

(N + 1)λk
. (9)

We can easily obtain the interacting gauge fields by inverting 
eqs. (5) and (22), as follows,

A j
μ(x) =

N∑
k=0

a jk Ã j
μ(x), j = 0,1,2, · · · , N. (10)

For instance, the gauge field at site l is expanded in terms of mass 
eigenstates as follows,

Al
μ(x) = N0

ql
Ã0

μ(x) + · · · . (11)

2.2. Higgs fields

Ignoring the Higgs potential at each site, the Higgs mass terms 
are given by

LHiggs = −
N−1∑
j=0

1

2
m2

0|h j − h j+1|2. (12)

Therefore, the mass eigenvalues and wave functions can be sim-
ilarly obtained. But, since the nearest neighbor interactions are 
symmetric in this case, i.e. q = 1, the wave function of the Higgs 
zero mode is massless and flat whereas the mass eigenvalues of 
massive modes are given by

M2
k = 4m2

0 sin2
(kπ

N

)
, k = 1,2, · · · , N − 1. (13)

In the presence of the common mass terms for Higgs fields at each 
site, the mass spectrum of zero mode and massive modes are mod-
ified to

M2
k = 4m2

0 sin2
(kπ

N

)
+ m̃2

h, k = 1,2, · · · , N − 1. (14)

where m̃2 = 2λ̃ f 2.
h
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3. The continuum limit

In this section, we discuss the continuum limit of the gauged 
U (1) clockwork for both gauge and Higgs fields and identify the 
corresponding Lagrangian in a five-dimensional field theory with 
linear dilaton background.

3.1. Bulk gauge field

Similarly as in deconstructing dimensions with symmetric in-
teractions [12–14], we can take the continuum limit of the discrete 
U (1) clockwork by introducing a lattice distance a with a → 0 and 
f → ∞ while keeping af finite and ag f q = 1 and q → 1. Intro-
ducing the extra coordinate as y = ja such that y = 0 for j = 0
and y = π R ≡ Na, we identify Aμ(x, y) ≡ A j

μ(x) and the would-be 
Goldstone bosons becomes the extra component of gauge field by 
A y(x, y) ≡ π j(x).

Then, the gauge part of the Lagrangian (1) becomes in the con-
tinuous limit

Lgauge =
π R∫
0

dy

[
− 1

4
Fμν F μν − 1

2

(
∂y Aμ − ∂μ A y + kAμ

)2
]

=
π R∫
0

dy

[
− 1

4
F MN F MN

− 1

2
A2

μ

(
k2 − 2k(δ(y) − δ(y − π R))

)

+ kAμ∂μ A y

]
(15)

where k ≡ q−1
qa and the 5D indices are M, N = 0, 1, 2, 3, 5. As a 

result, the localization of the zero mode is achieved at the expense 
of bulk and brane-localized mass terms for gauge bosons [6,7,15].

Choosing another field basis for gauge field by B M = eky AM , we 
can eliminate the gauge boson masses and rewrite the continuum 
gauge Lagrangian in a fully 5D Lorentz invariant form, as follows,

Lgauge =
π R∫
0

dy e−2ky
[

− 1

4
F MN F MN

]
. (16)

Therefore, the effective gauge coupling depends on the location in 
the extra dimension by the dilaton factor, eS = e−2ky , in the lin-
ear dilaton background on the S1/Z2 orbifold [5,16]. Then, as for 
the scalar clockwork [5], the equation of motion for the bulk U (1)

gauge field is similarly given by

∂M

(√−g eS F MN
)

= 0. (17)

Taking the flat 5D metric, ds2 = gMNdxMdxN = ημνdxμdxν +
dy2, and the A y = 0 gauge (or unitary gauge), from eq. (17), 
we derive the equation for the 4D components of U (1) with 
Aμ(x, y) = ∑

n Ã(n)
μ (x) fn(y)/

√
π R , becomes

f ′′
n − 2kf ′

n + m2
n fn = 0 (18)

where prime denotes the derivative with respect to y and (� −
m2

n) Ã(n)
μ = 0. Then, making the field redefinition with fn = ekyψn , 

eq. (18) becomes

ψ ′′
n − k2ψ ′

n + m2
n fn = 0. (19)
As a consequence, we obtain the wave function of the zero mode 
as

ψ0 = N0 e−k|y| (20)

with normalization factor

N0 =
√

kπ R

1 − e−2kπ R
. (21)

On the other hand, the massive eigenstates are determined to be

ψn(y) = Nn

(
cos

ny

R
− kR

n
sin

n|y|
R

)
(22)

where the mass eigenvalues and the normalization factor are, re-
spectively,

m2
n = k2 + n2

R2
, (23)

Nn = n

mn R
(24)

with n = 0, 1, 2 · · · . Here, we took the modulus |y| for mass eigen-
states defined in the covering space S1 and use was made of the 
normalization condition, 

∫ π R
−π R

dy
π R ψn(y)ψm(y) = δnm . Thus, k leads 

to a mass gap between and the zero mode and the massive modes 
and R 
 k−1 leads to the compact spectrum of massive modes. 
Consequently, we find that the results are consistent with those in 
the discrete clockwork in the continuum limit.

3.2. Bulk Higgs field

On the other hand, taking the continuum limit for the Higgs 
sector by keeping a, ̃λ → 0 and f , m0 → ∞ while m0a = 1 and
λ̃ f 2 finite, we also obtain the corresponding Lagrangian as

LHiggs = −
π R∫
0

dy

[
1

2
(∂Mh)2 + 1

2
m̃2

hh2
]

(25)

Here, we find that in the limit of f → ∞ in our continuum limit, 
the gauge-Higgs interactions vanish in the Higgs part (3), so the 
gauge and Higgs sectors are completely decoupled. As a conse-
quence, the gauge field requires a nontrivial coupling to the dilaton 
while the Higgs field does not.

4. Interactions to U (1) clock gears

We consider the interactions of external matter fields to U (1)

clock gears and the breakdown of the remaining U (1) (the zero 
mode of U (1) clock gears) due to the Higgs mechanism localized 
on one site. The results in this section can be used for a later dis-
cussion on the examples for the U (1) clockwork.

4.1. Couplings of U (1) clockwork to external fields

In the discrete U (1) clockwork, we can introduce the U (1) in-
teraction to an external matter field localized at one site.

Suppose that a fermion ψ with nonzero charge under U (1)l is 
introduced at site l as follows,

Lfermion = iψ̄γ μ
(
∂μ + ig(vψ + aψγ 5)Al

μ(x)
)
ψ(x). (26)

Then, from the expansion of the gauge fields Al
μ given in eq. (10), 

we obtain the couplings of the fermion to mass eigenstates of 
gauge fields as
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Lf,int = −gψ̄(x)γ μ(vψ + aψγ 5)ψ(x)

×
(

N0

ql
Ã0

μ(x) +
N∑

k=1

alk Ãk
μ(x)

)
. (27)

As a result, we can obtain the effective gauge coupling to be ex-
ponentially suppressed as geff = N0 g

ql , due to the localization of the 
zero mode of gauge field.

In the continuum limit, we can introduce a vector-like fermion 
ψ localized at y = y0 as follows,

L′
fermion =

∫
dy δ(y − y0) iψ̄(x)γ μ

×
(
∂μ + ig5(vψ + aψγ 5)Aμ(x, y)

)
ψ(x) (28)

where g5 is the 5D gauge coupling. Then, as the zero mode of 
gauge field has a profile, A0

μ ∼ e−ky , the effective gauge coupling 
to the localized fermion at y = y0 can be exponentially suppressed 
as e−ky0 .

On the other hand, we consider an extra complex scalar field φ
with charge +1 on the site k, with the following Lagrangian,

Lscalar =
∣∣∣∂μφ + ig Al

μ(x)φ
∣∣∣2 − V (φ) (29)

where the scalar potential for the extra scalar is given by V (φ) =
−m2

φ |φ|2 + λφ |φ|4. Then, the U (1) interactions to the mass eigen-
states of gauge fields are given by

Ls,int = −ig(φ∗∂μφ − φ∂μφ∗)Al
μ(x) + g2(Al

μ(x))2|φ|2

= −ig(φ∗∂μφ − φ∂μφ∗)
(

N0

ql
Ã0

μ(x) +
N∑

k=1

alk Ãk
μ(x)

)

+ g2

(
N0

ql
Ã0

μ(x) +
N∑

k=1

alk Ãk
μ(x)

)2

|φ|2. (30)

Therefore, we find that the remaining U (1) invariance is manifest 
from the relation between linear and quadratic gauge interactions 
of the zero mode.

Similarly to the fermion external fields, we can take the con-
tinuum limit by introducing a complex scalar field φ at y = y0, 
leading to

L′
scalar =

∫
dy δ(y − y0)

×
(∣∣∣∂μφ(x) + ig5 Aμ(x, y)φ(x)

∣∣∣2 − V (φ(x))

)
. (31)

4.2. Breakdown of the remaining U (1)

When a dark Higgs with U (1) charge +1 sitting at site l gets 
a VEV as 〈φ〉 = 1√

2
vφ � f , from eq. (30), we get the extra mass 

terms for gauge fields as follows,


Lg,mass = 1

2
g2 v2

φ

(
N0

ql
Ã0

μ(x) +
N∑

k=1

alk Ãk
μ(x)

)2

. (32)

Then, the mass of the zero mode becomes

M2
0 ≈ g2N2

0

q2l
v2

φ (33)

while the spectrum of massive modes gets a shift as follows,
M2
k ≈ m2

(
1 + q2 − 2q cos

kπ

N + 1

)
+ g2a2

lk v2
φ, k = 1,2, · · · , N.

(34)

As a result, we can get the mass of the zero mode to be much 
smaller than vφ , due to the localization of the zero mode, while 
the shifts in masses of massive modes are of order g2 v2

φ/m. For 
instance, for l = N , we get the maximum suppression of the mass 
of zero mode U (1)′ for a given vφ . On the other hand, for l = 0, 
the mass of zero mode U (1)′ is of order the symmetry breaking 
scale vφ .

From the point view of the continuum clockwork, the breaking 
of one of U (1)′ gears corresponds to a localized Higgs mechanism 
on the orbifold fixed point (IR brane). Therefore, we can link the 
suppressed mass of the zero mode by the warp factor of the metric 
as follows,

M0 ≈ e−kyc g v IR (35)

where v IR is the VEV of the dark Higgs field localized on the IR 
brane, which is of order the cutoff scale on the IR brane. As a 
consequence, it is possible to have a light gauge boson mass hier-
archically smaller than the cutoff scale of the theory. If vφ of order 
the electroweak scale is explained by the warp factor in the extra 
dimension, the dark gauge boson receives a smaller mass due to 
the localization. On the other hand, for v IR � R−1, we can ignore 
the corrections to the KK masses due to the VEV of the brane-
localized Higgs field.

5. Examples for U (1) clockwork

We consider examples for the clockwork with anomaly-free 
U (1)′ , composed of identical N + 1 U (1)′ , beyond the SM. The 
U (1) clockwork can be dark U (1) or U (1)B−L or other anomaly-
free U (1)’s with extra chiral fermions. In this section, we regard 
the U (1) clockwork as the mediators of dark matter interactions, 
flavor-changing interactions for B-meson decays, and D-term SUSY 
breaking.

The abelian gauge bosons of the gauged U (1) clockwork are 
denoted as Z ′i

μ with i = 0, 1, 2, · · · , N . After the link Higgs fields 
get VEVs, N + 1 U (1)′ are broken down to one U (1)′ . We also 
introduce extra Higgs field to break the remaining U (1)′ on one 
of the sites. The setup can easily generalized to a supersymmetric 
case where the D-terms and superpartners of gauge bosons, i.e. 
gauginos, are included in the superfield Lagrangian.

5.1. U (1) clockwork as the mediator of dark matter

We consider a Dirac fermion dark matter (DM) that is vector-
like under one of U (1)′ gears such that it has a small or large 
effective gauge coupling to the zero mode of U (1)′ , depending 
on the location of the U (1)′ gear. We discuss the implications of 
the localized zero mode of U (1)′ for DM interactions. We also in-
clude the discussion on the case with axial vector couplings of 
dark matter. Although we don’t consider a concrete anomaly-free 
U (1)′ model in this work, it might be possible to have a fermion 
dark matter with axial coupling when it carries a chiral charge and 
mixes with heavy fermion with opposite chiral charge.

Suppose that the SM fermions f with vectorial coupling v f are 
localized on site j = N and the DM fermion χ with vectorial cou-
pling vχ is localized on site j = 0. In this case, the zero mode of 
U (1)′ may play a role as light mediator for dark matter. In this 
case, the gauge couplings to mass eigenstates of gauge fields are 
given by
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LZ′ = −v f gZ ′ f̄ (x)γ μ f (x)

(
N0

qN
Z̃ 0
μ(x) +

N∑
k=1

aNk Z̃k
μ(x)

)

− vχ gZ ′ χ̄ (x)γ μχ(x)

(
N0 Z̃ 0

μ(x) +
N∑

k=1

a0k Z̃k
μ(x)

)
(36)

where Z̃k
μ with k = 0, 1, 2, · · · , N are mass eigenstates of U (1)’s 

and gZ ′ is the U (1)′ gauge coupling.
Moreover, as discussed in the previous section, we introduce 

a complex scalar field with a nonzero U (1)′ charge on site j = l
that breaks the remaining U (1)′ symmetry with a nonzero VEV 
vφ . Then, the zero mode of U (1)′ get mass, M0 ≈ gZ ′ N0 vφ/ql .

As a consequence, the SM fermions become mili-charged un-
der the zero mode of U (1)′ while the DM fermion carries a charge 
of order one under the same symmetry. Therefore, it is possible 
to have a large self-interaction of dark matter due to the sizable 
coupling to the zero mode of U (1)′ , while the annihilation cross 
section of dark matter into the SM fermions with the zero mode 
mediator is suppressed. However, the heavy gears of the U (1)′
clockwork have sizable couplings to both the SM fermions and the 
dark matter fermion, so they could be relevant for the annihilation 
of dark matter.

In the limit of non-relativistic dark matter, the annihilation 
cross section of dark matter into a pair of SM fermions such as 
χχ̄ → f f̄ is given by

〈σ v〉χχ̄→ f f̄ = v2
f v2

χ g4
Z ′

2π
(m2

f + 2m2
χ )

√√√√1 − m2
f

m2
χ

·
∣∣∣∣ N2

0/qN

4m2
χ − M2

0 + i�0M0

+
N∑

k=1

a0kaNk

4m2
χ − M2

k + i�k Mk

∣∣∣∣
2

(37)

while the annihilation cross section for χχ → Z̃ 0 Z̃ 0 is

〈σ v〉χχ̄→ Z̃ 0 Z̃ 0 = N2
0 v4

χ g4
Z ′

4π

m2
χ

(M2
0 − 2m2

χ )2

(
1 − M2

0

m2
χ

)3/2
. (38)

Then, the total annihilation cross section of dark matter is given 
by 〈σ v〉ann ≡ 〈σ v〉χχ̄→ f f̄ + 〈σ v〉χχ̄→ Z̃ 0 Z̃ 0 . If χχ → Z̃ 0 Z̃ 0 is open, 
it dominates the dark matter annihilation. When dark matter is 
heavy enough, it also self-annihilates into a pair of heavy states, 
Z̃k , but we don’t consider this possibility in the later discussion.

On the other hand, the DM self-scattering cross section for 
χχ → χχ is given by

σχχ→χχ = v4
χ g4

Z ′m2
χ

8π

∣∣∣∣∣ N2
0

M2
0

+
N∑

k=1

a0ka0k

M2
k

∣∣∣∣∣
2

, (39)

The corresponding cross section for χχ̄ → χχ̄ can be similarly 
obtained. Then, the effective self-scattering cross section is given 
by σself ≡ 1

4 (σχχ→χχ + σχ̄χ̄→χ̄ χ̄ + σχχ̄→χχ̄ ). Likewise, the DM-
nucleon elastic scattering cross section for χ N → χ N is given by

σχ N = μ2
N

π A2

(
Z f p + (A − Z) fn

)2
(40)

where μN ≡ mNmχ/(mN + mχ ) is the reduced mass for the DM-
nucleon system, and Z , A are the number of protons and nucleons, 
respectively, and the effective interactions between DM and pro-
tons or neutrons are given by
f p,n = cp,n vχq2
Z ′

(
N2

0/qN

M2
0

+
N∑

k=1

a0kaNk

M2
k

)
(41)

with cp ≡ 2qu + qd and cn ≡ qu + 2qd . On the other hand, in the 
case of light dark matter of sub-GeV scale, the DM-electron scat-
tering process, χ e → χ e, becomes more important and the cor-
responding scattering cross section is, for me, mχ , M0 
 mχ vDM, 
given by

σχe = v2
e g4

Z ′μ2
e

π

∣∣∣∣∣ N2
0

M2
0

+
N∑

k=1

a0kaNk

M2
k

∣∣∣∣∣
2

(42)

with μe ≡ memχ/(me + mχ ) being the reduced mass for the DM-
electron system.

Using eqs. (20)–(24), the DM annihilation cross section (37) be-
comes in the continuum limit

〈σ v〉χχ̄→ f f̄ ≈ v2
f v2

χ g4
Z ′

2π
(m2

f + 2m2
χ )

√√√√1 − m2
f

m2
χ

×
∣∣∣∣ e−kπ R

4m2
χ − M2

0 + i�0M0

+ 1 − e−2kπ R

kπ R

N∑
n=1

n2 cos(nπ)

R2M2
n(4m2

χ − M2
n + i�n Mn)

∣∣∣∣
2

≈ v2
f v2

χ g4
Z ′

2π
(m2

f + 2m2
χ )

√√√√1 − m2
f

m2
χ

×
∣∣∣∣∣ e−kπ R

M2
0 − 4m2

χ

+ 1 − e−2kπ R

kπ R

N∑
n=1

n2 cos(nπ)

R2M4
n

∣∣∣∣∣
2

(43)

where use is made of the matching condition between the 4D and 
5D gauge couplings by g2

Z ′ = kg2
5/(1 − e−2πkR) for the localized 

zero mode1 and Mk 
 2mχ for heavy states with k = 1, 2, · · · , N is 
taken in the second approximation. Similarly, the continuum limit 
of the DM self-scattering cross section (39) is

σχχ→χχ ≈ v4
χ g4

Z ′m2
χ

8π

∣∣∣∣∣ 1

M2
0

+ 1 − e−2kπ R

kπ R

N∑
n=1

n2

R2M4
n

∣∣∣∣∣
2

. (44)

Likewise, the continuum limits of the DM-nucleon effective inter-
actions (41) are

f p,n ≈ cp,n vχ g2
Z ′

(
e−kπ R

M2
0

+ 1 − e−2kπ R

kπ R

N∑
n=1

n2 cos(nπ)

R2M4
n

)
. (45)

Moreover, the continuum limit of the DM-electron scattering cross 
section (42) is

σχe ≈ v2
e g4

Z ′μ2
e

π

∣∣∣∣∣e−kπ R

M2
0

+ 1 − e−2kπ R

kπ R

N∑
k=1

n2 cos(nπ)

R2M4
n

∣∣∣∣∣
2

. (46)

Then, using the sum

∞∑
n=1

cos(nx)

n2 + α2
= π

2α

coshα(π − x)

sinh(απ)
− 1

2α2
(47)

1 The gauge coupling for a flat zero mode is recovered as g2
Z ′ � g2

5/(2π R) for 
πkR � 1.
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Fig. 1. Left: Parameter space for mχ vs M0 for light dark matter with the vectorial (axial) coupling, satisfying the relic density in red (purple) solid lines. Contours for 
the DM-electron elastic scattering cross section with σχe = 10−40, 10−42 cm2 are given in dashed and dotted black lines for the vectorial DM coupling only. Right: DM 
self-scattering cross section divided by DM mass, σself/mχ , as a function of dark matter mass. M0 = 1, 2 GeV are chosen for dashed and dotted blue (purple) lines for the 
vectorial (axial) DM coupling, respectively. In both figures, we have chosen gZ ′ = 2, k = 500 GeV and kR = 3. (For interpretation of the references to color in this figure, the 
reader is referred to the web version of this article.)
and its derivative with respect to α2, we get the formulae for the 
continuum limit in the closed form, as follows,

〈σ v〉ann ≈ v2
f v2

χ g4
Z ′

2π
(m2

f + 2m2
χ )

√√√√1 − m2
f

m2
χ

×
∣∣∣∣ e−kπ R

M2
0 − 4m2

χ

+ 1

4k2
(1 − e−2kπ R)

×
(

sinh(kπ R) − kπ R cosh(kπ R)

sinh2(kπ R)

)∣∣∣∣
2

+ v4
χ g4

Z ′

4π

m2
χ

(M2
0 − 2m2

χ )2

(
1 − M2

0

m2
χ

)3/2
, (48)

σself ≈ v4
χ g4

Z ′m2
χ

16π M4
0

[
1 + 16m4

χ − 20m2
χ M2

0 + 7M4
0

(4m2
χ − M2

0)2

]
, (49)

f p,n ≈ cp,n vχ g2
Z ′

[
e−kπ R

M2
0

+ 1

4k2
(1 − e−2kπ R)

×
(

sinh(kπ R) − kπ R cosh(kπ R)

sinh2(kπ R)

)]
, (50)

σχe ≈ v2
e g4

Z ′μ2
e

π

∣∣∣∣e−kπ R

M2
0

+ 1

4k2
(1 − e−2kπ R)

×
(

sinh(kπ R) − kπ R cosh(kπ R)

sinh2(kπ R)

)∣∣∣∣
2

. (51)

When dark matter has only the axial coupling aχ and the 
SM fermions have only the vectorial coupling v f , the DM-
nucleon/electron scattering cross sections are velocity-suppressed. 
Moreover, the annihilation cross section (48) and self-scattering 
cross section (49) are replaced, respectively, by

〈σ v〉ann ≈ v2
f a2

χ g4
Z ′

12π
(m2

f + 2m2
χ )v2

√√√√1 − m2
f

m2
χ

×
∣∣∣∣ e−kπ R

M2 − 4m2
+ 1

4k2
(1 − e−2kπ R)
0 χ
×
(

sinh(kπ R) − kπ R cosh(kπ R)

sinh2(kπ R)

)∣∣∣∣
2

+ a4
χ g4

Z ′

4π

m2
χ

(M2
0 − 2m2

χ )2

(
1 − M2

0

m2
χ

)3/2
, (52)

σself ≈ a4
χ g4

Z ′m2
χ

16π M4
0

[
9 + 48m4

χ − 36m2
χ M2

0 + 7M4
0

(4m2
χ − M2

0)2

]
. (53)

As a result, the zero mode of U (1)′ can contribute to the DM 
self-scattering cross section significantly such that it could resolve 
the small-scale problems at galaxies for sub-GeV DM masses [17]
or weak-scale DM masses with Sommerfeld enhancement [18]. On 
the other hand, the contributions of the zero and massive modes 
of U (1)′ gears to the annihilation and DM-nucleon scattering pro-
cesses are suppressed because of the localization with e−kπ R in the 
former case or large masses of k in the latter case. We find that in 
the limit of kπ R 
 1, the contributions of massive modes to the 
DM annihilation and DM-nucleon scattering processes are highly 
suppressed due to the cancellations between the massive modes, 
whereas the contributions of them to the DM self-scattering cross 
section are saturated to a constant value. Depending on the sup-
pression factor 1/qN = e−kπ R and the mass gap m = k as well as 
gZ ′ , the interactions of U (1)′ clock gears could be large enough 
to determine the DM abundance from the freeze-out mechanism. 
In this case, it would be important to check the phenomenological 
constraints on the model from direct and indirect detection of dark 
matter and collider searches, etc, in a particular gauged U (1) clock-
work model. Henceforth, we discuss general aspects of the gauged 
U (1) clockwork for dark matter physics in a model-independent 
way.

In the left of Fig. 1, we illustrated the parameter space for mχ

vs M0, in the case of light dark matter with sub-GeV scale mass. 
We first took into account the relic density condition in red (pur-
ple) solid line for the vectorial (axial) DM coupling and included 
contours of the DM-electron elastic scattering cross section in 
dashed and dotted black lines for σχe = 10−40, 10−42 cm2, respec-
tively, for the vectorial DM coupling. Here, we have taken vχ =
v f = 1, the gauge coupling for the U (1) clockwork to be g Z ′ = 2
and the mass scale of heavy clockwork states to be k = 500 GeV
and the localization parameter kR = 3, which is equivalent to the 
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Fig. 2. Parameter space for mχ vs M0 for weak-scale dark matter with vectorial 
coupling, satisfying the relic density in red solid line. The gray region is where the 
DM-nucleon elastic scattering cross section is greater than σχ N = 10−46 cm2. We 
have chosen gZ ′ = 0.2, k = 1000 GeV and kR = 3. (For interpretation of the refer-
ences to color in this figure, the reader is referred to the web version of this article.)

effective coupling of the SM fermion with g Z ′ e−kπ R = 1.6 × 10−4. 
Thus, most of the parameter space is consistent with the current 
limits from XENON10 [19]. In the case with mZ ′ > mχ , the annihi-
lation into a pair of light fermions in the SM determines the relic 
density with a small effective coupling to the zero mode of U (1)′ . 
On the other hand, for mZ ′ < mχ , χχ̄ → Z̃ 0 Z̃ 0 is dominant but 
thermal relics with sub-GeV scale mass could be obtained only for 
a small gZ ′ .

Since the zero mode of U (1)′ decays into a pair of dark matter 
in most of the parameter space, the bounds on the invisible decay 
mode of Z ′ such as BaBar [20] and Belle2 in prospect [21] as well 
as the beam dump experiment NA64 at CERN SPS [22] could be 
also applied. The model is consistent with the bounds from direct 
detection as well as the current limit from BaBar, which is at the 
level of gZ ′ e−kπ R = 3 × 10−4 [20].

In the right of Fig. 1, we also showed the DM self-scattering 
cross section divided by DM mass as a function of mχ for M0 =
1, 2 GeV in blue (purple) dashed and dotted lines for the vecto-
rial (axial) DM coupling. The values of the other parameters have 
been chosen the same as in the left of Fig. 1. It turns out that 
at the resonance with M0 ≈ 2mχ , the self-scattering cross sec-
tion reaches the peak value close to σself/mχ = 0.1–1 cm2/g as 
required to solve small-scale problems at galaxies [23,24].

We remark that thermal relics with s-wave annihilation are 
strongly constrained by Cosmic Microwave Background (CMB) at 
recombination. For instance, the dark matter with mass � 44 GeV
annihilating into e+e− with 100% is excluded by the Planck data at 
95% C.L. [25]. The light dark matter with s-wave annihilation can 
be constrained by gamma-ray searches too [26]. However, if the 
annihilation cross section of dark matter into light fermions in the 
SM is p-wave suppressed, there is no such constraint on thermal 
dark matter. In our model, this is the case when the U (1) clock-
work has an axial coupling to dark matter and a vectorial coupling 
to the SM fermions. Then, the discussion on the relic density con-
dition changes little, even if a relatively larger g Z ′ or a smaller M0
is needed. Moreover, the DM-electron scattering cross section is 
velocity-suppressed. The more general cases will be discussed in 
more detail elsewhere.

In Fig. 2, we also depicted the parameter space for mχ vs M0, 
in the case of weak-scale dark matter with vectorial coupling. We 
took into account the relic density condition in red solid line and 
showed the region in gray where the DM-nucleon elastic scatter-
ing cross section is greater than σχ N = 10−46 cm2. Thus, most of 
the parameter space for weak-scale dark matter is consistent with 
the current limits from direct detection experiments [27–29]. Here, 
we have chosen vχ = v f = 1, gZ ′ = 0.2, k = 1000 GeV and kR = 3, 
which is equivalent to the effective coupling of the SM fermion 
with gZ ′ e−kπ R = 1.6 × 10−5. In this case, the DM relic density is 
determined dominantly by χχ̄ → Z̃ 0 Z̃ 0 and it is almost indepen-
dent of whether the DM coupling is vectorial or axial. The zero 
mode of U (1)′ could not decay into a pair of dark matter in the 
parameter space where the relic density is explained, but instead it 
could decay into a pair of SM fermions. But, as Z̃ 0 couples weakly 
to the SM due to a small coupling or a velocity suppression for the 
axial DM coupling, we can evade the bounds from Planck data at 
recombination and gamma-rays. Nonetheless, although not speci-
fied, the decay products of Z̃ 0 might lead to a smoking gun signal 
for gamma-ray and anti-proton searches, depending on the decay 
modes of Z̃ 0 [30].

If the 2-to-2 annihilation cross section is too suppressed, we 
can instead use the 3-to-2 processes such as χχ̄χ → χ Z̃ 0

μ to 
produce the dark matter from the generalized thermal freeze-out 
[31,32]. Even in this case, a minimum amount of the interaction 
between dark matter and the SM particles is needed for kinetic 
equilibrium of dark matter [31,32].

5.2. U (1) clockwork for B-meson decays

We consider family-dependent couplings for quarks and lep-
tons in the clockwork theory of the local B − L symmetry. Suppose 
that the third family couples to the U (1)B−L gear at site j = 0
while the first and second families couple to different gears at site 
j = l. In order to cancel the gauge anomalies of the U (1)B−L gears, 
we need to introduce one right-handed neutrino per generation. 
Then, it is possible to realize family-dependent couplings under the 
zero mode of U (1)B−L gears. Here, we assume that the remaining 
U (1)B−L is broken by dark Higgs fields with nonzero B − L charge 
at least at site j = 0, l for giving masses to right-handed neutrinos.

The Lagrangian for the couplings of the U (1)B−L clockwork to 
the SM fermions is given by

LB−L = −gB−L

( ∑
f = f3

f̄ γ μ Q B−L A0
μ f

+
∑

f = f1, f2

f̄ γ μ Q B−L Al
μ f

)
. (54)

Then, the gauge interactions to the zero mode of U (1)B−L become

LB−L = −N0 gB−L Ã0
μ

( ∑
f = f3

f̄ γ μ Q B−L f

+
∑

f = f1, f2

1

ql
f̄ γ μ Q B−L f

)
(55)

= −N0 gB−L Ã0
μ

(1

3
(t̄γ μt + b̄γ μb)

− τ̄ γ μτ − ν̄τ γ
μντ + · · ·

)
. (56)

Therefore, for ql 
 1, we get the effective couplings of the first and 
second families to the zero mode of U (1)B−L to be suppressed. As 
a result, the U (1)B−L clockwork realizes the generation-dependent 
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B − L, that is, U (1)B3−L3 [33,34], that has been proposed to explain 
the B-meson anomalies observed recently at LHCb.2

In order to explain the B-meson anomalies in R K and R K ∗ [36]
by the modified effective operator for b̄ → s̄μ+μ− , we need to 
introduce flavor violating interactions for bottom quark and muon 
couplings to the extra gauge boson Ã0

μ . The flavor violating interac-

tions of Ã0
μ to bottom quark can be induced by the quark mixings 

in the CKM matrix [34]. Violation of the lepton flavor universal-
ity can be achieved by the lepton flavor mixing [33] or the mixing 
between B3 − L3 and Lμ − Lτ [34].

We focus on the case that there is a mixing between the ef-
fective B3 − L3 (i.e. the zero mode of the U (1)B−L clockwork) and 
Lμ − Lτ [34], namely, the U (1)′ gauge symmetry at low energy 
is given by x(B3 − L3) + y(Lμ − Lτ ). In this case, after integrating 
out Z ′ with mass m′

Z and gauge coupling gZ ′ , we get the effective 
Hamiltonian for b̄ → s̄μ+μ− [34], as follows,


Heff,b̄→s̄μ+μ− = −4G F√
2

V ∗
ts Vtb

αem

4π
Cμ,NP

9 Oμ
9 (57)

with Oμ
9 ≡ (s̄γ μ P Lb)(μ̄γμμ) and αem being the electromagnetic 

coupling, we obtain a new physics contribution to the Wilson co-
efficient as follows,

Cμ,NP
9 = −8xyπ2αZ ′

3αem

( v

mZ ′

)2
(58)

with αZ ′ ≡ g2
Z ′/(4π). From the best-fit value, Cμ,NP

9 = −1.10 [35], 
(while taking [−1.27, −0.92] and [−1.43, −0.74] within 1σ and 
2σ errors), to explain the B-meson anomalies, we need [34]

mZ ′ =
(

xy
αZ ′

αem

)1/2
1.2 TeV. (59)

Various constraints on the Z ′ interactions, coming from dimuon 
resonance searches, other meson decays and mixing, tau lepton 
decays and neutrino scattering, have been studied in detail in 
Ref. [34], leading to the conclusion that xgZ ′ � 0.05 for ygZ ′ ∼ 1
and mZ ′ � 1 TeV.

We remark the Yukawa couplings for quarks and leptons in the 
case of U (1)B−L clockwork. Although the SM fermions couple to 
the U (1)B−L gears in a family-dependent way, their Yukawa cou-
plings are invariant under the U (1)B−L gears. But, the hierarchy 
of fermion masses and mixings depend on the profile of the zero 
mode of the SM Higgs doublet. The concrete discussion on the case 
that the Yukawa interactions are restricted only by the gauge sym-
metry has been studied [34].

5.3. D-term SUSY breaking

In this subsection, we discuss another example of utilizing the 
U (1) clockwork for mediating the SUSY breaking to the visible sec-
tor.

The hidden sector SUSY breaking in supergravity leads to F-
term of order 〈F 〉 = O(m3/2M P ) and D-term of order 〈D〉 =
O(m2

3/2) where m3/2 is the gravitino mass [37]. Thus, the D-term 
SUSY breaking can be important when the gravitino is quite heavy. 
However, the soft masses in the visible sector depend on the medi-
ation mechanisms of SUSY breaking. In particular, when the gravity 
mediation of F-term SUSY breaking is suppressed by a sequestering 
mechanism [38], for instance, when the hidden and visible sectors 

2 One might think that flavor-dependent B − L coupling to leptons could explain 
the B-meson anomalies, but this is not true because of a wrong sign of the effective 
operator, (b̄γ μ P L s)(μ̄γμμ), as compared to the global fit results [34,35].
are localized at different fixed points in the extra dimension, the 
D-term SUSY breaking could be dominant [39].

We consider a clockwork Lagrangian for the hidden D-terms of 
N + 1 U (1) vector superfields with D j ( j = 0, 1, · · · , N − 1), as 
follows,

LD =
N−1∑
j=0

1

2
(D j − qD j+1)

2. (60)

We note that the above component Lagrangian can be derived 
from the superfield Lagrangian, LD = 1

32g2

∫
d2θ

∑N−1
j=0 (W j −

qW j+1)α(W j − qW j+1)
α + h.c., where W j are the field strength 

superfields. Then, the zero mode of the D-term is taken along 
the direction satisfying the relations between clock gears, D N =
1
q D N−1 = 1

q2 D N−2 = · · · = 1
qN−1 D1 = 1

qN D0. Therefore, for a large 
D-term SUSY breaking on site j = 0, the effective D-term on site 
j = N is suppressed by a factor of 1/qN for q > 1.

Now we add the source of the D-term SUSY breaking on site 
j = 0 in the following form,


LD = δ0

(
1

2
D2

0 − ξ0 D0

)
(61)

where δ0 is an arbitrary constant and ξ0 is the Fayet–Iliopoulos 
D-term. Here, we note that the additional term corresponds 
to the superfield Lagrangian, 1

32g2 δ
(∫

d2θ(W0)α(W0)
α + h.c. −∫

d4θ ξ V 0

)
. Then, the equation of motion for D-terms leads to 

D N = 1
qN D0 = ξ

qN , resulting in the suppressed D-term SUSY break-

ing on site j = N . Now including a complex scalar field φN with 
nonzero charge Q φN under U (1)N has a D-term coupling as fol-
lows,

LD, j=N = 1

2
q2

(
D N + g

q
Q φN φ

†
NφN

)2
, (62)

we obtain the soft scalar mass for φN on site j = N as follows,

m2
φN

= qg Q φN D N = g Q φN ξ0

qN−1 . (63)

Therefore, if the scalar superpartners of the SM fermions carry 
nonzero U (1)N charges on site j = N , the D-term clockwork mech-
anism can provide a small soft SUSY breaking in the visible sector. 
We note that when the D-term breaking can be introduced on site 

j = N by 
LD = δN

(
1
2 D2

N − ξN D N

)
, a hierarchically small D-term 

can be induced on site j = 0 by D0 = qN D N for q < 1. This gener-
alizes the previous discussion on a generation of small mass scales 
through a small gauge kinetic mixing in Ref. [40].

6. Conclusions

We have studied the gauged U (1) clockwork theory with a 
product of multiple U (1)’s where the gauge symmetries are bro-
ken down to one U (1) by the Higgs mechanism. In the continuum 
limit, the U (1) clockwork theory corresponds to a massless gauged 
U (1) theory in five dimensions with linear dilaton background. We 
have introduced interactions of external matter fields to U (1) clock 
gears for generating a hierarchy of couplings to the zero mode of 
U (1) clock gears. We discussed the consequences of our general 
discussion with some examples, focusing on the mediators of dark 
matter interactions, flavor-changing interactions for B-meson de-
cays and briefly sketching the case with D-term SUSY breaking.
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