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ABSTRACT
In the current article, we introduce a new subclass of univalent function Gμ with bounded radius rotation. For this new class, the

authors establish many interesting relations between these classes and existing classes. Furthermore, authors try to find coefficient

estimations for this new subclass. A few examples of the functions belonging to the classes Gμ are also stated.
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1 | Introduction

Indicate A to be the class of all functions denoted as follows:

f υð Þ ¼ υþ ∑
1

m¼2
amυ

m; ð1Þ

which are holomorphic in the open unit disk U0 : ¼fυ2C :
  jυj<1g:: Let S be the subclass of A consisting of all univalent
functions. The two subclasses of univalent functions, S∗ and C,
which are commonly known as the starlike and convex func-
tions, respectively, are introduced by Robertson [1]. The follow-
ing are the analytic representations of classes S∗ and C:

S∗ : ¼ f 2A : < υf 0 υð Þ
f υð Þ

� �
>0; υ 2 U0

� �
;

and

C :¼ f 2A :   < 1þ υf 00 υð Þ
f 0 υð Þ

� �
>0;    υ 2 U0

� �
:

Let χμ be the class of bounded variation real-valued functions
χðθÞ: on ½0; 2π� : which satisfy the given requirements as follows:

Z
2π

0
dχ θð Þ ¼ 2 and 

Z
2π

0
dχ θð Þj j ≤ μ;  μ ≥ 2:

In a given simply connected domain, a function f that is both
holomorphic and locally univalent is said to have bounded radius
rotation if the total variation of the angle between the radius
vector f ðreiθÞ: and the positive real axis is bounded by μπ: Let
Rμ defines the family of functions f represented by Equation (1)
satisfy the following:

Z
2π

0
< reiθf 0 reiθð Þ

f reiθð Þ
� �����

����dθ ≤ μπ:

Pinchuk [2] gave an integral representation of functions belong-
ing to the classRμ as follows: If a function f 2Rμ represented by
Equation (1), then f will have an integral representation as fol-
lows:
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f υð Þ
υ

¼ exp −

Z
2π

0
log 1 − υe−iθj jdχ θð Þ

� �
:

where χðθÞ: 2 χμ: Moreover,R2 is the class of normalized starlike
functions. The family of functions f defined by Equation (1) that
conformally transfer U0 onto an image domain f ðU0Þ: of bound-
ary rotation at most μπ is denoted by Vμ: Since the boundary
rotation is the total variation of the argument of the boundary
tangent vector, we have the function f 2Vμ that satisfies the
following integral representation:

Z
2π

0
< 1þ reiθf 00 reiθð Þ

f 0 reiθð Þ
� �����

����dθ ≤ μπ:

V2 is the class of normalized convex functions and for 2≤ μ≤ 4;
Vμ contains only univalent functions. According to [3], a func-
tion f 2Vμ if and only if it is as follows:

f 0 υð Þ ¼ exp −

Z
2π

0
log 1 − υe−iθj jdχ tð Þ

� �
;

where χðθÞ : 2 χμ: It is clear that for μ1<μ2; thenVμ1 ⊂Vμ2 : There
exists an interesting relation between the classes Rμ and Vμ as
follows:

υf 0 υð Þ 2Rμ if and only if f υð Þ 2Vμ: ð2Þ

Let Pμ defines the family of functions pð0Þ : ¼ 1 holomorphic in
U0 and having representation as follows:

p υð Þ ¼ 1
2

Z
2π

0

1þ υe−iθ

1 − υe−iθ
dχ θð Þ;

where χðθÞ: 2 χμ or equivalently, Pμ defines the family of func-
tions p holomorphic in U0; satisfying pð0Þ: ¼ 1; and

Z
2π

0
<p reiθð Þj jdθ ≤ μπ:

The classPμ generalizes the class of holomorphic functions with
positive real part. P2 is the class of functions with positive real
part. The classPμ is connected with the classP by the following
relation. For p2Pμ; we have

p υð Þ ¼ μ

4
þ 1
2

� �
p1 υð Þ − μ

4
−
1
2

� �
p2 υð Þ;

where p1; p2 2P: A function u2PμðγÞ: if and only if there exists
a function q2Pμ such that

u υð Þ ¼ γ þ 1 − γð Þq υð Þ: ð3Þ

Padmanabhan and Parvatham [4] introduced and investigated
the class PμðγÞ:: A function analytic and locally univalent in a
given simply connected domain is said to be of bounded bound-
ary rotation if its range has bounded boundary rotation, which is
defined as the total variation of the direction angle of the tangent
to the boundary curve under a complete circuit. For more details
about bounded boundary rotation and bounded radius rotation
[5–8]. Lehto [9, 10] showed that for a function f 2Vμ represented
by Equation (1) as follows:

a2j j ≤ μ

2
 and  a3j j ≤ μ2 þ 2

6
:

In an earlier investigation established by Schiffer and Tammi
[11], it is shown that for f 2Vμ represented by Equation (1) as
follows:

a4j j ≤ μ3 þ 8μ
24

:

For E and F; − 1≤F<E≤ 1; a function q analytic inU0 with qð0Þ
: ¼ 1 belongs to the class P½E;F� : if

q υð Þ ≺ 1þ Eυ
1þ Fυ

;

where ≺ denotes the usual meaning of subordination. The class
P½E;F� : introduced by Janowski [12]. An analytic function qwith
qð0Þ: ¼ 1 belongs to the classPμ½E;F� : if there exists two functions
q1ðυÞ: and q2ðυÞ: belongs to the class P½E;F� : such that

q υð Þ ¼ μþ 2
4

q1 υð Þ − μ − 2
4

q1 υð Þ:

Noor [13] studied the classes Vμ½E;F� : and Rμ½E;F�:: A function f
represented by Equation (1) is said to belong to the classVμ½E;F� :;
if

1þ υf 00 υð Þ
f 0 υð Þ 2Pμ E;F½ �:

Similarly, a function f represented by Equation (1) is said to
belong to the class Rμ½E;F� :; if

υf 0 υð Þ
f υð Þ 2Pμ E;F½ �:

There exists an interesting relation between the classes Rμ½E;F� :

and Vμ½E;F� : as follows:

υf 0 υð Þ 2Rμ E;F½ � if and only if f υð Þ 2Vμ E;F½ �: ð4Þ

Remark 1.

(i) If we select E¼ 1 and F¼ − 1; then the class Pμ½E;F� : ≡
Pμ½1; − 1� : ≡Pμ.

(ii) If we select E¼ 1 and F¼ − 1; then the class Vμ½E;F� : ≡
Vμ½1; − 1� : ≡Vμ.

(iii) If we select E¼ 1 and F¼ − 1; then the class Rμ½E;F� : ≡
Rμ½1; − 1� : ≡Rμ.

(iv) If we select E¼ 1− 2γ and F¼ − 1; then the class Pμ½E;
F� : ≡Pμ½1− 2γ; − 1� : ≡PμðγÞ:.

(v) If we select E¼ 1− 2γ and F¼ − 1; then the class Vμ½E;
F� : ≡Vμ½1− 2γ; − 1� : ≡VμðγÞ:.

(vi) If we select E¼ 1− 2γ and F¼ − 1; then the class Rμ½E;
F� : ≡Rμ½1− 2γ; − 1� : ≡RμðγÞ:.

Let G∗ be the class of holomorphic functions h in U0 which
satisfy the specified criteria:
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(i) h is normalized by the conditions hð0Þ: ¼ 1 and hð1Þ : ¼
limr→1hðrÞ: ¼ 0;

(ii) hðU0Þ: lies in a half plane whose boundary passes through
the origin, and

(iii) in connection with hð1Þ:; h maps U0 univalently onto a
domain that is starlike.

Furthermore, the constant function 1 is also a member of class
G∗: LetG∗ be the subset ofG∗ for which it is assumed that hðυÞ: is
holomorphic both for jυj :<1 and on jυj : ¼ 1:

Let G denote the class of functions as follows:

h υð Þ ¼ 1þ ∑
1

m¼0
hmυm ¼ 1þ h1υþ h2υ2 þ⋯ ð5Þ

holomorphic and nonvanishing inU0; normalized so that hð0Þ: ¼
1 and such that

< 2υh0 υð Þ
h υð Þ þ 1þ υ

1 − υ

� �
>0:

Robertson [14] showed that G∗ ⊂G ⊂G∗ [15].

In the current article, we introduce a new subclass of univalent
functionGμ with bounded radius rotation. For this new class, the
authors drive many interesting relations between Gμ and the
existing classes that are investigated already. Furthermore,
authors find certain coefficient estimation results for the new
subclasses. Some examples of the functions belonging to the clas-
ses Gμ are also stated.

2 | Starlike Function With Respect to Boundary
Point With Bounded Radius Rotation

In this section, we define a new subclass of univalent functions,
called as starlike function with respect to boundary point with
bounded radius rotation.

Definition 1. Let μ≥ 2: Let a function hðυÞ: represented by
Equation (5) is said to be starlike with respect to boundary point
with bounded radius rotation if h satisfies the following condi-
tion:

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

2Pμ;

where υ¼ ρeiθ: The family of all starlike functions with respect to
boundary point with bounded radius rotation is denoted by Gμ:
The class Gμ is defined to extend the concept of starlikeness from
the interior of the unit disk to functions whose starlike behavior
is centered at a boundary point and whose rotation is controlled
or bounded. Traditional classes such as starlike or convex func-
tions do not capture the geometric behavior of many analytic
mappings that rotate or expand near the boundary. The class
Gμ allows the function to behave like a starlike mapping while
restricting excessive angular distortion. Therefore, Gμ provides a
more general and flexible framework that includes classical star-
like, boundary starlike, and bounded rotation functions as special

cases, making it useful for deeper geometric analysis, coefficient
estimates, and operator-based studies.

Remark 2. The class of starlike functions with respect to a
boundary point and bounded radius rotation represents a balance
between freedom and control: the functions allow rotational defor-
mation of the image boundary while ensuring that the mapping
retains a global starlike structure and avoids pathological geomet-
ric behavior such as sharp spirals, cusps, or folding. This geometric
perspective not only highlights the richness of these functions but
also explains their relevance in applications involving directional
flow, conformal modeling, and boundary-controlled analytic
mappings.

Remark 3. If we select μ¼ 2; then the class Gμ ≡G2 ≡G;
introduce and investigated by Robertson [14].

2.1 | Integral Representation ofGμ Theorem 1. If a
function h2Gμ; then

h υð Þ ¼ 1 − υð Þexp −
1
2

Z
2π

0
log 1 − υe−iθð Þdχ θð Þ

� �
; ð6Þ

where χðθÞ : 2 χμ:

Proof. Since h2Gμ; then ∃ an holomorphic function qðυÞ :

belongs to the class Pu such that

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ q υð Þ: ð7Þ

Equation (7) can be written as follows:

h0 υð Þ
h υð Þ −

1
υ − 1

¼ 1
2

q υð Þ − 1
υ

� �
: ð8Þ

Since q2Pu, according to [3], for a function q2Pu, there is a
function χðtÞ: 2 χμ such that

q υð Þ ¼ 1
2

Z
2π

0

1þ υe−iθ

1 − υe−iθ
dχ θð Þ:

Therefore,

Z
υ

0

q zð Þ − 1
z

dz ¼ −

Z
2π

0
log 1 − υe−iθð Þdχ θð Þ: ð9Þ

From, Equations (9) and (8) we get Equation (6). This ends the
assertion of Theorem 1. □

2.2 | Relation Between Gμ and Vμ Theorem 2. A
function h2Gμ (with μ≥ 2) can be expressed in the form as follows:

h υð Þ ¼ 1 − υð Þ ffiffiffiffiffiffiffiffiffiffi
g0 υð Þp

; ð10Þ

for some function g2Vμ:

Proof. Since h2Gμ; then ∃ an holomorphic function qðυÞ :

belongs to the class Pμ such that
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2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ q υð Þ: ð11Þ

Since q2Pμ;∃g2Vμ such that

q υð Þ ¼ 1þ υg00 υð Þ
g0 υð Þ : ð12Þ

From, Equations (11) and (12), we get

h0 υð Þ
h υð Þ −

1
υ − 1

¼ g00 υð Þ
2g0 υð Þ : ð13Þ

Integrating Equation (13) we get Equation (10). This ends the
verification of Theorem 2. □

2.3 | Relation Between Gμ and Rμ Theorem 3. For
μ≥ 2, a function h2Gμ if can be represented in the form as follows:

h υð Þ ¼ 1 − υð Þ
ffiffiffiffiffiffiffiffiffi
g υð Þ
υ

r
; ð14Þ

where g2Rμ:

Proof. From Equation (2) and Theorem 2, we easily get
Equation (14). □

2.4 | Relation BetweenGμ andK Theorem 4. Every
function h2Gμ may be constructed from two functions ℏ1;ℏ2 2K
through the rule as follows:

h υð Þ ¼ 1 − υð Þ ℏ
0
1 υð Þ½ � μþ2

8ð Þ
ℏ0
2 υð Þ½ � μ−2

8ð Þ : ð15Þ

Proof. Since h2Gμ;∃ an holomorphic function qðυÞ: belonging
to the class Pμ such that

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ q υð Þ: ð16Þ

Since q2Pμ;∃ q1; q2 2P such that

q υð Þ ¼ μþ 2
4

q1 υð Þ − μ − 2
4

q2 υð Þ: ð17Þ

Since q1; q2 2P;∃ℏ1;ℏ2 2K such that

q1 υð Þ ¼ 1þ υℏ00
1 υð Þ

ℏ0
1 υð Þ  and q2 υð Þ ¼ 1þ υℏ00

2 υð Þ
ℏ0
2 υð Þ : ð18Þ

Hence, from Equations (16)–(18) we get

h0 υð Þ
h υð Þ ¼

1
2

μþ 2
4

ℏ00
1 υð Þ

ℏ0
1 υð Þ −

μ − 2
4

ℏ00
2 υð Þ

ℏ0
2 υð Þ

� �
: ð19Þ

Integrating Equation (19) we get Equation (15), completing the
verification of Theorem 4. □

2.5 | Relation Between Gμ and S∗ Theorem 5. A
function h2Gμðμ≥ 2Þ: can be represented as follows:

h υð Þ ¼ ffiffiffi
υ

p
1 − υð Þ ℏ1 υð Þ½ � μþ2

8ð Þ
ℏ2 υð Þ½ � μ−2

8ð Þ ; ð20Þ

for certain functions ℏ1;ℏ2 2S∗:

Proof. We know that a function φ2K if and only if υφ0 2S∗:
Similarly if φ2S∗ if and only if

g0 ¼ φ υð Þ
υ

2K:

Using Theorem 4 we get Equation (58) finishing the verification
of Theorem 5. □

Theorem 6. For μ≥ 2 and 0≤ γ<1; a function h2Gμ if

i. ∃ℏ1 2VμðγÞ: such that

h υð Þ ¼ 1 − υð Þ ℏ0
1 υð Þ½ � 1

2 1−γð Þ:

ii. ∃ℏ2 2RμðγÞ: such that

h υð Þ ¼ 1 − υð Þ ℏ0
2 υð Þ
υ

� � 1
2 1−γð Þ

:

Proof. Using Equations (2) and (3), together with Theorems 2
and 3, the result follows immediately, completing the proof of
Theorem 6. □

Theorem 7. For μ≥ 2, a function h2Gμ; then for jυj : ¼ r<1

1 − rð Þ 1 − rð Þμ−24
1þ rð Þμþ2

4

≤ h υð Þj j ≤ 1 − rð Þ 1þ rð Þμ−24
1 − rð Þμþ2

4

: ð21Þ

Proof. By Theorem 1, h2Gμ; we have

h υð Þ ¼ 1 − υð Þexp −
1
2

Z
2π

0
log 1 − υe−iθð Þdχ θð Þ

� �
:

Let us take υ¼ reiθ; then

h reitð Þj j ≤ 1 − rð Þexp −
1
2

Z
2π

0
log 1 − υe−iθj jdν tð Þ

� �
:

We may write χðθÞ : ¼ χ1ðθÞ : − χ2ðθÞ: since χðθÞ: is a nondecreasing
function with bounded variation in ½0; 2π� :; and both χ1ðθÞ: and
χ2ðθÞ: are nondecreasing functions with bounded variation in ½0;
2π� : and satisfies as follows:

Z
2π

0
dχ1 θð Þ ≤ μþ 2

2
 and 

Z
2π

0
dχ2 θð Þ ≤ μ − 2

2
:

4 of 9 Journal of Function Spaces, 2026
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Now, we can write it as follows:

−
1
2

Z
2π

0
log 1 − υe−iθj jdχ θð Þ ¼ 1

2

Z
2π

0
log 1 − υe−iθj jdχ2 θð Þ

�

−

Z
2π

0
log 1 − υe−iθj jdχ1 θð Þ

�

≤
μ − 2
4

log 1þ rð Þ

−
μþ 2
4

log 1 − rð Þ

¼ log
1þ rð Þμ−24
1 − rð Þμþ2

4

" #
:

To proved the lower bound it is sufficient to show that as follows:

−

Z
2π

0
log 1 − υe−iθj jdχ θð Þ ≥ log

1 − rð Þμ−24
1þ rð Þμþ2

4

" #
:

As
R
2π
0 jdχðθÞj: ¼ μ; then

R
2π
0 jdχ1ðθÞj: ≤ μþ2

2 and
R
2π
0 jdχ2ðθÞj: ≤ μ−2

2 :
Therefore, we have as follows:

−
1
2

Z
2π

0
log 1 − υe−iθj jdχ θð Þ≥ μ − 2

4
log 1 − rð Þ

−
μþ 2
4

log 1þ rð Þ

¼ log
1 − rð Þμ−24
1þ rð Þμþ2

4

" #
:

Hence, we get

h reiθð Þj j ≥ log
1 − rð Þμ−24
1þ rð Þμþ2

4

" #
:

This ends the verification of Theorem 7. □

Theorem 8. If a function h2Gμ; then the function HðυÞ: defined
as follows:

H υð Þ ¼ 1 − υð Þ
h

υþ a
1þ υā

� �
1 − að Þ

h0 að Þ 1þ υā − υ − að Þ ;

for some jaj :<1 belongs to the class Gμ:

Proof. As h2Gμ; from Theorem 2, there exists a function g2
Vμ such that

h υð Þ ¼ 1 − υð Þ ffiffiffiffiffiffiffiffiffiffi
g0 υð Þp

:

It is well known [7], that if g2Vμ; then the function GðυÞ:

defined as follows:

G υð Þ ¼
g

υþ ā
1þ υā

� �
− g að Þ

g0 að Þ 1 − aj j2ð Þ ;   aj j<1:

also belongs to Vμ: Hence we get

h υð Þ ¼ 1 − υð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g0

υþ a
1þ υs̄

� �s
ffiffiffiffiffiffiffiffiffiffiffi
g0 að Þp

1þ zāð Þ :

This ends the verification of Theorem 8. □

Theorem 9. For μ≥ 2, a function h2Gμ; then

1þ h1j j ≤ μ

2
; ð22Þ

1þ 2h2 − h21j j ≤ μ

2
; ð23Þ

and

1þ 3h3 − 3h1h2 þ h31j j ≤ μ

2
: ð24Þ

Proof. Since h2Gμ; then ∃ an holomorphic function qðυÞ :

belonging to the class Pμ such that

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ q υð Þ; ð25Þ

where

q υð Þ ¼ 1þ b1υþ b2υ2 þ b3υ3 þ⋯: ð26Þ

From Equations (25) and (26), we get

2þ 2h1 ¼ b1; ð27Þ

2þ 4h2 − 2h21 ¼ b2; ð28Þ

and

2þ 6h3 − 6h1h2 þ 2h31 ¼ b3: ð29Þ

Using jbmj : ≤ μ in Equations (27)–(29) we get Equations (22)–(24)
respectively that ends the verification of Theorem 9. □

Remark 4. The sharpness of the obtained coefficient bounds
remains an open problem.

3 | Illustrations of Functions in the Class Gμ:
Example 1. The function h :U0À!C defined as follows:

h υð Þ ¼ 1 − υð Þexp −
υ

2

� �
:

Taking logarithm on both sides and differentiating with respect
to υ; we get

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ 1 − υ:

Journal of Function Spaces, 2026 5 of 9
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Since

Z
2π

0
< 1 − υð Þdt ¼

Z
2π

0
1 − cos tð Þdt ¼ 2π ≤ μπ:

Therefore, 1− υ2Pμ: Thus the function h2Gμ:

Example 2. The function h :U0À!C defined as follows:

h υð Þ ¼ 1 − υð Þexp −
υ

6

� �
:

Taking logarithm on both sides and differentiating with respect
to υ; we get

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ 1 −
υ

3
:

Since

Z
2π

0
< 1 −

υ

3

� �
dt ¼

Z
2π

0
1 −

cos t
3

� �
dt ¼ 2π ≤ μπ:

Therefore, 1−
υ

3
2Pμ: Thus the function h2Gμ:

Example 3. The function h :U0À!C defined as follows:

h υð Þ ¼ 1 − υð Þexp −
μυ

4

� �
:

Taking logarithm on both sides and differentiating with respect
to υ;

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ 1 −
μυ

2
:

Since

Z
2π

0
< 1 −

μυ

2

� �
dt ¼

Z
2π

0
1 −

μ cos t
2

� �
dt ¼ 2π ≤ μπ:

Therefore, 1−
μυ

2
2Pμ: Thus the function h2Gμ:

Example 4. The function h :U0À!C defined as follows:

h υð Þ ¼ 1 − υð Þexp −
μυ

8

� �
:

Taking logarithm on both sides and differentiating with respect
to υ; we get

2υh0 υð Þ
h υð Þ −

υþ 1
υ − 1

¼ 1 −
μυ

4
:

Since

Z
2π

0
< 1 −

μυ

4

� �
dt ¼

Z
2π

0
1 −

μ cos t
4

� �
dt ¼ 2π ≤ μπ:

Therefore, 1−
μυ

4
2Pμ: Thus the function h2Gμ:

4 | Some Classes Are Closely Related to Starlike
Function With Respect to Boundary Point With
Bounded Radius Rotation Definition 2. Let − 1≤
F<E≤ 1 and μ≥ 2:A function f ðυÞ : represented by Equation (5) is
belongs to the class Gμ½E;F� : if

2υh0 υð Þ
h υð Þ þ 1þ Eυ

1þ Fυ
2Pμ E;F½ �:

Remark 5. If we choose E¼ 1 and F¼ − 1; then the class
Gμ½E;F�: ≡Gμ½1; − 1� : ≡Gμ; introduced in Definition 1.

Theorem 10. For − 1≤F<E≤ 1 and μ≥ 2: If a function h2
Gμ½E;F�:; then

h υð Þ ¼ 1þ Fυð Þ−
E − F
2F exp

E − F
4F

Z
2π

0
log 1þ Fυe−iθð Þdχ θð Þ

� �
;

ð30Þ

where χðθÞ : 2 χμ:

Proof. Since h2Gμ½E;F� :; then ∃ an holomorphic function qðυÞ:

belongs to the class Pμ½E;F� : such that

2υh0 υð Þ
h υð Þ þ 1þ Eυ

1þ Fυ
¼ q υð Þ: ð31Þ

Equation (31) can be written as follows:

h0 υð Þ
h υð Þ þ

E − F
2

1
1þ Fυ

¼ 1
2

q υð Þ − 1
υ

� �
: ð32Þ

Since q2Pμ½E;F� :, by representation theorem, for a function q2
Pμ½E;F� :, there is a function χðtÞ: 2 χμ such that

q υð Þ ¼ 1
2

Z
2π

0

1þ Eυe−iθ

1þ Fυe−iθ
dχ θð Þ: ð33Þ

Therefore,

Z
υ

0

q zð Þ − 1
z

dz ¼ E − F
2F

Z
2π

0
log 1þ Fυe−iθð Þdχ θð Þ: ð34Þ

From, Equations (34) and (32) we get Equation (30). This ends
the verification of Theorem 10. □

Theorem 11. For − 1≤F<E≤ 1 and μ≥ 2: If a function h2
Gμ½E;F�: if ∃ a function ge 2Vμ½E;F� : such that

h υð Þ ¼ 1þ Fυð Þ
F − E
2F

ffiffiffiffiffiffiffiffiffiffiffi
g0
e υð Þp

:
ð35Þ

Proof. Since h2Gμ½E;F� :; then ∃ an holomorphic function qðυÞ:

belongs to the class Pμ½E;F� : such that

2υh0 υð Þ
h υð Þ þ 1þ Eυ

1þ Fυ
¼ q υð Þ: ð36Þ

6 of 9 Journal of Function Spaces, 2026
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Since q2Pμ½E;F� :; ∃ge 2Pμ½E;F� : such that

q υð Þ ¼ 1þ υg00e υð Þ
g0
e υð Þ : ð37Þ

From, Equations (36) and (37), we get

h0 υð Þ
h υð Þ þ

E − F
2F

1
1þ Fυ

¼ g00 υð Þ
2g0 υð Þ : ð38Þ

Integrating Equation (38) we get Equation (36). This ends the
verification of Theorem 11. □

Theorem 12. For − 1≤F<E≤ 1 and μ≥ 2: A function h is said
to belong to the class Gμ½E;F� : provided that there exists a function
ge 2Rμ½E;F� : such that

h υð Þ ¼ 1þ Fυð Þ
F − E
2F

ffiffiffiffiffiffiffiffiffiffiffi
ge υð Þ
υ

r
: ð39Þ

Proof. From Equation (4) and Theorem 11, we easily get
Equation (39). □

Let us consider the Pick function as follows:

P υ; Bð Þ :¼ 4υffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − υð Þ2 þ 4υ=B

p
þ 1 − υð Þ

� �
2 ;   

ffiffiffi
1

p
¼ 1;  υ 2 U0:

By using the Pick function Pðυ; BÞ : we consider a class which is
closely related to the class Gμ:

Definition 3. Let B>1 and μ≥ 2: A function hðυÞ : represented
by Equation (5) is belongs to the class GμðBÞ: if

2υh0 υð Þ
h υð Þ þ υP0 υ; Bð Þ

P υ; Bð Þ 2Pμ:

Remark 6. If we choose μ¼ 2; then GμðBÞ: ≡G2ðBÞ: ≡GðBÞ: is
the class of functions satisfy the condition:

< 2υh0 υð Þ
h υð Þ þ υP0 υ; Bð Þ

P υ; Bð Þ
� �

>0:

The class GðBÞ: introduced by Jakubowsk and Włodarczyk [16].

Theorem 13. If a function h2GμðBÞ:; then

h υð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

υ

P υ; Bð Þ
r

exp −
1
2

Z
2π

0
log 1 − υe−iθð Þdχ θð Þ

� �
ð40Þ

where χðθÞ : 2 χμ:

Proof. Since h2Gμ; then ∃ an holomorphic function qðυÞ :

belongs to the class Pu such that

2υh0 υð Þ
h υð Þ þ υP0 υ; Bð Þ

P υ; Bð Þ ¼ q υð Þ: ð41Þ

Equation (41) can be written as follows:

h0 υð Þ
h υð Þ þ

P0 υ; Bð Þ
2P υ; Bð Þ −

1
2υ

¼ 1
2

q υð Þ − 1
υ

� �
: ð42Þ

From, Equations (9) and (42) we get Equation (40). This ends the
verification of Theorem 13. □

Theorem 14. For B>1 and μ≥ 2, a function h2GμðBÞ: if ∃ a
function g2Vμ such that

h υð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
υg0 υð Þ
P υ; Bð Þ

s
: ð43Þ

Proof. Since h2GμðBÞ:; then ∃ an holomorphic function qðυÞ :

belongs to the class Pμ such that

2υh0 υð Þ
h υð Þ þ υP0 υ; Bð Þ

P υ; Bð Þ ¼ q υð Þ: ð44Þ

From, Equations (12) and (44), we get

h0 υð Þ
h υð Þ þ

P0 υ; Bð Þ
2P υ; Bð Þ ¼

1
2υ

þ g00 ςð Þ
g0 ςð Þ : ð45Þ

Integrating Equation (45) we get Equation (43). This ends the
verification of Theorem 14. □

Theorem 15. For B>1 and μ≥ 2, a function h2GμðBÞ: if ∃ a
function g2Rμ such that

h υð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g υð Þ

P υ; Bð Þ

s
: ð46Þ

Proof. From Equation (2) and Theorem 14, we easily get
Equation (46). □

5 | Spiral-Like Functions With Respect to a
Boundary Point With Bounded Radius Rotation

In this section, we define a new subclass of univalent functions
called as spiral-like functions with respect to a boundary point
with bounded radius rotation.

Definition 4. Let η2D : ¼fδ2C : jδ − 1j≤ 1;  δ ≠ 0g: and μ≥
2: A function f ðυÞ: represented by Equation (5) is said to be spiral-
like functions with respect to a boundary point with bounded
radius rotation if h satisfies the following condition:

2υf 0 υð Þ
ηf υð Þ −

υþ 1
υ − 1

2Pμ:

where υ¼ reiθ: The family of all spiral-like functions with respect
to boundary point with bounded radius rotation is denoted by
Sb

μðηÞ ::

Journal of Function Spaces, 2026 7 of 9
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Remark 7.

i. If we choose μ¼ 2; then we have Sb
μðηÞ: ≡Sb

2ðηÞ: ≡SbðηÞ: is
the class of functions satisfy the condition:

< 2υf 0 υð Þ
ηf υð Þ −

υþ 1
υ − 1

� �
>0:

The class SbðηÞ: introduced by Mohd and Darus [17].

ii. If we choose η¼ 1; then the class SbðηÞ: ≡Sbð1Þ : ≡Gμ;
introduced in Definition 1.

5.1 | Integral Representation of Sb
μðηÞ : Theorem

16. If a function f 2Sb
μðηÞ :; then

f υð Þ½ �2η ¼ 1 − υð Þ2exp −

Z
2π

0
log 1 − υe−iθj jdχ θð Þ

� �
; ð47Þ

where χðθÞ : 2 χμ:

Proof. Since f 2Sb
μðηÞ:; then ∃ an holomorphic function qðυÞ:

belongs to the class Pu such that

2υf 0 υð Þ
ηf υð Þ −

υþ 1
υ − 1

¼ q υð Þ: ð48Þ

We rewrite Equation (48) as follows:

2f 0 υð Þ
ηf υð Þ −

2
υ − 1

¼ q υð Þ − 1
υ

: ð49Þ

From, Equations (9) and (49) we get Equation (47). This ends the
verification of Theorem 16. □

Theorem 17. Let a function f 2Sb
μðηÞ:: Then the function is as

follows:

g υð Þ ¼
Z

υ

0

f ζð Þ½ �2η
1 − ζð Þ2 dζ;

belongs to the class Vμ:

Proof. Since f 2Sb
μðηÞ:; ∃ , an holomorphic function qðυÞ: belong-

ing to the class Pu such that

2υf 0 υð Þ
ηf υð Þ −

υþ 1
υ − 1

¼ q υð Þ: ð50Þ

As q2Pμ then ∃ a function g2Vμ such that

q υð Þ ¼ 1þ υg00 υð Þ
g0 υð Þ : ð51Þ

Hence, from Equations (50) and (51), we get

2f 0 υð Þ
ηf υð Þ −

2
υ − 1

¼ g00 υð Þ
g0 υð Þ : ð52Þ

Equation (52) ends the verification of Theorem 17. □

Theorem 18. Let a function f 2Sb
μðηÞ:: Then the function

g υð Þ ¼ υ f υð Þ½ �2η
1 − υð Þ2 ;

belongs to the class Rμ:

Proof. From Equation (2) and Theorem 17, we easily prove
Theorem 18. □

Theorem 19. If a function f 2Sb
μðηÞ:; then ∃ two functions g1;

g2 2K such that

f υð Þ½ �2η ¼ 1 − υð Þ2 g
0
1 υð Þ½ � μþ2

4ð Þ
g02 υð Þ½ � μ−2

4ð Þ : ð53Þ

Proof. Since h2Sb
μðηÞ:; ∃ an holomorphic function qðυÞ : belong-

ing to the class Pμ such that

2υf 0 υð Þ
ηf υð Þ −

υþ 1
υ − 1

¼ q υð Þ: ð54Þ

Since q2Pμ;∃ q1; q2 2P such that

q υð Þ ¼ μþ 2
4

q1 υð Þ − μ − 2
4

q2 υð Þ: ð55Þ

Since q1; q2 2P;∃g1;g2 2K such that

q1 υð Þ ¼ 1þ υg00
1 υð Þ

g01 υð Þ  and q2 υð Þ ¼ 1þ υg002 υð Þ
g02 υð Þ : ð56Þ

Hence, from Equations (54) and (55) and Equation (56) we get

h0 υð Þ
h υð Þ ¼

1
2

μþ 2
4

g001 υð Þ
g01 υð Þ −

μ − 2
4

g002 υð Þ
g02 υð Þ

� �
: ð57Þ

Integrating Equation (57) we get Equation (53), completing the
verification of Theorem 19. □

Theorem 20. Let μ≥ 2: A function f 2Sb
μðηÞ: if ∃ ℏ1;ℏ2 2S∗

such that

f υð Þ½ �2η ¼ υ 1 − υð Þ2 ℏ1 υð Þ½ � μþ2
8ð Þ

ℏ2 υð Þ½ � μ−2
8ð Þ : ð58Þ

Proof. From Equation (2) and Theorem 19, we easily get
Equation (58). □

Theorem 21. For μ2 ½2;1Þ, γ 2 ½0; 1Þ, a function f 2Sb
μðηÞ : if

i. ∃ℏ1 2VμðγÞ: such that

h υð Þ ¼ 1 − υð Þ1η ℏ0
1 υð Þ½ � η

2 1−γð Þ:

ii. ∃ℏ2 2RμðγÞ: such that

8 of 9 Journal of Function Spaces, 2026
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h υð Þ ¼ 1 − υð Þ1η ℏ0
2 υð Þ
υ

� � η
2 1−γð Þ

:

Proof. Using Equations (2) and (3), together with Theorems 17
and 18, the result follows immediately, completing the proof of
Theorem 21. □

6 | Conclusion

In the investigation carried out, the authors proposed a subclass
Gμ, consisting of univalent functions with bounded radius rota-
tion. A motivating connection between the new subclass with the
other existing classes also derived. The coefficient bounds for this
new subclass are also derived. Some classes which are strongly
related to the class of starlike functions with respect to boundary
points with bounded radius rotation are also derived. Many
appealing examples are also formed for the class Gμ:

The results obtained in this study open various possible direc-
tions for further investigation. One natural extension is to explore
sharp coefficient problems and extremal functions associated
with the class Gμ: Another promising direction is to examine
convolution (Hadamard product) properties, differential subordi-
nation relations, and inclusion criteria with other well-
established subclasses of univalent and multivalent functions.

In addition, it would be of interest to study growth, distortion,
and covering theorems, as well as radius problems such as radius
of starlikeness, convexity, and close-to-convexity for the classGμ:
The behavior of integral and differential operators acting on Gμ

also remains an open area for exploration.

Finally, potential applications of the class Gμ in geometric func-
tion theory, fractional calculus, and q− analysis may lead to
further significant developments. These directions will be
addressed in future work.
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