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ABSTRACT

In the current article, we introduce a new subclass of univalent function ¥, with bounded radius rotation. For this new class, the
authors establish many interesting relations between these classes and existing classes. Furthermore, authors try to find coefficient
estimations for this new subclass. A few examples of the functions belonging to the classes ¥, are also stated.
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1 | Introduction

Indicate &/ to be the class of all functions denoted as follows:
flo)=v+ ¥ a,o™, (1)
m=2

which are holomorphic in the open unit disk Uy : ={v€C:

|v|<1}. Let & be the subclass of &/ consisting of all univalent
functions. The two subclasses of univalent functions, $* and &,
which are commonly known as the starlike and convex func-
tions, respectively, are introduced by Robertson [1]. The follow-
ing are the analytic representations of classes $* and &

§* ::{fe g %(I;J:;l(j)))) >0, v EUO},

and

Let y, be the class of bounded variation real-valued functions
x(0) on [0, 27] which satisfy the given requirements as follows:

2z 27
/ dy(0) =2 and / |dy (0)] < u, p=>2.
0 0

In a given simply connected domain, a function f that is both
holomorphic and locally univalent is said to have bounded radius
rotation if the total variation of the angle between the radius
vector f(re”) and the positive real axis is bounded by uz. Let
2%, defines the family of functions f represented by Equation (1)

satisfy the following:
(reigf/ ( reig)

NG

Pinchuk [2] gave an integral representation of functions belong-
ing to the class %, as follows: If a function f € %, represented by
Equation (1), then f will have an integral representation as fol-
lows:

) ‘d@ <urm.
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Jm:exp - 2”log\l—1)6371'9|d)((6’) :
v /o

where y(6) € y,. Moreover, %, is the class of normalized starlike
functions. The family of functions f defined by Equation (1) that
conformally transfer U, onto an image domain f(U,) of bound-
ary rotation at most uz is denoted by 7,. Since the boundary
rotation is the total variation of the argument of the boundary
tangent vector, we have the function f'€ 7, that satisfies the
following integral representation:

o 10 £11 (il
/ é}e(uw)‘dasm.
0

7(re)
7', is the class of normalized convex functions and for 2 <u <4,
7', contains only univalent functions. According to [3], a func-
tion f € 7, if and only if it is as follows:

7o) =esp{ - [ toglt ~ve I 0}

where y(6) € y,,. It is clear that for u; <u,, then 7, C 7/,,. There
exists an interesting relation between the classes %, and 7, as
follows:

of'(v) € R, ifandonlyif f(v) € 7. (2)

Let &, defines the family of functions p(0) =1 holomorphic in
U, and having representation as follows:

1 f271+pe ¥
— = 7(1 9
p(U) 2/0 1= pei0 )(( )7

where y(6) €y, or equivalently, &, defines the family of func-
tions p holomorphic in U,, satisfying p(0) =1, and

2r 5
/ |Rp(rei?)|do < ux.
0

The class &, generalizes the class of holomorphic functions with
positive real part. &, is the class of functions with positive real
part. The class &, is connected with the class & by the following
relation. For p € &, we have

o) = (5+3)00) - (4-3 st

where p;,p, € 2. A function u € 2, (y) if and only if there exists
a function q € &, such that

u) =7+ 1 -7)q). (3)

Padmanabhan and Parvatham [4] introduced and investigated
the class 2,(y). A function analytic and locally univalent in a
given simply connected domain is said to be of bounded bound-
ary rotation if its range has bounded boundary rotation, which is
defined as the total variation of the direction angle of the tangent
to the boundary curve under a complete circuit. For more details
about bounded boundary rotation and bounded radius rotation
[5-8]. Lehto [9, 10] showed that for a function f € 7, represented
by Equation (1) as follows:

2

2

a, S;—tand as S” * .
2

In an earlier investigation established by Schiffer and Tammi
[11], it is shown that for f € 7, represented by Equation (1) as
follows:

3
8
|ay < i
24

For Eand F, -1 <F<E <1, afunction q analytic in U, with q(0)
=1 belongs to the class Z[E, F] if

qlo) <122

1+ Fv’
where < denotes the usual meaning of subordination. The class
QP|E, F] introduced by Janowski [12]. An analytic function q with
q(0) =1 belongs to the class 2, [E, F] if there exists two functions
q1(v) and q,(v) belongs to the class 2[E, F| such that

pA2
4

@) -2 q,0).

qv) = 7

Noor [13] studied the classes 7/, [E, F] and %, [E, F]. A function f
represented by Equation (1) is said to belong to the class 7/, [E, F].
if

of" (v)
f'©)

1+ € P,[E.F].

Similarly, a function f represented by Equation (1) is said to
belong to the class %, [E. F], if

of'(v)
f(o)

€ P,|E,Fl.

There exists an interesting relation between the classes %, [E. F]
and 7/,[E, F] as follows:

of'(v) € R,[E, Flif and only if f (v) € 7/, [E, F). 4)

Remark 1.

(i) If we select E=1and F= -1, then the class #,[E.F] =
2,01, -1]=2,.

(i) If we select E=1and F = —1, then the class 7,[E. F] =
7,1 -1=7,.

(iii) If we select E=1and F = -1, then the class %,[E.F] =
R, (1. -1 =R,

(iv) If we select E=1-2y and F = —1, then the class &,[E,
Fl=2,01-2, -1]=2,().

(v) If weselect E=1-2yand F= -1, then the class 7, [E,
Fl=7,1-2, -1=7,0).

(vi) If we select E=1-2y and F= -1, then the class %,,[E,
Fl=R,1-2y, -1 = R,(y).

Let ©* be the class of holomorphic functions h in U, which
satisfy the specified criteria:

20f9
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(i) h is normalized by the conditions h(0)=1 and h(1) =
lim,_h(r) =0,

(i) h(Uy) lies in a half plane whose boundary passes through
the origin, and

(iif) in connection with h(1),h maps U, univalently onto a
domain that is starlike.

Furthermore, the constant function 1 is also a member of class
g*. Let €, be the subset of £* for which it is assumed that h(v) is
holomorphic both for [v|<1 and on |v| =1.

Let € denote the class of functions as follows:

h(v):1‘|‘ Z hmDm=1+hlu+h202+... (5)

m=0

holomorphic and nonvanishing in U,, normalized so that 4(0) =
1 and such that

e

Robertson [14] showed that €, c € c &* [15].

In the current article, we introduce a new subclass of univalent
function &, with bounded radius rotation. For this new class, the
authors drive many interesting relations between ¥, and the
existing classes that are investigated already. Furthermore,
authors find certain coefficient estimation results for the new
subclasses. Some examples of the functions belonging to the clas-
ses &, are also stated.

2 | Starlike Function With Respect to Boundary
Point With Bounded Radius Rotation

In this section, we define a new subclass of univalent functions,
called as starlike function with respect to boundary point with
bounded radius rotation.

Definition 1. Let u>2. Let a function h(v) represented by
Equation (5) is said to be starlike with respect to boundary point
with bounded radius rotation if h satisfies the following condi-
tion:

20W (v) v+1
_ P .
h(v) ov-1 €I

where v = pe'”. The family of all starlike functions with respect to
boundary point with bounded radius rotation is denoted by & ,,.
The class @, is defined to extend the concept of starlikeness from
the interior of the unit disk to functions whose starlike behavior
is centered at a boundary point and whose rotation is controlled
or bounded. Traditional classes such as starlike or convex func-
tions do not capture the geometric behavior of many analytic
mappings that rotate or expand near the boundary. The class
&, allows the function to behave like a starlike mapping while
restricting excessive angular distortion. Therefore, &, provides a
more general and flexible framework that includes classical star-
like, boundary starlike, and bounded rotation functions as special

cases, making it useful for deeper geometric analysis, coefficient
estimates, and operator-based studies.

Remark 2. The class of starlike functions with respect to a
boundary point and bounded radius rotation represents a balance
between freedom and control: the functions allow rotational defor-
mation of the image boundary while ensuring that the mapping
retains a global starlike structure and avoids pathological geomet-
ric behavior such as sharp spirals, cusps, or folding. This geometric
perspective not only highlights the richness of these functions but
also explains their relevance in applications involving directional
flow, conformal modeling, and boundary-controlled analytic
mappings.

Remark 3. If we select u=2, then the class ¥, =9,=9,
introduce and investigated by Robertson [14].

2.1 | Integral Representation of ¥, Theorem1. Ifa
function h€ &, then

M@:ﬂ—M%pP%/?bngKQWW), (6)

where y(0) € y,.

Proof. Since h€¥,, then 3 an holomorphic function q(v)
belongs to the class %, such that

20k (v) v4+1
h(v) ov-1

q(v). (7)

Equation (7) can be written as follows:

O 1@@-?. -

h(v)_v—1:2 0

Since q € &, according to [3], for a function q € %, there is a
function y(t) € v, such that

1 [271+ve™™
== 7d 6 .
aw) =5 [ dx(6)

Therefore,

o < 0
From, Equations (9) and (8) we get Equation (6). This ends the

assertion of Theorem 1. O

2.2 | Relation Between ¥, and 7/, Theorem 2. A
function h € G, (with > 2) can be expressed in the form as follows:

h(v) = (1-v)y/g'(v), (10)
Jfor some function g€ 7.

Proof. Since h€@,, then 3 an holomorphic function q(v)
belongs to the class &, such that
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200 (v) v+1

Since q € #,,3 g €7, such that
vg"(v)

- =9 (13)

Integrating Equation (13) we get Equation (10). This ends the
verification of Theorem 2. O

2.3 | Relation Between ¥, and %, Theorem 3. For
u>2, afunction h € G, if can be represented in the form as follows:

h(v) =(1-0) @, (14)

where g € R,,.
Proof. From Equation (2) and Theorem 2, we easily get

Equation (14). O

2.4 | Relation Between ¥, and ¥ Theorem4. Every
Sfunction h € G, may be constructed from two functions hy, h, €
through the rule as follows:

(15)

Proof.  Since h € ¥, 3 an holomorphic function q(v) belonging
to the class &, such that

200 (v) v+1

W) oo1 =90 (16)
Since q € #,,3q1, q> € P such that
+2 -2
q0) =" "0 0) - ). (17)

Since q;,q, € 2,37y, h, € F such that

2.5 | Relation Between ¥, and §* Theorem5. A
function h€ G, (u>2) can be represented as follows:

[ (0)] ()

[ (0)](5) 2

h(v) = Vo(1 - v)

for certain functions hy, h, € S*.

Proof. We know that a function ¢ € % if and only if v’ € §*.
Similarly if ¢ € §* if and only if

;o)
9= eX.

Using Theorem 4 we get Equation (58) finishing the verification
of Theorem 5. O

Theorem 6. For u>2and 0<y<1, a function he @, if

i. 3n, €7 ,(y) such that

h(v) = (1 = v) [} (0)77.

ii. 3n,€R,(y) such that

fllz (l)) 7

h(v) = (1-0) [—}_

v

Proof. Using Equations (2) and (3), together with Theorems 2
and 3, the result follows immediately, completing the proof of
Theorem 6. O

Theorem 7. For u>2, a function he &, then for [v|=r<1

(1417 (21)

-0 <) < -

a2

(1-r
Proof. By Theorem 1, h€ &, we have
1 (2= .
h(v) = (1 - v)exp {—E/ log(1 - ue“")d)((ﬁ)} .
0

Let us take v =re’?, then

o (v) ohs(v) Ih(ret)| < (1 - r)ex {_1/2711 el

—1 1 =1 ) 1 < p og|1 —ve™|du(t)|.

Q1 (U) + h/l (U) and 9 (U) + fl’Z(U) ( 8) 2 0

Hence, from Equations (16)-(18) we get We may write y(6) = x,(0) — x2(6) since () is a nondecreasing

function with bounded variation in [0, 2z], and both y,(6) and

() 1[u+2h{(0) p-205() 19 x2(0) are nondecreasing functions with bounded variation in [0,
hv) 2| 4 ) 4 B0 (19) 2] and satisfies as follows:

Integrating Equation (19) we get Equation (15), completing the / a i (0) < Ht2 and / 2 dyy(0) < M- 2.

verification of Theorem 4. 0 0 2 0 2
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Now, we can write it as follows:

1 [2n ) 1 27 .
- 7/ log|1 — ve™?|dy(0) = 3 {/ log|1 — ve™|dy,(0)
0 0

2
2 .
—/ log|1 - ve‘le|d)(1(9)}
0

-2
< ‘MT log(1+7r)

pt2
4

log(1-7)

=lo 1.
g (112

u+m”}

To proved the lower bound it is sufficient to show that as follows:

2 ol %
—/ log|1 — ve™®|dy(0) > log (14% .
0 (1+7r)+

As [27|dy(0)|=pu, then [27|dy,(0)| S% and [27|dy,(0 \5”7
Therefore, we have as follows:

2n ) —
- %/ log|1 - ve|dz(6) > * =2 log(1 - 1)
J 0

4
pt2 log(1+r)
4
= log|— r):z .
+r)T
Hence, we get
. 1-r)7
(re)| > tog | =07 .
(1+n)F
This ends the verification of Theorem 7. O
Theorem 8. Ifafunctionhe %, then the function H(v) defined
as follows:
h(lu * a_>(1 -a)
H() = (1 toa

W@ +ea-v-a)
for some |a| <1 belongs to the class G,.

Proof. Ashed,,
7, such that

from Theorem 2, there exists a function g <

h(v) = (1 =v)\/g'(v).

It is well known [7], that if ge 7/,, then the function G(v)
defined as follows:

also belongs to 7,,. Hence we get

This ends the verification of Theorem 8. O

Theorem 9. For u>2, a function he &, then

u+hﬂgg, (22)
\1+2h2—h%|sg, (23)

and
u+3m-3hm2+hﬂsg. (24)

Proof. Since he€¥,, then 3 an holomorphic function q(v)
belonging to the class &, such that

200 (v) v+1
l’l(l)) - v—1 = q(l)), (25)
where
q(v) =1+ byo + byv? + b3o® + --. (26)

From Equations (25) and (26), we get

2+ 2h; = b, (27)
2+ 4h, — 2h? = b,, (28)

and
2 + 6hs — 6h hy + 2h3 = b;. (29)

Using |b,,| < in Equations (27)-(29) we get Equations (22)-(24)
respectively that ends the verification of Theorem 9. O

Remark 4. The sharpness of the obtained coefficient bounds
remains an open problem.

3 | Illustrations of Functions in the Class ©,.
Example 1. The function h:U,—C defined as follows:

mm:u—@mﬂ—a.

Taking logarithm on both sides and differentiating with respect
to v, we get

200 (v) v+1

h(v) 1)—1:1_1)'
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Since

2r ‘2n
/ R(1 —v)dt:/ (1 - cost)dt =2r < pux.
0

0

Therefore, 1 —v € &,. Thus the function h€ @,.

Example 2. The function h:U,—C defined as follows:
v
h(v) = (1 - v)exp(— 6)'

Taking logarithm on both sides and differentiating with respect
to v, we get

Since

(RN

Therefore, 1 —g € P,. Thus the function h€ G,.

Example 3. The function h:U,—C defined as follows:

h(v) =(1- u)exp(—%u).

Taking logarithm on both sides and differentiating with respect
to v,

200 (v) v+1 )
- =1-2,
h(v) ov-1 2

Since

o= [
J 0 0

Therefore, 1 —% € %,. Thus the function h€ G,.

Example 4. The function h:U,—C defined as follows:
—(1- _Hv
h(v) = (1 u)exp( < )

Taking logarithm on both sides and differentiating with respect
to v, we get

200 (v) o+1 o

h(v) ov-1 4

Since

/Zﬂ%(l —%)dt:/h(l _,uCZS t)dtzZnS;m.
0 0

Therefore, 1 —/% € #,. Thus the function h€ G,,.

4 | Some Classes Are Closely Related to Starlike
Function With Respect to Boundary Point With
Bounded Radius Rotation Definition 2. Let —1<
F<E<1andu>2. Afunction f(v) represented by Equation (5) is
belongs to the class €, [E. F] if

20h'(v) 1+ Ev
h(v)  1+Fov

€ P,[E.F].

Remark 5. If we choose E=1 and F= -1, then the class

9,[E.F]=%,[1, -1]=,. introduced in Definition 1.

Theorem 10. For —1<F<E<1 and u>2. If a function he
C,[E.F], then

E-F

— 2 .
h(v) = (1+Fv) 2F exp {%/ log(1 + Fve™)dy(9) |,
0
(30)
where y(6) € y,,.

Proof. Since h € ,[E, F], then 3 an holomorphic function q(v)
belongs to the class &, [E, F| such that

20h'(v) 1+ Ev
T -
h(v)  1+Fo

q(v). (31)

Equation (31) can be written as follows:

v

Ww) E-F 1  1/(q()-1
h(v)+ 2 1+FU_2( ) (32)

Since g € &, [E, F], by representation theorem, for a function q €
2,|E.F], there is a function y(t) € y, such that

1 (2714 Epe ™
=— ————dy(0). 33
a) =5 [ pread©) (33)
Therefore,
vq(z) -1, E-F [z .
/ 9@) -1, _ / log(1 + Foe®)dy(6). (34)
0 Z 2F 0

From, Equations (34) and (32) we get Equation (30). This ends
the verification of Theorem 10. O

Theorem 11. For —1<F<E<1 and u>2. If a function he
©,[E.F]if 3 a function g, € 7', [E. F] such that

F-E

ho) = (1+ Fo) 2F \/gl(o). (33)

Proof. Since h € @, [E. F], then 3 an holomorphic function q(v)
belongs to the class &, [E, F| such that

20h'(v) 1+ Ev
+ =
h(v)  1+Fo

q(v). (36)

6 of 9
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Since q € #,[E.F],3 g, € P,[E. F] such that

vg, (v)

v)=1+ . 37
From, Equations (36) and (37), we get
’ _ 1"
Ww) E-F 1 g (v) (38)

1'1(1))+ 2F 1+Fv:2g’(u)'

Integrating Equation (38) we get Equation (36). This ends the
verification of Theorem 11. O

Theorem 12. For —1<F<E<1and u>?2. A function h is said
to belong to the class ©,[E, F] provided that there exists a function
9. € R,|E, F) such that

h(v) = (1+ Fv) 2F /%) (39)

Proof. From Equation (4) and Theorem 11, we easily get
Equation (39). O

Let us consider the Pick function as follows:

4v

< (1—0)2+4U/B+(1—u)>2’ Vi=1 0el.

P(v;B) :=

By using the Pick function P(v; B) we consider a class which is
closely related to the class &,,.

Definition 3. Let B>1 and u>2. A function h(v) represented
by Equation (5) is belongs to the class ©,,(B) if

20k (v)

oP'(v; B)
D) eP

P(v; B) "

+

Remark 6. If we choose y=2, then ©,(B) = %,(B) = ¢(B) is
the class of functions satisfy the condition:

20h'(v)  vP'(v;B)
%< W) T P(mB)) o

The class €(B) introduced by Jakubowsk and Wtodarczyk [16].

Theorem 13. If a function h€ & ,(B), then

h(v) = /ﬁexp [—% / 2”1og(1 —ue‘i'g)d;((ﬁ)} (40)

where y(0) € x,,.

Proof. Since h€@,, then 3 an holomorphic function q(v)
belongs to the class &, such that

20K (v)  vP'(v;B) )
r e g (41)

Equation (41) can be written as follows:

v

/ P'(v;B 1 1 -1
h (U) + (U’ ) [ (q(l)) ) . (42)
From, Equations (9) and (42) we get Equation (40). This ends the
verification of Theorem 13. O

Theorem 14. For B>1 and pu>2, a function h€ $,(B) if3 a
Jfunction g € 7', such that

h(v) = vg'(v) . (43)

Proof. Since h€ ¥,(B), then 3 an holomorphic function q(v)
belongs to the class &, such that

200’ (v)  oP'(v;B) ;

From, Equations (12) and (44), we get

—+

h(v)  2P(;B) 2v  4(¢)° (45)

~—

Integrating Equation (45) we get Equation (43). This ends the
verification of Theorem 14. O

Theorem 15. For B>1 and u>2, a function h€ $,(B) if 3 a
Junction g € R, such that

hw) = |20 (46)

Proof. From Equation (2) and Theorem 14, we easily get
Equation (46). O

5 | Spiral-Like Functions With Respect to a
Boundary Point With Bounded Radius Rotation

In this section, we define a new subclass of univalent functions
called as spiral-like functions with respect to a boundary point
with bounded radius rotation.

Definition 4. LetncZ: ={6cC:[6-1|<1, §#0} and p >
2. A function f(v) represented by Equation (5) is said to be spiral-
like functions with respect to a boundary point with bounded
radius rotation if h satisfies the following condition:

2of'(v) v+1
nf (v) o157

where v = rel’. The family of all spiral-like functions with respect
to boundary point with bounded radius rotation is denoted by
Sp(m).
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Remark 7.

i. If we choose y =2, then we have 8% (i) = $5(n) = $°(n) is
the class of functions satisfy the condition:

*( o)

The class $*(y7) introduced by Mohd and Darus [17].

ii. If we choose n=1. then the class §°(n)=8°(1)=9,,
introduced in Definition 1.

5.1 | Integral Representation of §(y) Theorem
16. If a function f € S4(n). then

U@ﬁ:uﬂmwﬁiﬁﬁ%uﬂwm@wﬁ, (47)

where y(0) € x,,.

Proof. Since f € 85(n). then 3 an holomorphic function q(v)

belongs to the class %, such that
20f'"(v) v+1 B
nf(w)  v-1

q(v). (48)

We rewrite Equation (48) as follows:

20) 2 _aw)-1 )

W) v-1 v

From, Equations (9) and (49) we get Equation (47). This ends the
verification of Theorem 16. O

Theorem 17. Let a function f € b(n). Then the function is as
follows:

o= [ e

belongs to the class 7/ ,.

Proof.  Since f € §%(n), 3, an holomorphic function q(v) belong-
ing to the class %, such that

20/'(0) _v+1_
nfo) v-1"

q(v). (50)

As q€ &, then 3 a function g € 7, such that

qlv) =1+ % (51)

Hence, from Equations (50) and (51), we get

Y02 _g'w) -

nf(v) v-1 4g'(v)

Equation (52) ends the verification of Theorem 17. O

Theorem 18. Let a function f € S5(i7). Then the function

belongs to the class R,,.

Proof. From Equation (2) and Theorem 17, we easily prove
Theorem 18. O

Theorem 19. If a function f € $%(n), then 3 two functions g,
g, € K such that

2 1 (¥)
) = (1 -0t (53)

Proof.  Since h € 8%(y), 3 an holomorphic function q(v) belong-
ing to the class &%, such that

20f'(v) v+1
- =q(v). 4
fo) o-1 W (54)
Since g € #,.3q;.q, € & such that
+2 -2
q0) =5 a0) - S ). (55)

Since q;,q, € .3 g,, g, € * such that

Dggil/l/(sjv)) and q,(v) =1+ U;Z/Z/(E]U)) . (56)

Q) =1+
Hence, from Equations (54) and (55) and Equation (56) we get

(o) _1[u+2g{0) p-2g40)
Ro) 2l 4 go) 4 W)

(57)

Integrating Equation (57) we get Equation (53), completing the
verification of Theorem 19. O

Theorem 20. Let u>2. A function feSh(n) if Ay, hy € S*
such that

1))

[72(0)) () 9

Proof. From Equation (2) and Theorem 19, we easily get
Equation (58). O

Theorem 21. For y€[2,00), y €[0,1), a function f € $4(n) if
i. 3n, €7 ,(y) such that

h(v) = (1= 0)i[R} (077,

ii. 3n,€R,(y) such that

8 of 9
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Proof. Using Equations (2) and (3), together with Theorems 17
and 18, the result follows immediately, completing the proof of
Theorem 21. O

6 | Conclusion

In the investigation carried out, the authors proposed a subclass
&, consisting of univalent functions with bounded radius rota-
tion. A motivating connection between the new subclass with the
other existing classes also derived. The coefficient bounds for this
new subclass are also derived. Some classes which are strongly
related to the class of starlike functions with respect to boundary
points with bounded radius rotation are also derived. Many
appealing examples are also formed for the class ,,.

The results obtained in this study open various possible direc-
tions for further investigation. One natural extension is to explore
sharp coefficient problems and extremal functions associated
with the class ,. Another promising direction is to examine
convolution (Hadamard product) properties, differential subordi-
nation relations, and inclusion criteria with other well-
established subclasses of univalent and multivalent functions.

In addition, it would be of interest to study growth, distortion,
and covering theorems, as well as radius problems such as radius
of starlikeness, convexity, and close-to-convexity for the class &,,.
The behavior of integral and differential operators acting on &,
also remains an open area for exploration.

Finally, potential applications of the class ¥, in geometric func-
tion theory, fractional calculus, and g — analysis may lead to
further significant developments. These directions will be
addressed in future work.
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