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Abstract: In general, it is not easy work to design controllers and observers for high-order nonlinear
systems. Planar motors that are applied to semiconductor wafer-stage processes have 14th-order
nonlinear dynamics and require high resolution for position tracking. Thus, many sensors are
required to achieve enhanced tracking performance because there are many state variables. To
handle these problems, we developed a Lyapunov-based controller to improve the position tracking
performance. Consequently, a nonlinear observer (NOB) was also developed to estimate all of the
state variables including the position, the velocity, and the phase current using only position feedback.
The closed-loop stability is proved through Lyapunov theory and the input-to-state stability (ISS)
property. The proposed method was evaluated based on the simulation results and compared with
the conventional proportional-integral-derivative (PID) control method to show the improvement in
the position tracking performance.

Keywords: planar motors; feedback linearization; position control; Lyapunov methods; nonlinear
observer

MSC: 37N35

1. Introduction

Planar motors are widely used to address high-precision motion control requirements
in semiconductor wafer-stage systems, precision machine tools, and other automated
manufacturing applications. Planar motors consist of two-axis X-Y directions that generate
four forces mounted symmetrically on the housing part [1]. Forcers X; and X, generate
force in the X direction while forcers Y; and Y, generate force in the Y direction, as shown
in Figure 1. The yaw of the motor is generated by asymmetries in the forcers and leads to
a loss of synchronization between the motor and platen teeth. Each forcer is capable of a
high position resolution and high-speed motion using open-loop microstepping control.
However, these forcers can have step-out, a long settling time, and especially low robustness
in the presence of noise within the current. Additionally, the motor has high-order nonlinear
dynamics with complex nonlinear properties. Thus, the motor requires a highly accurate
position control method.

Microstepping was researched by Durkos in 1974 and has been widely used in con-
trol applications to improve resolution and significantly increase motion stability [2-5].
Microstepping uses a desired position to generate the desired currents. All these desired
currents provide the planar motors with position tracking performance, because the torque
generated by the desired currents can move the actual position to the desired position.
Therefore, in order to improve the position tracking performance of microstepping, a
feedback controller, considering the electrical dynamics, is required to guarantee the con-
vergence of the phase currents to the desired phase currents of the electrical dynamics in
planar motors.
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Figure 1. Top view of a planar motor.

Therefore, various studies have been developed to enhance the current tracking perfor-
mance of planar motors [1,6-8]. A robust adaptive control with consideration of electrical
dynamics is required to achieve the desired position performances [1]. A current controller
with linear techniques based on nonlinear cascade control algorithms was proposed to
enhance the transient response in the position control [6]. A nonlinear position control
scheme using only position feedback under position tracking errors and yaw constraints
was proposed to guarantee the tolerances for position tracking errors and yaw [7]. A
linear parameter varying Ho, control based on an augmented nonlinear observer was
proposed to enhance both the position tracking performance and yaw regulation perfor-
mance [8]. Similarly, a feedback controller considering electrical dynamics was required
for improving the control performance of permanent magnet synchronous motors [9-11].
An adaptive internal model control and predictive current control with delay compensa-
tion were proposed to achieve a fast transient response, robustness, and higher-precision
position tracking [9]. A novel active-disturbance-rejection-based sliding-mode current
controller was studied to improve the transient current tracking performance and enhance
robustness to internal disturbances [10]. A combination of sliding-mode predictive current
control and an extended state observer was proposed to improve the control quality and
robustness of the system [11]. Moreover, a current control scheme based on a conventional
proportional-integral current control algorithm to adapt to changes in the parameters of
permanent magnet stepper motors was studied to achieve improved position tracking
performance [12]. In addition, applying the neural network-Kalman filter hybrid method
to practice as an efficient method has allowed researchers to obtain state of charge esti-
mations and aging state predictions for energy storage systems [13,14]. A novel recursive
three-step filter was developed to simultaneously estimate the state and the unknown
input with a rank-deficient distribution matrix [15]. Conventional controllers have been
designed based on nonlinear dynamics, but it is still difficult to guarantee optimal tracking
performance. Thus, it is highly necessary to create a linear system of nonlinear dynamics.
Therefore, various approaches using other linearization techniques have been developed
to address this requirement. A nonlinear system was transformed into a linear system by
the input—output feedback linearization technique [16,17]. A robust feedback linearization
technique for an induction motor was proposed [18]. The feedback linearization method
based on direct torque control of interior permanent magnet synchronous motors was
also investigated [19].

Since it is important to have the information of measured signals such as the position
and current to linearize nonlinear dynamics, this can be obtained by implementing various
sensors such as an encoder and a resolver; current feedback can be measured via sensing
resistors. However, it is actually difficult to measure all state variables for high-order
nonlinear dynamics because there are several problems such as cost and space limitations.
To handle these problems, observer design is necessary to estimate all the state variables
and to improve the transient response in position control.
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In this article, a Lyapunov-based controller with a nonlinear observer (NOB) is pro-
posed to enhance the position tracking performance. Microstepping uses the desired
position to generate the desired currents. A Lyapunov-based controller using feedback lin-
earization was developed to guarantee the exponential convergence of the phase currents to
the desired phase currents for the electrical tracking error dynamics in the presence of back-
electromotive forces and phase lag from the inductance. A nonlinear observer is proposed
to estimate all the state variables (position, velocity, and phase currents) by using only the
position feedback. The closed-loop stability is proved through Lyapunov theory and the
input-to-state stability (ISS) property. The performance of the proposed control method
is compared with the performance of the conventional proportional-integral-derivative
(PID) control method based on the simulation results.

The main contributions of the proposed article can be summarized as follows:

1. A Lyapunov-based controller using feedback linearization was designed to guar-
antee position tracking without linearization approximation errors.

2. A nonlinear observer was developed for state variable estimation to handle cost
and space limitation problems.

3. Simulations were performed to improve the position tracking performance for
both nominal parameters and parameter uncertainty.

This article is organized into four sections. Section 2 describes the mathematical model
of the planar motor and presents the stability analysis of the microstepping performance,
and the design of the Lyapunov-based controller and nonlinear observer. Section 3 presents
the simulation results of the proposed method. Finally, the conclusions are presented
in Section 4.

2. Lyapunov-Based Controller and Nonlinear Observer Design based on
a Mathematical Model

2.1. Mathematical Modeling of Planar Motor

The mathematical modeling of a planar motor consists of a mechanical part and an
electrical part, which can be represented [1] as follows:

0x = wy
wx — 7BXwX&EYl+FX2
b, = w,
(Oy _ 7Byu}yLFy1+Fy2

gyaw = Wyaw

. *Bynwwyaw+lY(le Fo ‘Hy( )
Wyaw = 7
; —Riy1q+xsin(y8yq) (w +lx cos(eyaw)wy,,w)—l—vxla
xla —
! _ —Riyp—xcos(y6y1) (w +lrcos(wa)www)Jrvxlb (1)
Ixip =
P _ —Riy,+xsin(70x2) (W *lx Cos(eyaw)wyazu)+vx2a
Ixop =
B - —Riypp—K cos(76y2) (a} —lx cos(@ww Wyaw ) +Vx2p
Ixob =

_ —Riylu—i-xsm(“yf),,l (w +ly cos(@ww Wyaw ) +0y1a

—Riyp—x cos('yeyl wj+ly COS(Gyaw

)

iy = N )
)
)

7R1'y2,,,+1(51n(79y2 wy— lyCOS(eyuw Wyaw +vy2a

— |~ |~ |~ |~

)

)
wyaw) 0,10
)

)

szﬂ, Kcos('yeyz (wj lycos((?yﬂw Wyaw ) +0y2p




Mathematics 2022, 10, 2177

40f18

where v = 27” and
Fyp = —xsin(y0x1)ixia + x cos(Y0x1)ir1p, Fxo = —xsin(0x2)ixoq + x cos(y0x2)ixop

Fyl = —K sin(fyGyl)in -+ K cos (’)/le) iylb/ Pyz = —Ksin (’)’Qyz) ing + K cos ("yGyz) iy2b

0x1 = Oy + Iy sin (Gyaw)/ 02 = Oy — Iy sin (Qyuw)
Oy1 = Oy + 1y sin(Byaw ), 0,2 = 6y — Iy sin (Byaw)

where 0y, 0, and 0,4, are the positions of the X-axis and the Y-axis, and the yaw rotation of
the motor, respectively; wy, wy, and wyqy are the velocities of the X-axis and the Y-axis, and
the yaw rate of the motor, respectively; [ and [, are the distances from the center of the
motor to the forcer; Fy; and Fy; are the forces from the two X-axis forcers, whereas F;; and
Fy are the forces from the two Y-axis forcers; « is the force constant; M and | denote the
motor mass and inertia, respectively; By, By, and By, are the coefficients of friction; p is the
tooth pitch of the platen; ix14, ix1p, ix2a, ix20, iy1a, iy16, iy2a, and ipp are the phase currents;
Uxla, Ux1bs Ux2a, Ux2bs Uylas Uylbs Uy2e, and v,y are the input voltages in phases A and B.

2.2. Stability Analysis of Microstepping Performance

In this section, we analyze the stability of the microstepping performance. We assume
that all forces are perfectly synchronized and aligned well, so yaw and disturbances will
not occur. Therefore, we assume that the current, velocity, and the position of X; and X; are
equal, and those of Y1 and Y; are also equal.

Theorem 1. To achieve the static desired position 6%

ping inputs are given to dynamics (1) as follows:

, 9; for the planar motor, the desired microstep-

vflda = Vinax COS (79?), vﬁlb = Viax sin 79;'5
d

(
Uzza = Vmax €COS (79;1), U‘jab = Vimax Sin (79
(

()

v;la = Vimax COS (793), vzlb = Viax Sin 765)

v = Viax COS Gd) v, = Vax sin (764
Yy2a max Yoy |, y2b max oy

where Viyay is the amplitude of the input voltage. Given vfd o vfldb, sza, viZb, v‘;l o v‘yilh, ZJ;ZQ, and
?J;Zb in phases A and B, the states of the planar motor (1) locally asymptotically converge to an

equilibrium point x, = [9;’5, 0, 95, 0, izla, iilb, iiZu’ iﬁZb, i;lu, ijlb, 152”, i;ﬂ,} ,Le.,

im0, (t) = 09, limwy(t) =0

t—o0 t—o0

im0, (t) = 64, limwy(t) =0

t—ro0 V 5
and
limiyy,(t) =i, ,  limiyu,(t) =i
ey X1a xlar x1b x1b
. . _ .d . . o .d
tlgg\ozxzp,(t) =% }gglﬂh(t) = i%,

limiyig (1) = iy, limiygs(f) = ify,

Timiyaq (£) = i, limiyy(t) = if,
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here i, — Vi d Y d Vg d _ Yy o _ % d % d §2ﬂ d
wnerelyy, = R sbx1p = R 'x2a = R o T R ’Zyla ~ R ’Zylh - R 'lyZa R o an

d
i;zb = Z}%—Zb are the desired currents in phases A and B for microstepping defined as follows:

izlﬂ =1 cos(*y@ff), iZH; =1 sin(')/@gz)

@

where I = —VT{‘X.

Proof of Theorem 1. The equilibrium points depend on the inputs; here, we only analyze
the case vy1, = Uy1, and v,y = Uyqp. In this case, the dynamics of X; are as follows:

0y1 = wn

Wyl = % [_ZK Sin(')/exl)ixla + 2k COS('Yexl)ixlb - waxl]

3
iv1a = +[—Riy1s + KWy sin(Y051) + Vy14] ¥
iv1p = +[—Rixyp — K1 cOS(Y0x1) + 031p)

Letting i1, = iy1g — X
021 = wy
Wy = M[ 2k (ix10 + “H2) sin(7y0x1) + 2k (iy1p + “RL) cos(y0x1)] "
ivia = L[~ Riyig + KWy sin(y8y1)]
i1y = 1 [=Riy1p — xwyy cos(70x1)]
In this case, (4) has the equilibrium points:
(021, W1, ix1a, 11p] = [0, 0,0,0] ®)

where 0, satisfies that 1,1, sin(y0,5) = uy1pcos(v8,). To analyze the stability condi-
tions of the equilibrium points (5), we consider a continuously differentiable function V,
such that

Vap = ;(Mwil + leﬂ + leh) + 51K (2880 (11214) — cos(Y0x1)) ©
+ K;"‘”’ (2sgn(uy1p) — sin(y6y1)) > 0

Its time derivative along the trajectory (6) is given by

. B R R 2
Vub = Lx ﬁl lela L Ix1p <0

According to Lasalle’s theorem [20], the equilibrium points [9x1,wx1,fx1u,fx1b] =
[6,45,0,0,0] are locally asymptotically stable. (]

The equilibrium points of the other cases including (vy1, = uy14,vx1p = 0) and
(vx12 = 0,V41p = Uy1p) can be analyzed in the same way.
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2.3. Lyapunov-Based Controller Using Feedback Linearization

Differentiating the current tracking errors of the electrical dynamics [8] with respect to
time, the current tracking error dynamics are given as follows:

. ..d . .
— % <L1x1a + Riy1g — xksin(y6y1) (wx + Ly c0s (Byaw ) Wyaw) — vx1a>

N———

b1y = % (Li’xlb + Riyp + K c08(Y0x1) (wx + L €08 (Oyaw ) Wyaw) — Vx1p

d
o fd .
éx2q = 1 | Lixog + Rixos — ksin(y0x2) (wx — Iy €08 (8yaw ) Wyaw) — Ux2a
d .

Liyop, + Riygp + K c08(0x2) (wx — Iz €08 (Byaw ) Wyaw) — Vxap

S~ —

ex2p = %( i

y ()
. 1 . . .

yla =1 (Llyla + Riy1, — & sm(’yGyl) (wy + 1y cos (Byaw ) Wyaw) — Vyla

ey1p = 1 Li,p, + Riyyp 4 K cos (v8y1) (wy + Ly cos (Byaw) Wyaw) — Vy10

u

eyoa = 1 | Liyog + Riypg — x5in(78y2) (wy — 1y €08 (Byaw) Wyaw) — 0yaa

qu
~ — I —

. A .

ey = 1 <Lzy2b + Riypp + 1 cos(70y2) (wy — Ly cos (Byaw) Wyaw) — Vyop
Theorem 2. According to the current tracking error dynamics (7), the voltage inputs of the planar
motor with the integral terms of the current tracking errors are defined as follows:

t t t t
Cxlaz = fexladT/ Cx1bz = fexlde/ €x2az = fexZudTr €x2bz = febedT
0 0 0 0

t

Cylaz = bfeyladr/ eylbz = bfeylde, ey2az = OfteyzadT, ey2pz = Ofteyzde
and
Uxla = Liila + Riy1y — kwy sin(y0x1) — klx €08 (Byaw) SIN(Y0:1)Wyaw + kpexia + krexiaz
Vyip = Li;b + Riyp + kwy c0s(70x1) + Klx €08 (Oyaw ) c08(Y0x1) Wyaw + kpexip + kiexip:
Uyop = Li’iZu + Riyog — Kwy sin(y0x2) + «lx €08 (Byaw ) sin(Y0x2) Wyaw + kpexaa + kiexza:
Vyop = Li’izb + Riyop + kwy c0s(70x2) — Kl €08 (Byaw) c08(Y0x2) wWyaw + kpexap + kiexap: ®
Vyla = Li;lu + Riy1, — kwy sin(y0y1) — kL cos (Byaw ) sin(v0y1) Wyaw + kpeyia + kieyiaz
Vy1p = Li’ilb + Riyyp + xwy cos (Y0y1) + xly cos (Byaw) cos(Y0y1) Wyaw + kpeyip + kreyp:
Vyoa = Li’;lzq + Riypg — kwy sin(y0y2) + kL, cos (Byaw) sin(v0y2) Wyaw + kpeyoa + kiey2a:

..d .
yab = Liypp + Riypp + Kewy cos(v8y2) — xly o8 (Byaw) cos(V6y2) Wyaw + kpeyon + kreyp:

where kp and kj are the positive controller gains.

Proof of Theorem 2. Let us define the V Lyapunov candidate function as follows:
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1,2 1 2 1,2 17 52 1,2 1 2 1,2 1 2
Vo =2 T 2k1€a T 26 T 2k1€ay t 260, + 2K1e, + 2850 T 2Kieky,
1,2 1y 2 1,2 1y 2 1,2 1p 52 1,2 1p 2
+§ey1a + fkleyla + 2610 + fkleylb + 26y2a + fkleyZa + 2620 + fkleyzb
The derivative of V with respect to time is expressed as follows:

vV = exluéxla + klexlazéxlﬂz + exlbéxlb + klexlbzéxlbz
+ex20€x2a + K1€x202€x2az + €xopexop + K1€xopz€x0p2
+ey1ayla + kleyluzeylaz + ey1pey1p + kleylbzeylhz

+€y2aéy2a + kIeyZazéyZaz + eyzbéyzb + kleythéysz

2 2

= —kp €1a x2a

2 2
- kpexlb — kpexo, — kpex2b

—kpeyy, — kPe;lb — kpejp, — kPeizh
Therefore, the origin of the current tracking error dynamics (7) is exponentially stable.[]

2.4. Nonlinear Observer Design and Analysis of Closed-Loop System

In the previous section, we can assume that all the state variables are measurable.
However, the measurement of all the state variables is extremely difficult using sensors
because there are several problems such as cost and space limitations. This section describes
the design of a nonlinear observer using only position feedback to obtain the knowledge
of the state variables (position, velocity, current). The nonlinear observer is designed
as follows:

A

x = Wy + lex(ex - Gx)

D> -

A —By@y+Fq +F A
@y = xwx;/lleF 2 4 lwx (Qx _ Qx)

A

By = @y +lgy (6y — by)

—Byy+FE,+F
M

@y i Loy (6y — 0y)

A A

eyaw = d’yuw + leyaw (Gyaw - Gyaw)

*Byaw‘f}yaw+lx (ﬁxl 7157(2 ) +ly (ﬁyl 7ﬁy2)

c.‘Afyuw = + lwyﬂw (GWW B éyﬂw)
;xlﬂ _ —Rixa+x sin(’nyl)((Dpzlx €05 (Oyaw ) Dyaw ) +0x14 4 Lta (6 — éx)
5 —Riyp—rcos(70y)(@x+1x cos(0yaw ) @yaw ) +051p ) ©
bty = I + Ly (0 — 0x)
- —Riypq+x sin(’yéxz)(dix—le <05 (Oyaw ) Dyaw ) +0x24 4 Liga (6 — 9x)
Py = —Rigp—x COS(’YGXZ)(‘DXZIX <05 (Oyaw ) @yaw ) +032p Ly (0 — éx)
;ylu _ 7R{y1a+KSin(79y1)(d)yﬂL>ly <05 (0yaw ) @yaw ) +0y10 Lo (8y 6,)
;ylh _ fRfylbecos(’yf)yl)(d;yJLrly 05 (0yaw ) @yaw ) +0y10 1y (6 — éy)
;yZa _ 7R{y2a+KSin(79y2)(d)yzly <05 (Byauw ) @yaw ) +0y20 + 120 (6 — )
;ﬂh _ fRfyz,,chos(ryeﬁ)(wyzly <05 (Oyaw ) @yaw ) +0y20 1,2 (8, — éy)
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Fq=—x sin('yexl)fxm + KCOS(’y@xl)fxlb, ﬁx2 = —K Sin(’yexz)ixza —+ K COS(Vze)fXQh
ﬁyl = —x sin('yeyl)fyla + K cos ('yﬂyl)fylb, l:"yz = —x sin(’yGyz)fyZu + K cos ('yHyz)fyzh

The estimation error dynamics with the estimation errors [8] are given as follows:

gx = &VJx - lexgx

&"]x — —wax‘]"\‘/IFxl""E\fZ _ lwxe

0y = ‘T’y - legy

—By@y+Fn+Fp
M

Wy = — Luyby

Gyaw = a)yaw - leyaweyaw

*Byaw&}yaw+lx (?xl *E(Z)‘FI}/ (fyl 7?]/2)

Sure = , — LoyawByaw
;.vxm _ —Rﬂ1u+Ksin(79x1)(‘7L)X+lxCos(ey”“’)&y”w) — Ly1aBy
] (10)
¥y fRiﬂrKCOS(le)(‘z’x”X <05 (bym) Pya) _ Le1pbx
?XZa _ ,R?x2u+1<sin(79x2)(tzx*lx cos (Byaw ) Dyaw) lx2a§x
?ﬂb _ _RTXZb—KCOS('Ysz)(CEX—lx cos (6yaw ) Pyaw) _ LBy
?yla _ *R7yla+’<sin(79yl)(‘i’wy“ycos(ey”“’)‘r’ww) - lylugy
?ylb _ *Rﬂlrylb*KCOS(’Y(’ﬂ)(fy“y 05 (Byaw ) Pyawr) lylbgy
?y = *R7yza+’<sin(79y2)(fr’y 03Oy )y ) _ 246y
Z/Zb _ _RTyzb—KCOS(’YGﬁ)(fy_lycos(ey“w)&yaw) - lyzbgy
where
Fyy = —xsin(7651)i10 + 1 c08(Y021 ) i1y, Faa = —xsin(76x2)ix20 + 1 os(760x2) iy
Fp = —xsin(90y1)iy1a + € cos (v0y1)iy1p, F2 = —1csin (v0y2) 20 + 1 cos (760y2) iyop

Theorem 3. lgy, lgy, loyaw, lwx, Loy, loyaw, Ix1as Leips Ix2ar L2, Lyras Lytes ly2a, and 1y, are estimator
gains. If the estimator gains are chosen such that lgy > 0,ly, > 0,lgyay > 0,lwx = lwy =

L L . .
M lwyaw': 7r and Lyg, Lap, Loa, Lob, Zyl,l, lylb/ ly2a, and lyZb are zero, then the estimation errors
exponentially converge to zero.

Proof of Theorem 3. Let us consider the Vyop Lyapunov function candidate:

yoo 1 02 + M2 + 02 + M2 + 02, + 1 cos(Oyaw) @2y
NOB=5| .» 2 m o .B . o h 2 D
2\ gt e T ivae oy T e T T i iy



Mathematics 2022, 10, 2177 9of 18

We assume that the yaw is within +90° so that Vyogp is always positive definite.
The derivative of Vyop with respect to time is expressed as follows:

‘ _ 32 By ~2 32 _ By~ 32 Byaw ~»
VNOB = _lexex - wax - ley9y - Tywy - leyaweyuw - %wyaw

_R2 _RR _R2 _RR _RP _RP _RP

Llxia = Thab — Th2a — Thov — Tlyta — Tl — Th2a — Thow
Indeed, VNO p is negative definite. Therefore, XNoB exponentially converges to zero.
Let us proceed to the analysis of the closed-loop system combined with the proposed

controller (8) and NOB (9) with the estimated current tracking errors [8]; the voltage inputs
of the planar motor and the current tracking error dynamics are represented as follows:

..d ks A, . . A, A A
Ux1q = Liy1, + Riy1g — kQyx sin(y0x1) — klx €08 (Oyaw ) sin(Y0x1) @yaw + kpéxia + kiéxiaz

-d ~ N N N A
Ux1p = Liy1p + Riyyp + K@y COS(’Yle) + xly cos (eyuw) COS(')’exl)wyaw +kpéx1p + kiéxip:

A » N . N R .
Ux2q = Liyp, + Rixog — K@y sin(y0x2) + Kl €08 (Oyaw ) sin(Y6x2) @yaw + kpéxaa + k1éx2az

'.d ~ ~ A ~ N
Uyah = Liypp + Riyop + €y c08(Y0x2) — Kl €08 (Oyaw) c08(Y0x2) @yaw + kpeyap + k18xap:

(11)
Vyla = Li;lu + Rfyla — KWy sin('yGyl) — kly cos (Oyaw) sin('yeyl)(byuw + kpéy1q + k18y10z
Vy1p = Li’ilb + Rfylh + K@y cos(y0y1) + Kl cos (Byaw) cos(Y0y1) Dyaw + kpéy1p + k1éy1pz
Vyoa = Li’;lml + Riypq — Ky sin(v0y2) + xly cos (Byaw ) sin(160y2) @yacw + kpéyoa + kiéyoaz
Vyop = Li’;lzb + Rfyzb + K@y cos (Y8y2) — kly cos (Byaw) o8 (V0y2) Dyaw + kpéyay + k1éyop
and
exla = [—(kp +kp)exia — (R+kp +kp)ix1g + k@y sin(0y1) + xly sin(y8y1) Cos(eyuw)&yaw}
ey = 1 (_(kP +kp)exip — (R +kp +kp)iy1p — k@x cos(7031) — Kl cos(y01) COS@yaw)@uw)
exon = %(—(kp + k1)exan — (R4 kp + ky)ixoq + K@y sin(v0y2) — k1 sin(y6x2) cos (anw)c?yaw)
exop = 1 (—(kp +kp)esop — (R4 kp 4 kp)iyop — K@y cos(y0x2) + Kl cos(y62) cos (Gyaw)&?yaw> )

; _ 1
Cyla = T

ey1p = T —(kp+ kr)eyip — (R+kp + k1)7y1b — K@y cos(y0y1) — xly cos(16y1) cos(GWw)cT)ygw)

eyoq = %(—(kp +kr)eyoa — (R+kp + k[);}za + k@y sin(y0,2) — kly sin(y8,2) cos (Gyaw)&yaw)

From the estimation error dynamics (10) and current tracking error dynamics (12), the
closed-loop dynamics are expressed as follows (refer to Appendix A):

éelec = Aeleceelec + BelecXNOB
(13)

XnoB = ANoBXNOB

T
where €,j,, = {exla, exlbrexZarebereylareylbreyZareyZb} . In the closed-loop system (13), A¢fec
is Hurwitz with the positive control gains and B,j,. is bounded. Thus, e, is ISS stable,
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because X NOB Was proven to exponentially converge to zero in the previous section [20].
Therefore, ., converges to zero.
The control block diagram of the proposed method is shown in Figure 2.

&, 6° 2 . |Lyapunov-Based | .y, .15... y2 R
Yy MiCrOStepping ’xl;r,xiu,‘-‘,g_.‘Zu Y gontroner xla,xlb,y20 Planar Motor X3, yaw
—p pr— —
2 1
T '9.1',;.‘ Jyaw* (ax' e - ixla,xlb ooy 2l
Nonlinear
Observer <

%)

Figure 2. Control block diagram of the proposed algorithm.

3. Simulation Results

Simulations were performed to evaluate the performance of the proposed control
method using MATLAB/Simulink. The planar motor parameters, control gains, and
nonlinear observer gains are listed in Tables 1 and 2. The seventh-order profile was used
for the reference position profiles shown in Figure 3, and the yaw desired profile was set to

0 rad.

Table 1. Parameters of the planar motor.

Parameters Values
J 4x103kg - m2
K 17N/A
p 1.016 x 10~ 3m
R 20
L 7x1074H
M 1.8kg
Ly, Iy 0.0485 m
By, By, Byaw 1x107°N-m-s/rad
Y 2XTXPp
Vimax 30V
Table 2. Control gains and nonlinear observer gains.
Gains Values
kp 1
kr 1000
lox, Loy 5% 103
leaw 1 x 102
lox, lwy 3.89 x 1074
lyaw 0.175
Lxtas Lx1ps Lx2a, Liab 0
lylar lylbr ZyZur lyzb 0
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0.04

0.03 L

Position [m]
o
o
N
T

o
o
T

1 1.5 2 25 3 3.5 4 4.5
Time [s]

Figure 3. X-axis and Y-axis reference position profiles.

3.1. Simulation Results with Nominal Parameters

The estimation performances of the proposed NOB for the X-axis position, yaw rota-
tion, and phase currents are shown in Figures 4-6, respectively. Because the proposed NOB
was designed to estimate state variables, all of the estimation errors for the X-axis, yaw, and
currents converged to zero in a steady-state region. However, transient errors still arose in
an acceleration velocity region before 1 s.

0.04

0.03 L

0.02 L

Position [m]

0.01 L

Actual

_____ Estimated

1 1 1 1 1 1 1 1

1 15 2 25 3 3.5 4 4.5

Time [s]

(a)

Position error [m]

1 1 1 1 1 1 1 1

0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Time [s]

(b)

0.2

Figure 4. Estimation performance of X—axis. (a) Estimation performance of 6, and . (b) 0

estimation error.
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Figure 5. Estimation performance of yaw. (a) Estimation performance of 04, and @yaw. (b) éyaw
estimation error.
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Figure 6. Estimation performance of phase A current. (a) Phase current estimation performance in
phase A. (b) Phase current estimation error in phase A.



Mathematics 2022, 10, 2177

13 0f 18

To validate the effectiveness of the proposed control method, we define the tracking
errors of the mechanical part including eg, = 67 — Ox.e0, = 9; —by,andeg,,, = Ggaw — Oyaw
with the desired position of the X-axis and Y-axis and the yaw rotation as 64, 95, and Q;aw,

respectively. To evaluate the simulation results, there are two simulation cases:

Case 1: Conventional PID controller.
Case 2: Proposed Lyapunov-based controller.

In Case 1, the position and yaw tracking errors shown in Figure 7 had a relatively large
overshoot during the acceleration and deceleration periods, and there were oscillations in
the yaw motion. The large fixed controller gains resulted in a poor transient response in the
position control. In contrast, the position and yaw tracking errors in Case 2 were improved,
and the oscillation in the yaw motion was considerably reduced by the microstepping with
the Lyapunov-based controller using feedback linearization. We confirm that the proposed
control method improves the position tracking performance.
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Figure 7. Cont.
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Yaw error [rad]

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Time [s]

(d)

Figure 7. Position tracking performance of X—axis position and yaw. (a) X—axis position tracking
performance. (b) X—axis position tracking performance (enlarged). (c) Yaw tracking performance.
(d) Yaw tracking performance (enlarged).

3.2. Simulation Results with Parameter Uncertainty

In this subsection, we present another simulation we performed to evaluate the
robustness against parameter uncertainty. For electromechanical systems such as planar
motors, plant parameters are generally not constant due to their mechanical structure
and manufacturing tolerance. In particular, electrical parameters such as the resistor and
inductor can be more easily changed depending on the environment (thermal condition and
frequency). Therefore, let us define the parameter uncertainty of the resistor and inductor

as follows:
R, = R+ AR, 09R < AR <1.1IR

L,=L+AL, 09L <AL <1.1L

where R; and L, are parameters considering uncertainties; AR and AL are the uncertainty
of the resistor and inductor, respectively. For 10% of the nominal parameters, the position
tracking performances of the X-axis and yaw are shown in Figure 8. Compared with the
nominal parameter simulation results, Case 1 has a larger settling time. On the other hand,
the amplitude of the tracking error and the settling time are similar to the nominal parameter
case with the proposed method. This means that the proposed method has robustness
against parameter uncertainty since it was designed by considering integral action.

10

1 X

Position error [m]

-1 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 35 4 4.5 5

Time [s]

(a)

Figure 8. Cont.
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Figure 8. Position tracking performance of X—axis position and yaw with uncertain parameters.
(a) X—axis position tracking performance. (b) X—axis position tracking performance (enlarged).
(c) Yaw tracking performance. (d) Yaw tracking performance (enlarged).

4. Conclusions

In this article, a Lyapunov-based controller using feedback linearization was designed
to enhance the position tracking performance. Microstepping generated the desired phase
currents to track the desired torque. To estimate the state variables, a NOB was developed
using only position feedback. The closed-loop stability was proven by Lyapunov theory
and the ISS property. Simulations were performed to evaluate the effectiveness of the
proposed method by comparison with a PID controller. In the steady-state region, the
position tracking errors of the X- and Y-axis and the yaw converged more rapidly to zero
using the proposed method. Where parameter uncertainty existed, the proposed method
had a similar transient response to the nominal parameter results. On the other hand,
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the amplitude of the position tracking error and the settling time were increased in the
transient region.

One possible future research direction is to consider disturbances such as load torque.
Another possible future research direction would be to optimize the tracking performance
by designing optimal controllers.
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Nomenclature

0y and 6, Positions of the X-axis and the Y-axis [m].
Oyaw Yaw rotation [rad].

wy and wy Velocities of the X-axis and Y-axis [m/s].
Wyazw Yaw rate [rad/s].

Iy and I Distances from the center of the motor to the forcer [m].
F,1 and Fyy Forces from the two X-axis forcers [N].
Fa and Fyp Forces from the two Y-axis forcers [N].

K Force constant [N/A].

M Mass of the motor [kg].

] Inertia of the motor [kg - m?].

By, By, and Byaw Coefficients of friction [N - m - s/rad].

p Tooth pitch of the platen [m].

ixlar Lx1bs Ix2ar Lx2bs iylar iylbr iyzu/ and iyzb

Uxlas Ux1bs Ux2as Ux2bs Uylas Uylbs Vy2as and

Currents of phases A and B [A].
Voltages of phases A and B [V].

v

y2b
Vmax Amplitude of the input voltage [V].
kp, k1 Control gains.

lox, le/ leyaw/ Ltas Laps Lx2as Lxob,s lyltz/ lylb/
ly2a and lyzh

Observer gains.
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Appendix A
Aelec = - (kP + k[)dillg[l, 1,1,1,111, 1]/ Bejee = [Beleclf BelecZ]
Bojoe1 = [c(l), c2, cB) cH, cb), c(6)} ,Cc) = 081
C® = [kSy1, —kCy1,kSx2, —KCx2,014]", C®) = 051
T
cW = [01,4/ KS]/l/ _Kcyl/ KSyZ/ _KCyZ] T/ ct) = 08,1/ clo) = |:C(61)r C(62)]
clol = lec(?yaw[sxlf —Cy1, —Sx2, CxZ]/ c(62) = Klyc(?yaw [Sylz _Cylz _Sy2/ CyZ]
Betecr = —(R + kp + kp)diag[1,1,1,1,1,1,1,1]
Anos = [ANnoB1, ANOB2]
ANopL = [C(7), c® cO clo) ca1, c(12)} C7) = [C(7l), C(72)} !
T
CTV = [~lgy, —leox, 01,4], C7?) = [~l1a, —Le1p, —lx2a, —Lyap, O1.4], C®) = [C(Sl), C(SZ)}

C(81)

[1,~55,014], € = ¥[S01,~Cu, 2, ~Caa, 01,4],CO) = [, cO2]"
COV = [01,0, —lgy, —lioy, 012],C%?) = % [01,4, —ly1a, —Lyp, —ly2a, *lyzb}
co) _ [C(loa)’c(lob)} Tlc(lou) _ [01,2, 1 7%/01’2}
Cl108) = %70, ,,8,1,~Cy1, Sy2, —Cya], IV = [C(“”),C(“b)r
c(1a) — 014, 719yaw,71www]rc(11b) _ 01,8/C(12> _ {C(lzu)lc(m)r
c12a) _ {01’4,1,_%],(:(121;) _ [C(lel),C(leZ)}
cl126n) — o g €1 S, Crpl, CO122D) = MSomerg 5 Cpl
Anom = [RO), R(Z)}T, RO = [ROV, R02, RO, RO9), RO9), Rue)r, ROD — 0,4
R12) = [~ K Sy, £5Ca1, — 25522, £:Cx2,01.4], R = 0y
R(4) — (014, — 55,1, % Cp, —155,0, 5C, ],R(15) _ 01’8’R(16) _ |:R(l6a)/R(l6b)}
RU16) — Kx[—§.5, Cyy, Sxp, —Caa], RV = 5 [=8,1,Cp1, Sy, —Cya]
R® = —Rgigg[1,1,1,1,1,1,1,1]
Sy1 = sin(y0y1),Cy1 = cos(761), Sx2 = sin(y0x2), Cxa = cos(70x2)
Sy1 = sin(v8y1), Cy1 = cos(v6y1), Sy2 = sin(yy2), Cyo = cos(702)

ngaw - COS(anw)
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