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Abstract: In this paper, position control using both a nonlinear position controller and a current
controller with an augmented observer is proposed for a Brushless DC motor. The nonlinear position
controller is designed to improve the position tracking performance based on the tracking error
dynamics. The current controller is developed to track the desired currents generated from the
desired torque, which is calculated based on the nonlinear position controller. The augmented
observer is designed to obtain the knowledge of both state variables and disturbance. Closed-loop
stability is proven through the Lyapunov theorem. Simulations were performed to evaluate the
effectiveness of the proposed method.

Keywords: position control; augmented observer; backstepping; brushless DC motor; Lyapunov
stability

1. Introduction

Over the past few years, brushless DC motors (BLDCMs) have been widely employed
in various industrial fields such as computer peripheral devices, and electric vehicles [1,2].
BLDCMs offer many advantages, such as high-power densities, high-power factors, high
efficiencies, increased reliability, high torques, small sizes, less noise, less maintenance,
and simple operation principles. Over the past few decades, simple six-step commutation
has been adopted as the common commutation method for BLDCMs because of easy
implementation. However, there exists a limitation in improving the tracking performance
because the phase current is controlled once every 60 degrees of the electrical angle.

Recently, it has become possible to design a precision position and velocity con-
troller to control a servo system with an encoder from the perspective of vector control
with high-performance digital signal processors and fast switching devices [3–6]. In [3],
a torque control algorithm based on the variable structure strategy was proposed. In [4],
a proportional-integral (PI) controller was designed for the position control of a rail guided
mover. In [5], a proportional-integral-derivative (PID) controller using the particle swarm
optimization algorithm was developed. In [6], direct torque control was designed to
compensate for the non-sinusoidal back-electromotive force (EMF).

In aforementioned studies, a standard technique, known as direct-quadrature (DQ)
transformation, was used for the easy design and analysis of vector control; however, there
are various significant problems involving multiple steady-state velocity equilibria, velocity
saturation, and pitchfork bifurcations owing to the effect of delays in the closed-loop, such
as commutation delay, sensor offset, and tooth-pitch of the motor [7]. To address this,
various control methods without DQ transformation have been proposed in [8–12]. A po-
sition sensorless method using coordinate transformation was presented in [8]. Position
control using a PID controller with a global stability proof for an n-degrees-of-freedom
rigid robots was proposed in [9]. A PID controller and its manual tuning method were
developed for the position control of a computer numeric controlled machine in [10]. Off-
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line finite element-method-assisted position and speed observer were proposed in [11].
A gain-adaptive backstepping method was introduced for position control in [12].

Nevertheless, it is practically difficult to measure all the state variables using sen-
sors because of various problems such as cost and space limitations. As the load torque
disturbance directly affects the position tracking performance, load torque needs to be
estimated; therefore, it is necessary to design an augmented observer that estimates all
the state variables, including the load torque disturbance. In [13], an adaptive observer
was designed to estimate the load torque; however, the position controller was only de-
veloped to track desired position in the linearized system. In [14], position, velocity, and
load torque were estimated using both back-emf injection and velocity variation; however,
because the estimated load torque is calculated by neglecting friction, an estimation error
is inevitable. There are various approaches for the friction compensation using the friction
modeling or the friction identification [15–21]; however, it is difficult to compensate for
the friction because there are various frictions such as viscous friction, static friction, and
Coulomb friction.

Motivated by the aforementioned concerns, this paper proposes a nonlinear position
control method with an augmented observer to enhance the position tracking performance.
First, we introduce the mathematical modeling of the BLDCM, including the back-EMF.
The error dynamics are then derived for the controller design. The proposed method
consists of a nonlinear position controller, a commutation scheme, a current controller, and
an augmented observer. Based on the error dynamics, a nonlinear position controller is
developed to generate the desired torque via a back-stepping procedure. The commutation
is derived to obtain the desired currents for the desired torque. To track the desired
torque, the current controller is designed based on the Lyapunov stability. Subsequently, an
augmented observer is developed to estimate the angular velocity and external disturbance.
The stability of the closed-loop system is proven using Lyapunov stability, and the utility
of the proposed method is demonstrated through simulations.

The remainder of this paper is organized as follows. Section 2 introduces the math-
ematical modeling of the BLDCM. The design procedure for the proposed controllers is
described in Section 3. Section 4 explains the estimation of disturbance using an aug-
mented observer to compensate for the load torque. The simulation results to confirm the
effectiveness of the proposed controller are presented in Section 5, and Section 6 presents
the conclusions.

2. BLDCM Mathematical Model

In this section, we formulate a mathematical equation of a BLDCM using the rela-
tionship among velocity, torque and phase currents. Generally, we can assume that the
BLDCM has an ideal three phase winding and self-inductance is only considered without
mutual inductance.

2.1. Mechanical and Electrical Dynamics

When operating the BLDCM, the mechanical states are defined as follows:

θ̇m = ωm (1)

where θm and ωm are the angular position and angular velocity, respectively. As a mechani-
cal input of the BLDCM, torque, τ, can be calculated by including viscous damping and
and inertia as follows:

τ = Jmω̇m + Fmωm (2)
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where Jm and Fm denote the moment of inertia and the viscous damping coefficient, respec-
tively. From (2), we can derive the mechanical dynamics, including the load torque, τL of
the BLDCM as follows:

θ̇m = ωm

ω̇m =
1
Jm

(τ − Fmωm − τL)
(3)

For the electrical part, the three phase equivalent circuit of the BLDCM is shown in Figure 1.

Figure 1. 3 Phase equivalent circuit of BLDCM.

From Figure 1, the voltage equations of the BLDCM can be written as

Va = Ria + Li̇a + Ea

Vb = Rib + Li̇b + Eb

Vc = Ric + Li̇c + Ec

(4)

where Va, Vb, and Vc are the input voltages of each phase, respectively. R and L are the
phase resistance and phase inductance, respectively. Ea, Eb, and Ec are the back-EMFs of
each phase, respectively. Using (3) and (4), the BLDCM dynamics can be represented as

θ̇m = ωm

ω̇m =
1
Jm

(τ − Fmωm − τL)

i̇a =
1
L
[Va − Ria − Ea]

i̇b =
1
L
[Vb − Rib − Eb]

i̇c =
1
L
[Vc − Ric − Ec]

(5)

The mathematical modeling of the back-EMF is discussed in the next subsection.
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2.2. Back-EMF Modeling

To control the position of the BLDCM, it is necessary to generate torque, which is an
input to the mechanical dynamics. The torque can be rewritten with the back-EMF and
phase currents as follows:

τ =
Eaia + Ebib + Ecic

ωm
. (6)

The modeling of the back-EMF is required to generate torque. In a BLDCM, the back-EMF
is generally expressed as a trapezoidal nonlinear functions, as shown in Figure 2. The
back-EMF functions can be written as

Ea = keωm f1(θm)

Eb = keωm f2(θm)

Ec = keωm f3(θm)

(7)

where ke is back-EMF constant,

f1(θm) =



6
π θm (0 ≤ θm < π

6 )
1 (π

6 ≤ θm < 5π
6 )

− 6
π θm + 6 ( 5π

6 ≤ θm < 7π
6 )

−1 ( 7π
6 ≤ θm < 11π

6 )
6
π θm + 12 ( 11π

6 ≤ θm < 2π)

(8)

Similarly, f2(θm) and f3(θm) can be designed as follows:

f2(θm) = f1(θm −
2π

3
)

f3(θm) = f1(θm +
2π

3
).

(9)

Figure 2. The three Phase back EMFs.

2.3. Error Dynamics

In this subsection, error dynamics are induced by defining the tracking errors to design
the position and current tracking controller based on the model parameters. Let us define
the tracking errors of the mechanical and electrical states as below:
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eθ = θd
m − θm

eω = ωd
m −ωm

ea = id
a − ia

eb = id
b − ib

ec = id
c − ic

(10)

where θd
m and ωd

m are the desired angular position and desired angular velocity, respectively.
id
a , id

b , and id
c are the desired phase currents of each phase, respectively. Tracking error

dynamics can be derived from (10) with respect to time is given by

ėθ = eω

ėω = ω̇d
m − ω̇m

= − 1
Jm

[τ − Jmω̇d
m − Fmωm − τL]

ėa = i̇d
a − i̇a

=
1
L
[Li̇d

a + Ria + keωm f1(θm)−Va]

ėb = i̇d
b − i̇b

=
1
L
[Li̇d

b + Rib + keωm f2(θm)−Vb]

ėc = i̇d
c − i̇c

=
1
L
[Li̇d

c + Ric + keωm f3(θm)−Vc]

(11)

3. Controller Design

This section describes the design of the controller, which consists of two elements: the
nonlinear position controller and the current controller.

3.1. Nonlinear Position Controller via Backstepping Approach

In order to improve the tracking performance of the BLDCM for the mechanical part,
we designed the torque and mechanical input based on the tracking error dynamics derived
in Section 2. First, by substituting (7) into (6) τ can be rewritten as follows:

τ = ke f1(θm)ia + ke f2(θm)ib + ke f3(θm)ic (12)

therefore, the desired torque can also be defined as

τd = ke f1(θm)id
a + ke f2(θm)id

b + ke f3(θm)id
c (13)

Using (11) and (12), the mechanical error dynamics can be represented as

ėθ =eω

ėω =− 1
Jm

[−Jmω̇d − Fmωm − τL

+ ke f1(θm)(id
a − ea) + ke f2(θm)(id

b − eb) + ke f3(θm)(id
c − ec)]

=− 1
Jm

[τd − Jmω̇d − Fmωm − τL

− ke f1(θm)ea − ke f2(θm)eb − ke f3(θm)ec].

(14)
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Theorem 1. Consider the mechanical error dynamics in (14). If nonlinear position controller is
designed as

τd = Jmω̇d + Fmωd
m + k1eθ + k2eω + τem f + τ̂L (15)

where τem f = ke f1(θm)ea + ke f2(θm)eb + ke f3(θm)ec, k1 and k2 are the controller gains such

that Am =

[
0 1
− k1

Jm
− k2+Fm

Jm

]
is Hurwitz, τ̂L is the estimated load torque and is described in next

section. Then, eθ and eω are uniformly ultimately bounded.

Proof. With the nonlinear position controller (15), the mechanical error dynamics (14) become[
ėθ

ėω

]
︸ ︷︷ ︸

ėm

=

[
0 1
− k1

Jm
− k2+Fm

Jm

]
︸ ︷︷ ︸

Am

[
eθ

eω

]
︸ ︷︷ ︸

em

+

[
0
1
Jm

]
︸ ︷︷ ︸

Bm

τ̃L (16)

where τ̃L = τL − τ̂L. For stability analysis, the Lyapunov candidate function, Vm, is
defined as

Vm = eT
mPmem. (17)

Because Am is Hurwitz, the positive matrix Pm exits such that AT
mPm + Pm Am = −I. Then,

the derivative of Vm with respect to time is

V̇m = eT
m(AT

mPm + Pm Am)em + 2eT
mPmBmτ̃L

≤ −‖em‖2 + 2‖em‖‖Pm‖Bmτ̃L.
(18)

For ‖em‖ ≥ 2‖Pm‖Bmτ̃L,

V̇m ≤ −‖em‖2. (19)

Therefore, it is concluded that em is uniformly ultimately bounded [22].

3.2. Current Controller

The nonlinear position controller in (15) has been proposed with the assumption that
the desired torque τd is the input in the mechanical dynamics, and the electrical dynamics is
neglected. Since the actual input is not the phase currents but the phase voltages in BLDCM,
the torque τ actually generated by the current is not the desired torque τd; therefore, the
current controller is required to track the desired phase currents id

a , id
b , and id

c . It is evident
from (13), that the desired phase currents are determined to generate the desired torque τd

using the commutation scheme as follows:

id
a =

1
ke f1(θm)

τd

3

id
b =

1
ke f2(θm)

τd

3

id
c =

1
ke f3(θm)

τd

3
.

(20)
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Remark 1. Torque ripples have been presented around zero crossings of the trapezoidal nonlinear
functions (= f1(θm), f2(θm), and f3(θm)) in Figure 2 because the singularity problem occurs when
the denominator in (20) becomes 0; therefore, the values of the trapezoidal nonlinear functions can
be replaced with a small real number ε, when the trapezoidal nonlinear functions are zero.

Theorem 2. Consider the electrical error dynamics in (14). If the current controller is developed to
track the error dynamics in (14) as

Va = Li̇d
a + Rid

a + keωm f1(θm) + k3ea

Vb = Li̇d
b + Rid

b + keωm f2(θm) + k4eb

Vc = Li̇d
c + Rid

c + keωm f3(θm) + k5ec

(21)

where k3, k4, and k5 are the control gains of the current controller and positive constant, respectively,
then the origin of the electrical error dynamics in (14) is exponentially stable.

Proof. The Lyapunov candidate function, Ve is defined as

Ve =
1
2

e2
a +

1
2

e2
b +

1
2

e2
c (22)

Differentiating Ve with respect to time yields

V̇e =ea ėa + eb ėb + ec ėc

=
1
L
[Li̇d

a + Ria + keωm f1(θm)−Va]ea +
1
L
[Li̇d

b + Rib + keωm f2(θm)−Vb]eb

+
1
L
[Li̇d

c + Ric + keωm f3(θm)−Vc]ec

(23)

Substituting the control law from (21) in (22) results in

V̇e =−
R + k3

L
e2

a −
R + k4

L
e2

b −
R + k5

L
e2

c (24)

From Equation (24), the conditions obtained are

k3 > −R, k4 > −R, k5 > −R. (25)

Because R is a positive constant parameter and the control gains should have positive
constant, the origin of the electrical error dynamics in (14) is exponentially stable.

Using (15), (20), and (21), the proposed method can be summarized as follows:

τd = Jmω̇d + Fmωd
m + k1eθ + k2eω + τem f

id
a =

1
ke f1(θm)

τd

3

id
b =

1
ke f2(θm)

τd

3

id
c =

1
ke f3(θm)

τd

3

Va = Li̇d
a + Rid

a + keωm f1(θm) + k3ea

Vb = Li̇d
b + Rid

b + keωm f2(θm) + k4eb

Vc = Li̇d
c + Rid

c + keωm f3(θm) + k5ec.

(26)
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4. Augmented Observer Design and Closed-Loop Stability

In the previous section, the controller was designed using the known state variables.
To develop a nonlinear position controller, it is necessary to determine the load torque
(disturbance). This section describes the design of an augmented observer to compensate
for the load torque as a disturbance. Subsequently, the closed-loop stability is discussed.

4.1. Augmented Observer Design

In practice, the load torque varies considerably slowly; therefore, it can be reasonably
assumed that τ̇L = 0. Referring to the BLDCM modeling in (3) and allowing the augmented
state vector xa =

[
τL θm ωm

]T , the augmented system of the mechanical system in (3)
can be represented as follows:

τ̇L = 0

θ̇m = ωm

ω̇m =
1
Jm

(τ − Fmωm − τL)

(27)

Based on (27), we proposed the augmented observer to estimate the mechanical states
and disturbance (load torque) as follows:

˙̂τL = l1(θm − θ̂m)

˙̂θm = ω̂m + l2(θm − θ̂m)

˙̂ωm =
1
Jm

(τ − Fmω̂m − τ̂L) + l3(θm − θ̂m)

(28)

where τL, θ̂, and ω̂ are estimated disturbance, estimated angular position, and estimated
angular velocity, respectively. Thus, the estimation errors are defined as

τ̃L = τL − τ̂L

θ̃m = θm − θ̂m

ω̃m = ωm − ω̂m

(29)

By differentiating the augmented states τL, θ̂, and ω̂ with respect to time, the estimation
error dynamics can be derived as

˙̃xa = Ao x̃a (30)

where x̃a =
[
τ̃L θ̃m ω̃m

]
, Ao =

 0 −l1 0
0 −l2 1
− 1

Jm
−l3 − Fm

Jm

.

Theorem 3. Given the augmented observer in (28), if l1 is negative, l2 and l3 are positive, the
condition P3 > 0 is satisfied. Then, the estimation errors exponentially converge to zero.

Proof. For a given matrix Ao, we have the closed-loop characteristic equation as

λ3 +
( Fm + Jml2

Jm

)
λ2 +

( Fml2 + l3
Jm

)
λ− l1

Jm
= 0 (31)
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where λ is the characteristic roots of Ao. We can use the Routh–Hurwitz criterion to
determine the characteristic roots of (31); therefore, the Routh–Hurwitz table is as follows:

λ3 1 Fm l2+Jm l3
Jm

0

λ2 Fm+Jm l2
Jm

= P1 − l1
Jm

= P2 0

λ1 F2
m l2+Jm l2

2+Fm Jm l3+Jm l2l3+Jm l1
Jm Fm+J2

m l2
= P3 0 0

λ0 − l1
Jm

0 0

(32)

A closed-loop system is stable if there are no sign changes in the first column of the
Routh–Hurwitz table; therefore, the estimation errors exponentially converge to zero if l1 is
negative and l2, l3, and P3 are positive.

4.2. Closed-Loop Stability

As described in the previous sections, the nonlinear position controller, current con-
troller, and augmented observer were independently designed. Thus, the stability of a
closed-loop system should be considered. The closed-loop system is defined as follows:

ė = Aee + Be x̃a

˙̃xa = Ao x̃a
(33)

where

Ae =


0 1 0 0 0
− k1

Jm
− k2+Fm

Jm
0 0 0

0 0 − k3+R
L 0 0

0 0 0 − k4+R
L 0

0 0 0 0 − k5+R
L

, Be =


0 0 0
1
Jm

0 0
0 0 0
0 0 0
0 0 0

. (34)

In the closed-loop system in (33), Ae and Ao are Hurwitz and Be is bounded. Thus, eθ , eω,
ea, eb, and ec are input-to-state stable because it was proven that x̃a exponentially converge
to zero in the previous subsection [22]. Control block diagram of the proposed method is
shown in Figure 3.

!
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m m abc
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Figure 3. Control block diagram of the proposed method.

5. Simulation Results

Simulations were performed to evaluate the performance of the proposed controller.
The BLDCM parameters and control gains of the nonlinear position controller and current
controller, in addition to the augmented observer gains used in the simulation, are listed in
Table 1. We performed simulations using the following two cases:
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• Case 1: conventional PI controller.
• Case 2: proposed controller.

To confirm the estimation performance, the step load torque was injected at 5 s. The
desired angular velocity and the desired torque are shown in Figure 4. In the steady-
state region, the desired angular velocity was set to 100 rpm. The desired torque was
generated to compensate for the load torque by implementing (15) from the nonlinear
position controller.

Figure 5 shows the desired phase currents, which were calculated using (20). The
ripples observed in the desired phase currents were the largest when back-EMFs became
zero. The ripple frequency was approximately 3.33 Hz, which is the 2nd harmonics of the
fundamental desired velocity (100 rpm ≈ 1.66 Hz). In particular, it can be observed that
the amplitude of the desired phase currents increased after 5 s because the desired torque
increased owing to the injected load torque.

Figure 6 shows estimation performance of the proposed augmented observer. The
estimated angular position and estimated angular velocity sufficiently tracked the actual
position and actual velocity, respectively, using the proposed augmented observer. Thus,
the load torque was well estimated and the estimated load torque was added to control
input to generate the desired torque for the load torque rejection.

Figure 7 shows position tracking performances under the two cases. In Case 1, the
steady-state tracking error was inevitable because conventional PI controller does not
guarantee the exponential convergence of the position tracking error. By contrast, the
tracking error of the proposed method converged to zero in the steady-state region. After
the load torque was injected, it is evident that the position tracking error converged to
0 within 1 s in the proposed method, whereas the position tracking error became higher
than before in the conventional PI control method. In Case 2, the robust position tracking
performance could be guaranteed because the load torque estimated using the proposed
augmented observer was considered as the control input.

Table 1. BLDCM Plant parameters and control gains.

BLDCM Plant Parameters and Control Gains

BLDCM Plant parameters

Fm 0.10625× 10−3 [Nm/rad/s]
Jm 8.5× 10−6 [Kg·m2]
L 55 [Ω]
R 0.215 [mH]
ke 2 [V/rad/s]

Nonlinear position controller gains k1 0.25
k2 2

Current controller gains
k3 80
k4 80
k5 80

Conventional PI controller gains (outer-loop) kP 0.5
kI 8

Conventional PI controller gains (inner-loop) kP 1
kI 1× 106

Augmented observer gains
l1 −1× 103

l2 2× 103

l3 5× 106
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Figure 6. Estimation performance of the proposed augmented observer.
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6. Conclusions

In this study, a position control method was developed to reduce the tracking errors
caused by torque ripples. The proposed method comprises a nonlinear position controller,
a current controller, and an augmented observer. The nonlinear position controller was
designed to generate the desired torque based on the error dynamics. The desired torque
generated by the nonlinear position controller was transformed into the desired phase
currents. A current controller that tracks the desired phase current was also developed
to track the desired torque. Subsequently, the load torque was compensated using the
estimated load torque obtained from the augmented observer. In the simulations, we ob-
served that all the state variables and the load torque were well estimated. In addition, the
velocity ripple was reduced, as compared to that for the conventional PI controller. In the
proposed method, the position tracking error converged to zero nearly while the position
tracking error was not effectively reduced by the conventional PI controller. When the load
torque was injected, the proposed method had a better dynamic response compared with
the conventional PI controller.
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