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Abstract

In this paper, we investigate bounds of the fractional integral operators containing the unified
Mittag-LefHler function in their kernels. These bounds are given by applying a generalized class
of functions called strongly exponentially («, h — m)-convex functions, which give refinements
of various types of convexities. Utilized integral operators and unify a lot of well known
fractional integral operators. Therefore, the results of this paper contain refinements as well as
generalizations of many well-known fractional integral inequalities, which have been published

in different articles in recent past.

Keywords: Strongly Exponentially («, h—m)-Convex Function; Unified Mittag-Leffler Function;

Generalized Fractional Integral Operators.

1. INTRODUCTION

Like a function in the subject of real analysis, an
operator in the subject of functional analysis is
equally important. In fact, an operator is a function
with domain and range vector spaces. For instance,
differentiation and definite integral are basic exam-
ples of operators, and the operators defined with
the help of these operators are known as differ-
ential operators, and integral operators, respec-
tively. These operators are linear, and operators
having property of linearity preserve the continu-
ity in usual. Boundedness of operators is another
important property which leads to Banach alge-
bra. Banach algebras with some additional struc-
ture play a very vital role in quantum mechanics.
There are various types of operators that exist in
literature which are used in diverse fields of pure
and applied nature, see Refs. |1/ and 2.

Fractional integral operators have gained impor-
tance in several domains of science and engineer-
ing over the past four decades. The theory of
fractional calculus based on these operators is
recognized to address different complex problems
occur in mathematics, physics, fluid mechanics,
optics, and signals processing. Fractional inte-
gral operators are commonly utilized for gen-
eralizing classical and new integral inequalities.

For instance, well-known inequalities of Chebyshev
type22 Ostrowski type,®® Minkowski type,21Y
Opial type ! Griiss type? Hadamard typeldio
and Fejér type for different kinds of fractional
integrals were published in recent years.

The well-known Mittag-Leffler function plays
an important role for solving fractional differen-
tial equations, fractional dynamical systems and
modeling fractional-order viscoelastic materials, see
Refs. [18-20L It is also used in generalizing the inte-
gral as well as fractional integral operators. For
a detail study, we refer the readers to Ref. 21|
Inequalities for fractional integral operators con-
taining Mittag-LefHler functions have been studied
in Refs. 2224l

In this paper, we aim to establish bounds of
the fractional integral operators containing the uni-
fied Mittag-Leffler function given in Ref. 25. To
attain the desired fractional inequalities, defini-
tion of strongly exponentially (a, h — m)-convex
functions is applied. The proving theorems are
generalizations and refinements of several recently
published results. Next, we define the unified
Mittag-Leffler function.

Definition 1 (Ref. [25). With conditions as in
Definition given in Ref. 25, we have the unified
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Mittag-Leffler function as follows:

A,p,@,k,n .
MO‘wB v,0, /,L7I/(Z7 a, ba G, Q)

Z ]._[Z 1B (blval)(/\)pl(e)klzl
« [[i=1 B(ci, ai)(Y)ai(p)ul' (ol + B)’

where R(z) denotes the real part of z, B denotes
the beta function and B, is the extension of beta
function defined as follows:

1
By(c.y) = /0 St

In the following, we define generalized fractional
integral operators containing the unified Mittag-
Leffler function.

)yt el
e C.

Definition 2 (Ref. 25). With same conditions as
in Ref. 25, we have unified operators as follows:

(TTv)\7p7k7n

§f,a,ﬁ,7,6,#,v@)(g; a,b,¢ 0)

S
J— _1 Aypvkvn
a /1 (=" Maﬁm&u,v

X (T(g - C),lt’ a, b) G, Q)q)(C)dCa
T7A7p7k7n .
(T§{ 7a,6,%5,u,vq)) (¢:8,b,¢,0)

&2
Aok,
= [k,
S
X (1( = O 0, b, ¢, 0)(C)dC.
By setting a; = [, o = 0 and R(p) > 0 in Defini-
tion [2) we get the fractional integral operators asso-

ciated with generalized @ function as follows (see,
Ref. [26)):

( T,)\,p,k}ﬂ’l
£r7a3/877967/‘»y

P)(s;0,¢)
= |- 018k
x (7(s = )5 b, 0)@(C)dC,

T7>‘7p7k77’l .
( T£;:a75,7,5,u7y¢)(§7b7 Q)

b
= [ €9
X (T(¢ = <) b, 0)®(C)dC,

where

A,p,0,k
Q »P,0,R,m (2;972)

a,B,7,0,u,v
_ Z [T, Blei, (M) p(0)wi?!
« [Ti=1 B, )(Y)ar(w)ul' (ol + B)

In Ref. 27, there is given an extended definition,
here we leave the convergence conditions.

(1)

Definition 3. Let A € L1[¢1,&], 0 < & < & < o0
be a positive function and let ¥ : [£1,&] — R be a
differentiable and strictly increasing function. Also,
let E) be an increasing function on [£1,00) and
¢ € [£1,&2]. Then the unified integral operator is
defined by the following integrals:

(¥ T”’)’M” ®)(s; 0)

104,8,7,6, 1,V
/ ASQIESEN 0 M)D(Q)A()),  (2)

(A T,\,0,0,k.n

v £;7a7ﬂ77,5,p,y¢)(§; Q)

&2
— / AL U )BT (C)),  (3)

where
¢ A,p,0.kn
A (M ,ﬂvu,wqj A)
_ A(Y(c) —¥(()) \.p,0,k,n
U(o) —W(Q) — whmon

X (1(¥(s) = ()"

Let us put a; = [, o = 0 and consider (p) > 0
n and , we obtain integral operators contain-
ing Q function, see, Ref. [26;

®)(s;b,¢)

;a,b,¢,0).

(\Ij A7T7>‘7p7k7n
Q ﬁi‘:%ﬂ;%&%”

-/ BOA(QY e T AVC))

(\If TA,T,)\,p,k,n
Eo 1080, 14,V

®)(s;0,¢)

&
- / BOAS@QYEE™ | W AY(W (),

where
CrMpkn
A(QY5L T A)
_ A(\I/(g) - \I’(C))Qk,p,k,n
W(o) Q) o

X (T(¥() = ¥(0)";b: ¢ 0)-
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It is easy to note that if ¥ and % are increas-
ing, then for u < ¢ < v,u,v € [£1,&)], the ker-

A~T A p,0,k,n X . .
nel (g Tg aﬂvéuyé)(g, 0) satisfies the following
inequahty

MAPOk, VR
A¢( agwﬁlll A) < AY( agwﬁlll A). (4)

A function f satisfying the following inequality
is called a strongly exponentially (a, h —m)-convex
function, see details in Ref. [30.

f(sC+m(1-Q)y)

617C;+y h(CM)P(1 = (N)ly =< (5)

Motivated by recent developments in fractional cal-
culus operators of derivatives/integrals, and exten-
sions of generalized convexities, this paper explores
inequalities for recently defined unified fractional
integral operators and , and a generalized
strongly convex function satisfying . Our goal is
to unify bounds of integral operators of fractional
orders defined in recent past decades for many kinds
of strongly convex functions. It is important to men-
tion, the results of this paper reproduce inequali-
ties published in Refs. 28-30L Also, in special cases
refinements of bounds of all associated fractional
integral operators can be deduced.

In the upcoming section, we give bounds of
fractional integral operators and by using
strongly exponentially (a, h — m)-convexity. More-
over, we provide the Hadamard type inequality by
using a symmetry like condition. The outcomes
of this paper give generalizations of a number of
inequalities that have been published in near past.??
Lastly, a result for differentiable function ® such
that |®'| is strongly exponentially («, h—m)-convex
is obtained.

2. MAIN RESULTS

The first result gives an upper bound of unified frac-
tional integral operators.

Theorem 4. Let &, A € Ly[¢1,&) and ® be strongly
exponentially (o, h — m)-convex function with 0 <
&1 < mé&. Also, let U : [£1,&] — R be differentiable
and stm’ctly increasing function with the assumption
that ( ) be an increasing function on [1,&2). Then
forg € [€1,&2], we have the upcoming inequality:

AT\ p,0,kn . A~ A p,0,k,n .
T b T b
T g DGO+ Y0, s 0)

OGN (s — &)

( (gl)X&( a7h’\1,/)+

7S
6775 e

x @(%)Xgl(l
C(s = &m)*h(1)(¥(s) —

Ap,@kn - A)< (€2)X§2

< A§1(

— o h, V)

W(&)))

+ (62 — ) A, (M,

a,B,7, 1V néa

m S
a ¢<—>X52 1
em \m/ ¢ (

_ C(&m —¢)*h(1)(¥(&) — ¥(s)
m(& —<)en(§2 + ) )’ ©)

x (% h,¥') + — 0% h, V)

where Xgl(ao‘, h, @) fo
XE(1—0® h, W) = [ h

51))dr7
51))617’.

"(c—r(c—
(< r(c—

Proof. By using inequality , one can have the
following inequalities:

A(M 05, B )Y ()

185701,V
,0.k.n
< AS(MEOER W AT (), (7)

A(M s A)V(O)

B,V

MPEIR G AW AV Q). (8)

<A§ ( a,B,7, 1,V

Applying to the function ®, one can yield:

w0 <0 ()M (1 (28))

L 26 C(<—€1m)2h<<—é>a

)

af-(=a)) ”
@(C)<h<§__i>a¢;§§) —|—mh<1— (é‘_ﬁ)

%) C(ﬁzm—§)2h<C—c>a

em me(2t5) & —¢

xh(l— (é:i>a> (10)
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The following inequality can be found by integrat-
ing the product of inequalities and @ over
€1, <]

/ AR A)YB(C)d(w(C))

< AEI(M)\,p,G',k,n\Ij;A) (‘I’(fl)

B,V ené1
T (s—¢\" m® ()
<o (56) o

S §—C @
< (- (5=8) ) o
CCe=&am)® [* (<—C\°
me 1) /gl " (g_&)

o () awo)

Using Definition |3 and setting o = <<:£<1’ we obtain
the following inequality:

A T7A7p197k,n .
(\P Tffvayﬁ,'y”u,,VQ) <<7 Q)

< A§1 (M)upﬁ,k,n \I/7A)(§ - 51) <¢(£1)

O‘uﬂ/%(suy'al’ 677&1
1 md (=
X / h(c*)U (s —r(s—&))dr + ;m)
0 em
1

« / h(1 = c®)W' (s — (s — &)))dr

0

C(§ — flm)2 ! e @

x W' (¢ —r(s— fl))dr>.

Hence, we get

(AT77A7P797’€7”
b & a8,y

®)(s; 0)

A p,0.kn q)(‘sl) o

< A§1 (Ma,g,»y,é,u,qu5 A)( e Xgl(g ,h, U

mob (=

UG

em
Gl amPh)(E) ~¥&)
m(s — & )e"Etm)

Similarly, from and one can find the follow-

ing inequality:

XE (0%, h, ')

(A TT’)\:P707k7n
Ve By

®)(s;50)

o pden &) (1 4
< A, (MM cI);A)(£2—<)< [ o)

O‘ﬂﬁ?’%“?” 677&-2
md (=
(6 — (€ — <)) + T 2)
em
1
y / h(1 — 0 ( — r(& — <))dr
0

C(m£2 - §)2 ! a @

X W'(¢c—r(& — g))dr) .

Hence, we get
(ATT7)‘7P797k7n
Ve By

P)(s; 0)

A,p,0,k, .
< Ag2 (Ma,g,'y,pz (I), A)(fQ - §)
P
(Y xein 0
P(S
m ;m)Xg&(l _ O'a, h, \I//)
em

Ol &m)2h()(W(E) — ‘1’“))). (12)

m(& — g)en(iﬁi)

Inequality (6) can be obtained by adding the
inequalities (L1]) and . 0

The following remark provides consequences of
the above theorem.

Remark 5. In @, the following specific settings:

n=1b=A+lk,ar=0—-Xc1=Xpo=v=0,
provide Theorem [7] of Ref. 30, while the settings
A =1n=0, h(s) = ¢ provide Theorem {4f of Ref. [28|

To obtain upper and lower bounds of unified frac-
tional integral operators in the form of Hadamard
inequality, the following lemma is needful.

Lemma 6 (Ref. 30). Let ® : [£1,&] — R be
a strongly exponentially (o, h — m)-convex function
with modulus C > 0, m € (0,1], 0 < & < mé&a. If

+ —
o) _ B(HIms)
es §1tméa—s
e m

(679) (3 ()
NS

(& — s + mé& — mg)?
n(&1+méa+s(m—1))
e

m

then we have:

(13)
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The Hadamard type inequality is stated and
proved in the upcoming theorem.
¢(§1+m§27§

P
Theorem 7. Let % = —g5— along assump-

tions of Theorem [4] Then we have

A(n) &1+ méa
W) + mh(Z) ‘D< 2 )

A TzA7p79’k’n
T
x ((‘I’ &5 508,71,V

<leaon+ (g ) 0 ()

(A T7)"p’07k)n
Vg a8y

D& 0) + @0 1)

(& — s +mé& —me)?) (&5 0)

2még+€1 —
W,

(&

(ATT»)‘7P997k7n

_ _ 2
v E&aﬂmu,v(gl S +mé —mq)”)

x (€15 0)
* 677(£1+§2)
A~rT, A p,0,k,n . A~pT A p,0,k,n
(T 0B Y )(&s; 0) + (T£1,a7ﬂvw’q))
(525 )
< (& - )(AG (MG U A)

,p,0,k.n (52) 3 a 1.
FAS (M ,M\IUA>><€,75 XE (0%, 1 )
d(=
+m TEgm)X&( 1— 0% h; U
em

6 —m&h()(V(E&) —(E)) ) (1)
m(& — &)enE ) |

where A(n) = €™ for 1 > 0 and A(n) = €" for
n < 0.

Proof. By using , one can have the following
inequalities:

Agl( 7p70kn\I[ A

0 BV A(C)

< AG (MBI A(),

Ap,0,k,n
Ag, (ME2 W M)W (<)

< AS(M

(15)

7p>9knm A

MR VW) (16)

Applying to ®, we have

s —& \" (&)
(I)(C) = h <§2 — fl> 67752

(s =&N\" 2(G)
mh (1 (52-51) ) em
0(51—m€2)2h<€—§1> .

me(E+h) §2— &1

(63
(-(=8))
§&—&
The following inequality can be found by integrat-

ing the product of inequalities and over
[51752]:

(17)

[ © A8 (20 A ()a(w(6)
&1 Ap,0.kn
§Aé (M} b U i A)

( /f%@—(g:%f)«w

[r(E8) o

67152
C(& —mé)* mfz) ‘2 ( s—&1 )
677(£2+m) / " &2—&

s—&\"
xh(1-— d(¥(s))| .
( (fz—&) ) ( ())>
By using Definition [3| and setting r = g & the
following inequality is obtained:

®)(&1; 0)

(A’I‘Tz)‘7p79’k’n
Ve a8y

P
< AGMEET Y A) (& — &) (( ) e
m i &
o <m> X, (1

—¥(&))
)

X (0% h; U') +

— o h ¥

C(&1 — m&)*h(1)(¥(&2)
m(&s — 51)6”(52+%
Similarly, from and one can find the fol-
lowing inequality:
A~nT A\ p,0,k,n .
(‘I’ T&fﬂaﬂ 22 u,vq)> (€250)

<A (MBI A) (& — &)
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x (¢<5>Xa< ")+ e (L)

eﬁf em E
x XEH(1— 0% h; O)

C(&1 —mé&)*h(1) (P (&) — V(&)
- m(& — &) ) (19)

The following inequality can be obtained by adding
and :

(ATTz)"p70’k7n
Ve a8y

. A~nT /\79’971‘3 n
®)(&150) + (v RS

< (& — &)Ag (MG wA)

®)(&2:0)

A0,k (&) a
+AZ (MG W A)) ( s XgH (0% h; O)

m s & T4

em

C(& —m&)*h(1)(¥(&) — ¥(&1)) (20)
mi(&e — &)enE ) |

Multiplying both sides
of 1.) by Aél( ;‘Z’Z’;zl’ A)¥'(s) and integrating
over [£1,&2], we have

2RO G A)d(T(s))

®<£1+m52)/ Agl(
2 1
(L) (22 [P Aot g, a)
Qa 6 B,V
®(q) c (1 20 — 1
0 —Zhl =
X ens d(¥(s) mh(2a)h< 2¢ )
x A51(M2’g’3’;’;ﬁ\1/ A)
&

(&1 — ¢ +mé&s — mg)?
X (& Tméate(m—1)

d(¥(s))-

(&

Definition [3| leads to the following inequality:

e §1 +més
1 20—1 s 2
h(ﬁ) + mh( 5 )
AA~~T N ,0,kn . C i
X (\IIng,a,,@,y,u,ul)(gl’ 0)+ P ) h <2a>
29 —1
x h < o > s

s — me) (€ g))

T7)\7p797k7n
52_704,577,#,1/(5

-«

A~pT, A p,0,k,n
< 1YYy
< 0T g s

®)(&15 0)-

Now, multiplying with Ag (M)‘ 0k g N

(21)

B,V
U’(¢) and integrating over [, 52], we have

e <<I> <§1 + m§2>
h(g=) +mh(351) 2

Ch(z0)h(*5=)

2mEq+E1 —
n( m€2m§1 52)

X (A T,\,p,0,k,n
Vel By

1)(&250) +

me

A~~T A p,0,kn

X GO (61— < més - mo)) (€ g)>

A T7A7 ’97k:7 .
S (\IJT£Ir7§5 ’YZ?V(I))(£17 1.0)

From ., and ., inequality (14]) can be

obtained.

(22)

Consequences of above theorem are given in the
following remark.

Remark 8. In , the following specific settings:
n=1b=A+lk,ar=0—-X\c1=X o=v=0,
provide Theorem 8 of Ref. |30, while the settings
A=n=0, h(s) =g, provide Theorem 2 of Ref. 28|

In the next result, a modulus inequality is pre-
sented which provides boundedness of fractional
integral operator of convolution of two functions.

Theorem 9. Let ® : [£1,&] — R be a differentiable
function. If |®'| is strongly exponentially (o, h—m)-
convex and let U : [£1,&] — R be differentiable
and stmctly increasing function with 0 < & < mé&o,
also let 2 be an increasing function on [€1,&2]. Then
Ve [51,52] we have the following inequality:
|(A 7,A,0,0,k,n
RSN R NTR

AA~~T N ,0,kn
4 (B TAPOR, P
(v &5 08,70, 1,

D+ W) (<5 0)

U)(s;0)|

< AS(MIRRE W A) (s - &)
(ER Clxea-mnn
|© (5 )| 1 a /!
el xe oo w)
C(s = &m)h(1)(¥(s) — \11(51)))
m(s — & )e"étm)

A,p,0,k,n

+Ag ( ar@,w;’w/,‘lf;ﬁ)(fz—d
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P (S By considering the second inequality of , we
X <<m‘(7lzn)‘X§€2(l - O-av h7 1’/) have
em
“12(&)|
D)< h
ené2 < L o
s (1 (=)
Cleam = PRO(E) ~ V) ) ca
m(&y — ¢)en&t ) ’ \‘I’( ) C(§—€1m)h<<—C>a
where en mer(€ ) <8
s—C\“
A~pT A p,0,kn . xh|1l— . 25
T e s ®* PS5 0) ( (c—&) > @)
The following inequality can be found by integrat-
C(pphe Ok . ’ g q Yy Y g
/1 A(M, ,BV&MV’\I}’A)CD (©)d(¥(C)), ing the product of inequalities @ and over

[€1,4]:
| ARt A o)

< A§1 (MA,P,QJC . A)

AA~rT N p,0.kn .
T DT
(v & By (s 0)

- / ASMMEORR g )@ ()d(W(Q)).

Bvspv
Proof. The function |®’| must satisfy the inequal-
ity (B) that is <|‘I>( vl ( _51) (¥
o (I)/
wol<n(ig) e wmfo ()] [ (- (5 )) ¥()
+mh <1_ <C—C>a> "I’,(Té)‘ _C’(g—flm < )
s—& em mel&ita -&

_Cl=&m), (<—¢ @
)l (5))wo)
xh<1—<g_c>a>‘ Hence, we get

cs—&

>\, 0.k,

This is equivalent to

_<h<<_g> < ( ) ) <A£1( *,E%Z\P A)(s - &)
<& e“fl <& LG
X ((m X8 (1 - o™ h,0)
NGO <—£1m ( C) en
em  me@FR) e ¢ L]

)< (e

Cls — m)*h(1)((s) - ‘P(ﬁ))) . (26)

¢—( - m(s — & )eertm)
§h<§€1> 6’7& < <§§1> ) :

Similarly, using the other inequality of , one can

|<I> (= )\ C(s—&m) ( —¢ > obtain the following inequality:
’rrj Ul +m - T n
e met o @GP0 (@5 0)(si0)
s—¢ 1’ ’
h(l-— . 24 ,0,0,k.n
a(-(2)) @ > MG (MO A s - &)
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x<<m\¢'<<>\X&( -

em

)] yer o
e XE (0, b V)

C(s = &m)2h(1)(¥(c) — Mm) (27)
=) :

Inequalities (26)), lead to the upcoming inequal-
ity:
A~nT, A\ p,0,kn )
T (P PS5 0)]

< AS(MMEOEN G A (6 — £7)

B, 4,V

(25 xe

O g6 o1, 0)

67751 S

— 0% h, V)

Cs = &m)?h(1)(¥(s) — ¥(&1))
- . (28)
m(s — & )e"&tm)
Now, by applying to the function |®’|, we have

, C— <\ [¥/(&)
wol<n(¢=2) T

cn(1- (E25)) 0
2 —¢ em
_ C(g—élm)2h<f—€>a

me 1t & —¢

xh(1_<4—§>a)‘ 20)

§2—¢

Similarly, from (8] and one can find the follow-

ing inequality:
AA~rT,Y,0,k,c .
[CA VS CAR DICTJ]

< AG, (MBOE B A) (& — <)

y <<m| ;(< )IX&(

|(b (52)|X§2( cy’h7 ‘I’/)>

67752 S

—a“ h,¥)

C(&am — <)*h(1)(¥(&) — V(<))
: - (30)
Inequality is obtained by summing and
(30)- O

Remark 10. In , the following specific settings:
n=1,b=A+lk,a1=0—-Xc1=Xpo=v=0,
provide Theorem 9 of Ref. [30, while the settings
A =n=0, h(s) =< provide Theorem 3 of Ref. 28|

3. CONCLUSION

The bounds of fractional integral operators contain-
ing the unified Mittag-Leffler function were investi-
gated via strongly exponentially (a, h — m)-convex
functions. The established results provided gener-
alizations as well as refinements of many integral
inequalities that had been published in recent past.
Moreover, the inequalities for strongly exponen-
tially (a, m)-convex, strongly exponentially (s, m)-
convex, strongly exponentially (h — m)-convex and
strongly convex functions could be deduced after
setting specific substitutions. The methods of pro-
viding bounds of fractional integral operators can
be applied for new kinds of functions like convex
and strongly convex functions.

ACKNOWLEDGMENTS

This work was supported by Korea Institute
of Energy Technology Evaluation and Planning
(KETEP) grant funded by the Korea government
(MOTIE) (RS-2021-KP002504, Convergence Grad-
uate School of Intelligent Energy and Industry. The
research work of third author is supported by Ongo-
ing Research Funding program, (ORF-2025-440),
King Saudi University, Riyadh, Saudi Arabia.

ORCID

Yonghong Liu
https://orcid.org/0000-0003-2307-5200

Ghulam Farid
https://orcid.org/0000-0002-4103-7745

Ferdous M. O. Tawfiq
https://orcid.org/0000-0003-1655-5185

Jongsuk Ro
https://orcid.org/0000-0003-4429-9393

Hafsa Yasmeen
https://orcid.org/0009-0004-5060-2357

REFERENCES

1. V. A. Sadovnichii, Theory of Operators (Springer,
New York, 1991).

2. M. H. Mortad, An Operator Theory Problem Book
(World Scientific, 2018).

2540200-9


https://orcid.org/0000-0003-2307-5200
https://orcid.org/0000-0003-2307-5200
https://orcid.org/0000-0002-4103-7745
https://orcid.org/0000-0002-4103-7745
https://orcid.org/0000-0003-1655-5185
https://orcid.org/0000-0003-1655-5185
https://orcid.org/0000-0003-4429-9393
https://orcid.org/0000-0003-4429-9393
https://orcid.org/0009-0004-5060-2357
https://orcid.org/0009-0004-5060-2357

Y. Liu et al.

3.

10.

11.

12.

13.

14.

15.

A. O. Akdemir, S. I. Butt, M. Nadeem and M. A.
Ragusa, New general variants of Chebyshev type
inequalities via generalized fractional integral oper-
ators, Mathematics 9(2) (2021) 122.

H. M. Srivastava, A. Kashuri, P. O. Mohammed,
A. M. Alsharif, J. L. Guirao and A. Vlora, New
Chebyshev type inequalities via a general fam-
ily of fractional integral operators with a modi-
fied Mittag—Leffler kernel, AIMS Math. 6(10) (2021)
11167-11186.

S. I. Butt, J. Nasir, M. A. Dokuyucu, A. O. Akdemir
and E. Set, Some Ostrowski-Mercer type inequali-
ties for differentiable convex functions via fractional
integral operators with strong kernels, Appl. Com-
put. Math. 21(3) (2022) 329-348.

M. Gurbuz, Y. Tasdan and E. Set, Ostrowski type
inequalities via the Katugampola fractional inte-
grals, AIMS Math. 5(1) (2020) 42-54.

S. K. Sahoo, M. Tariq, H. Ahmad, J. Nasir, H. Aydi
and A. Mukheimer, New Ostrowski-type fractional
integral inequalities via generalized exponential-
type convex functions and applications, Symmetry
13(8) (2021) 1429.

M. Samraiz, M. A. Afzal, S. Igbal and A. Kashuri,
Opial-type inequalities for generalized integral oper-
ators with special kernels in fractional calculus,
Commun. Math. Appl. 9(3) (2018) 421-431.

R. Liko, P. O. Mohammed, A. Kashuri and Y. S.
Hamed, Reverse Minkowski inequalities pertaining
to new weighted generalized fractional integral oper-
ators, Fractal Fract. 6(3) (2022) 131.

J. G. Delgado, J. E. N. Valdes, E. P. Reyes and M.
Vivas-Cortez, The Minkowski inequality for general-
ized fractional integrals, Appl. Math. Inf. Sci. 15(1)
(2021) 1-7.

H. Ahmad, M. Tariq, S. K. Sahoo, S. Askar,
A. E. Abouelregal and K. M. Khedher, Refine-
ments of Ostrowski type integral inequalities involv-
ing Atangana—Baleanu fractional integral operator,
Symmetry 13(11) (2021) 2059.

E. Set, A. O. Akdemir and F. Ozata, Griiss type
inequalities for fractional integral operator involv-
ing the extended generalized Mittag-LefHler function,
Appl. Comput. Math. 19(3) (2020) 402-414.

M. E. Ozdemir, New refinements of Hadamard inte-
gral inequality via k-fractional integrals for p-convex
function, Turkish J. Sci. 6(1) (2021) 1-5.

S. Kizil and M. A. Ardic, Inequalities for strongly
convex functions via Atangana-Baleanu integral
operators, Turkish J. Sci. 6(2) (2021) 96-109.

J. B. Liu, S. I. Butt, J. Nasir, A. Aslam, A.
Fahad and J. Soontharanon, Jensen-Mercer vari-
ant of Hermite-Hadamard type inequalities via
Atangana-Baleanu fractional operator, AIMS Math.
7(2) (2022) 2123-2141.

2540200-10

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

S. Al-Sa’di, M. Bibi and M. Muddassar, Some
Hermite-Hadamard’s type local fractional integral
inequalities for generalized y-preinvex function with
applications, Math. Methods Appl. Sci. 46(2) (2023)
2941-2954.

E. Set, A. O. Akdemir and B. Celik, On generaliza-
tion of Fejér type inequalities via fractional integral
operators, Filomat 32(16) (2018) 5537-5547.

C. Baishya and P. Veeresha, Laguerre polynomial-
based operational matrix of integration for solving
fractional differential equations with non-singular
kernel, Proc. R. Soc. A 477(2253) (2021) 20210438.
P. Veeresha and L. Akinyemi, Fractional approach
for mathematical model of phytoplankton-toxic
phytoplankton-zooplankton system with Mittag-
Leffler kernel, Int. J. Biomath. 16(3)(2022) 2250090.
P. Veeresha and L. Akinyemi, Analysis of a nonlin-
ear system arising in a helium-burning network with
Mittag—Leffler law, in Handbook of Fractional Cal-
culus for Engineering and Science (Chapman and
Hall/CRC, 2022), pp. 27-48.

H. J. Haubold, A. M. Mathai and R. K. Saxena,
Mittag-Leffler functions and their applications, J.
Appl. Math. 2011(1) (2011) 298628.

A. Fernandez and P. Mohammed, Hermite-
Hadamard inequalities in fractional calculus defined
using Mittag—Leffler kernels, Math. Methods Appl.
Sei. 44(10) (2021) 8414-8431.

M. Vivas-Cortez, M. Bibi, M. Muddassar and S. Al-
Sa’di, On local fractional integral inequalities via
generalized (h1, ho)-preinvexity involving local frac-
tional integral operators with Mittag-Lefller kernel,
Demonstr. Math. 56(1) (2023) 20220216.

W. Sun, Some new inequalities for generalized $h$-
convex functions involving local fractional integral
operators with Mittag-Leffler kernel, Math. Methods
Appl. Sci. 44(6) (2021) 4985-4998.

Y. Zhang, G. Farid, Z. Salleh and A. Ahmad, On a
unified Mittag-Lefler function and associated frac-
tional integral operator, Math. Probl. Eng. 2021
(2021) 6043769.

S. S. Zhou, G. Farid and A. Ahmad, Fractional ver-
sions of Minkowski-type integral inequalities via uni-
fied Mittag-Leffler function, Adv. Differ. Equ. 2022
(2022) 9.

T. Gao, G. Farid, A. Ahmad, W. Luangboon and
K. Nonlaopon, Fractional Minkowski-type integral
inequalities via the unified generalized fractional
integral operator, J. Funct. Spaces 2022 (2022)
2890981.

K. Nonlaopon, G. Farid, H. Yasmeen, F. A. Shah
and C. Y. Jung, Generalization of some fractional
integral operator inequalities for convex functions
via unified Mittag-Leffler function, Symmetry 14(5)
(2022) 922.



Bounds for Generalized Fractional Integral Operators of Generalized Strongly Conver Functions

29. Y. Liu, G. Farid, D. Abuzaid and H. Yasmeen, On 30. T. Yu, G. Farid, K. Mahreen, C. Y. Jung and S. H.

boundedness of fractional integral operators via sev- Shim, On generalized strongly convex functions and
eral kinds of convex functions, AIMS Math. 7(10) unified integral operators, Math. Probl. Eng. 2021
(2022) 19167-19179. (2021) 6695781.

2540200-11



	INTRODUCTION
	MAIN RESULTS
	CONCLUSION

