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1 Introduction

Due to a variety of evidence for dark matter from astrophysics and cosmology, there have
been a lot of particle physics models proposed for dark matter in the past. In particular,
Weakly Interacting Massive Particles (WIMP) paradigm has drawn our community to
search for dark matter accessible in particle physics experiments, with a motivation to
solve some particle physics problems in the Standard Model such as the hierarchy problem.
However, there has been no convincing evidence for direct detection of either dark matter
or new particles beyond the Standard Model. Therefore, it is important to open a new
avenue for pinning the properties of dark matter which are consistent with observations.

Sommerfeld effects [1] have drawn a lot of attention due to their importance in per-
forming the non-perturbative calculations for dark matter annihilation [2-12], dark matter
self-scattering [13-22], etc. Unlike the typical candidates for WIMP dark matter, Self-
Interacting Dark Matter (SIDM) [23] has a large self-interaction to solve the small-scale
problems at galaxies [22] and also explains the diversity of galaxy rotation curves [24, 25].
Moreover, it is important to render the self-scattering of dark matter velocity-dependent
to be consistent with the constraints from galaxy clusters [16].

Sub-GeV scale dark matter can be good candidates for SIDM as for pions in QCD,
whereas WIMP-like dark matter can be self-interacting only with some enhancement mech-
anisms. In most cases considered in the literature until now, a sizable Sommerfeld en-
hancement for dark matter annihilations or a large non-perturbative effect for dark matter
self-scattering were realized only due to the presence of light mediators that couple to
dark matter.

In this letter, we propose a novel mechanism for obtaining the Sommerfeld enhance-
ment for dark matter and making the dark matter self-scattering large without the need



for light mediators. We assume that dark matter is composed of at least two components
with a triple interaction. In this case, we consider the elastic scattering between two dark
matter components, for which one of dark matter particles is exchanged in the u-channel,
and derive the Bethe-Salpeter equation for the system of two dark matter components in
a form of delay differential equation. From the resulting Schrédinger-like equation for two-
component dark matter with a Yukawa-type interaction, we show that an effective light
mediator from the off-shell dark matter particle gives rise to a sizable Sommerfeld factor
at small velocities of dark matter.

Our new enhancement mechanism for dark matter interactions does not require light
mediators, so it is crucial to consider models with multi-component dark matter for such
an unexpected new phenomenon. We also discuss the velocity-dependent self-scattering for
dark matter with the u-channel resonance and comment on the implications of our results
for dark matter annihilation processes such as 2 — 2 and 3 — 2 semi-annihilations.

2 General idea

We consider two dark matter components, ¢1 and ¢o, with masses satisfying mo < 2mq or
m1 < 2mg such that ¢; and ¢9 are both stable and can be dark matter candidates, as far
as there are no other decay channels for ¢; and ¢o. For a clear discussion below, assuming
the mass ordering to be ma < 2m;, we regard the elastic scattering between the two dark
matter components, ¢1(q)p2(p) = ¢1(¢')p2(p’), as being exchanged by ¢ in the u-channel.
A concrete model for two-component dark matter will be presented in the next section,
but we first discuss the significance of dark matter particle exchanges in the u-channel in
a model-independent way.

Assuming that the tree-level amplitude for the elastic scattering, denoted as
f‘(p, q;p',4q), is exchanged by ¢ in the u-channel, and it is velocity-independent at the
leading order in the expansion of dark matter momenta, we can take the tree-level scatter-
ing amplitude in the following form,

= 4g*m3

e/ N —
L(p,q;p',q) = =GR tml o2 (2.1)

where ¢ is a dimensionless coupling parameter and w = py — ¢(, is the energy exchange be-
tween two dark matter components. Therefore, in the non-relativistic limit for dark matter
with mo % my, the energy exchange w becomes w & mgy—my # 0, so the off-shell dark mat-
ter particle in the u-channel receives an effective squared mass, proportional to m? —w? > 0
for mo < 2m;y. As a result, for mo = 2mq, the off-shell dark matter particle has an effec-
tively vanishing masss, mediating a Coulomb-like long-range force between the two dark
matter components. Thus, we dub this possibility “Self-resonant Dark Matter (SRDM)”.

Alternatively, we can take the same elastic scattering process to be exchanged by ¢9 in
the u-channel. In this case, the effective squared mass for the off-shell dark matter particle
is proportional to m% —w? > 0 with w ~ mg — my, so it vanishes for m; = 2msy. Our
general idea depends on the kinematics of dark matter particles, so it applies to general
models for two component dark matter, independent of spins of dark matter.



Figure 1. Feynman diagrams for ¢1¢2 — ¢1¢2 at the non-perturbative level.

3 A model for two-component dark matter

As illustration of the general idea, we consider a simple model for two-component scalar
dark matter, composed of a complex scalar field ¢; and a real scalar field ¢o, with a global
or local U(1) symmetry for ¢1. The corresponding Lagrangian is in the following,

1 1
Ly = [0up1]* — mi|on|* + 5(6#@)2 - §m%¢% — 2gmyga|d1]?. (3.1)

Then, the triple coupling between ¢; and ¢2 contributes to the elastic scattering process,
P12 — ¢1¢2, and its complex conjugate process, at tree level, and the dark matter particle
¢1 appears as an u-channel resonance. Extra couplings for dark matter such as ¢3, ¢3|¢1|?,
|¢1|* and @3 can be included but they are not relevant for our later discussion on the
u-channel resonance for ¢1¢a — @12 or ¢]ps — ¢ 2.

The model suggested above is simple enough to capture the salient features of the u-
channel resonance with a single dark matter particle, but it would be worthwhile to make a
generalization of our model to dark matter models with more than two species and different
spins. Concrete discussions on them will be work in progress and presented elsewhere [26].

For the elastic scattering process with two-component scalar dark matter,
b1(qQ)d2(p) — d1(q)b2(p'), the tree-level scattering amplitude I'(p,¢;p',q') becomes, in
the non-relativistic limit,

2,2
T(p, g0, q) ~ o

2
( iy — %(I’) + ma(2my — my)

U<\/Zﬁ— \/Tiq"') (3.2)

Here, we remark that momentum-dependent terms in the energy transfer w are included and

the effective squared mass of the u-channel mediator in eq. (3.2) is semi-positive definite
for mo < 2my. For p = ¢ = 0, the above tree-level scattering amplitude diverges at
mgy = 2myq, which we call the u-channel resonance. If ¢ is a stable dark matter, there is
no decay width for ¢1, so the above u-channel resonance cannot be regularized by a finite
decay width, unlike the s-channel resonance in which case the mediator has a nonzero
width in the region of a resonant enhancement.

We now consider the non-perturbative scattering amplitude for the elastic scattering
process, ¢1(q)p2(p) — ¢1(¢")p2(p’). Thus, we need to include the ladder diagrams and



obtain the non-perturbative four-point function I'(p, ¢;p/, ¢') for the scattering process. To
this purpose, we use the recursive relation for the non-perturbative four-point function,
as shown by the Feynman diagrams in figure 1, and define the following product for the
four-point function,

X, a:0',4') = Ga(p)G1(@)T(p, 47", 4') = x(p, q) (3.3)

where G 2(p) are Feynman propagators for ¢ 2, respectively. Then, ignoring the pertur-
bative contribution, we obtain the approximate recursive relation for the non-perturbative
four-point function as

Ak ~
Wf(p,q;zﬂrq—k,k)x(p+q—k‘,k)~ (3.4)

We now make a change of variables by

iX(p.0) ~ ~Ga(p)Gala) [

P=1(p+q)7 QZM(p—q), (3.5)

2 me My

with g = myma/(my + mg) being the reduced mass for the ¢ — ¢2 system, and use the
notation, x(p,q) = ~(P Q) Then, using the Bethe-Salpeter (BS) wave function [7, 27] in
momentum space, Pps(Q) = 5 49 X(P, @), we can rewrite the BS equation in eq. (3.4) as

(& - om s e (a

where P = 2(my 4+ ms + E,0) and Q = (Qo, Q) in the center of mass coordinates with F
being the total kinetic energy. Then, making a Fourier transform for the BS wave function

) des(F)  (3.6)

in position space, ¥pg(¥), we get the BS equation in the following form,

—2‘2 Vps(T) + V(3 )wBS( = m?) — Edps (%) (3.7)
with
V(@) == M (3.8)
where the effective mass is given by
M = my 2—%, (3.9)

a = % and r = |Z|. Therefore, the resulting potential is of the Yukawa type, with the
effective mass M in eq. (3.9). For mg = 2m;, the effective mediator mass vanishes, so a
large Sommerfeld enhancement is anticipated as will be shown below. On the other hand,
for almost degenerate masses, mo ~ my, the effective mass becomes M ~ my, so there is

no Sommerfeld enhancement without an extra light mediator [17].
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Figure 2. Sommerfeld factor for s-wave elastic scattering, ¢1¢2 — ¢1¢2, as a function of the relative
velocity v,e1. We chose o = g%/(47) = 0.1 and A = 1072,1073,1074,1075, for my = 2m(1 — A),
in the lines from bottom to top.

4 Sommerfeld factors for SRDM

As the potential in the BS equation in eq. (3.8) is central, we can make a separation of
variables for the BS wavefunction as

Yps(Z) = Ri(r)Y;" (0, ¢). (4.1)
Then, we also get
my

vus(~ 222 = Ri( 22 ) V(0,04 7)

1
= (1R 220 )Y (6.6). (42

As a result, after a change of variables, z = Jpar, and a redefinition with Ry(z) = w(z)/z,
we can recast the BS equation (3.7) to the following radial equation for wu;,

2 6—6:17
(sz - l(la; 1)>ul($) T 453; (=)' w(bz) + a*w(z) = 0 (4.3)

with a = %, b= % and ¢ = 2“—]\0{ Here, v, is the relative velocity between ¢; and ¢s.
Therefore, we have got remarkable results in the radial equation. Namely, the u-channel
interaction is attractive for even [, whereas it becomes repulsive for odd I.

Taking the Coulomb limit with M = 0 (or my = 2m;) for s-wave with | = 0, and
making an change of variables, x = e™”, we can recast eq. (4.3) into a delay differential

equations with constant shift,

iy (p) + tg(p) + 2e P ig(p — In2) + a*e >  dg(p) = 0 (4.4)



with @(p) = up(e™) and @ being the derivative with respect to p, etc. For mg < 2my,
the potential becomes a Yukawa-type and the shift in the above delay differential equation
becomes In b.

We now impose the boundary conditions for the radial wave function to go to the
plane-wave limit at * = co and be finite at = 0, which correspond in the p coordinate to

1
to(p) — . sin(ae™” + dp), p— —00, (4.5)

to(p) — Ae P, p — +00 (4.6)

where k = pw,e and dg is the phase shift. Then, after imposing the first boundary condition
in eq. (4.5) as a history function at p = —oo for the delay differential equation, from the
second boundary condition in eq. (4.6), we can determine the phase shift dy as well as the
Sommerfeld factor, So = |Ro(0)|? = A2.

In figure 2, we show the Sommerfeld factor Sy as a function of the relative velocity of
dark matter, depending on mo = 2m1(1 — A) with A = 1072,1073,107*,1075, in pink,
cyan, blue and purple lines, in order, and set the triple coupling to a = ¢?/(4r) = 0.1.
Thus, we find that the closer the dark matter masses to the resonance condition, my = 2my,
the larger the Sommerfeld factor becomes at small velocities for dark matter. We remark
that the Sommerfeld factor depends on A or the ratio of dark matter masses, but not
on dark matter masses themselves, as can be seen from the model parameters, a,b,c, in
eq. (4.3).

For nonzero [, we can also write the Schrodinger-like equation in eq. (4.3) with a
Coulomb potential in the form of a delay differential equation with a delay constant Inb,
and impose similar boundary conditions at p = +oc0. In this case, however, only for even
[, the effective potential is attractive, so there is a Sommerfeld enhancement factor.

5 2 — 2 self-scattering for SRDM

Taking mgy < 2my for which the effective mass M to be positive, we have the approximate
Coulomb limit for ¢1¢9 — @102 due to the u-channel resonance. In this case, since the
heavier particle ¢ is stable, two components of dark matter, ¢; and ¢o, coexist at present,
so they undergo the elastic scattering.

The elastic scattering cross-section for ¢1¢2 — ¢1¢2 can be enhanced by the non-
perturbative effect coming from the effective light mediator in the u-channel. For s-wave
dominance, the corresponding scattering amplitude is given by o = % sin? §y. Therefore,
we can achieve a large self-scattering cross section for dark matter up to unitarity bound,
thanks to the u-channel resonance. In this case, the self-scattering cross section is en-
hanced at small velocities to solve the small-scale problems at galaxies and the diversity
problem [22], while being consistent with the bounds from galaxy clusters [16].

In figure 3, we depict the self-scattering cross section per effective dark matter mass as a
function of the averaged relative velocity (vye1). Here, we used the energy-transfer averaged
self-scattering cross section with & = (ov3,)/(24/+/7v3) with vy being the averaged velocity.

rel
We also took meg = 2mq(1 + b) under the assumption that two dark matter components
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Figure 3. Self-scattering cross section per dark matter mass for s-wave elastic scattering, ¢1¢ps —
¢102, as a function of (vye). We chose A = 107°,2 x 107° and m; = 7,3 GeV in orange solid and
dashed lines, respectively. We took a = ¢g2/(4m) = 0.1 and meg = 2m4(1 + b).

are equally abundant at present, but the results would not change much as far as their
abundances are comparable. We set a = ¢?/(4w) = 0.1 and chose the parameters for
my = 2my1(1 — A) with A = 1075,2 x 107° and m; = 7,3GeV in orange solid and
dashed lines, respectively. We indicated the required self-scattering cross sections from the
data of rotational velocities at THINGS dwarf galaxies (red), LSB galaxies (blue), clusters
(green) [16], and diagonal lines in gray show constant values of o/m. In order to explain
the rotational velocities of galaxies with self-scattering of dark matter with larger masses,
we need to take smaller values of A for larger non-perturbative effects.

We note that there is another elastic scattering, ¢1¢§*’ — ¢1¢§*) and its complex
conjugate, which can have a similar resonance enhancement near msa ~ 2m;. However, the
s-channel enhancement is less significant than u-channel resonance for mos < 2m;, because
the center of mass energy for a pair of ¢ is always greater than mso. Therefore, the non-
perturbative effects for gbg*)qﬁg — ¢g*)¢2 give rise to dominant effects for rendering dark
matter self-interacting.

We remark that the non-perturbative effects in the u-channel resonance are also appli-
cable for other dark matter candidates with different spins and they are responsible for en-
hancing dark matter annihilation processes, such as 2 — 2 semi-annihilation, ¢1¢2 — ¢1.X,
with X being an extra mediator coupled to dark matter, and 3 — 2 semi-annihilation,
P19107 — P12 [28, 29]. We leave the related concrete discussion in another work [26].

6 Conclusions

We have proposed a new mechanism for Sommerfeld enhancement for dark matter without
introducing a light mediator. We introduced a two-component scalar dark matter with a



mass relation given by mo < 2m;. As a result, we showed that the lighter dark matter
appears as an effectively massless resonance in the u-channel, namely, self-resonant dark
matter, for ¢1¢2 — ¢1¢9 elastic scattering, and it gives rise to a Sommerfeld enhance-
ment for dark matter. Due to a non-instantaneous interaction between two dark matter
components, we showed that the resulting Bethe-Salpeter equation is cast into a form of
delay differential equation, showing a non-linear enhancement of the Sommerfeld factor for
a fixed plane-wave limit at large distances.

The proposed mechanism for Sommerfeld enhancement has immediate consequences for
dark matter physics such as non-perturbative enhancements of dark matter self-scattering
and annihilation. Furthermore, our results would shed light on the model building for dark
matter with multiple components and make more precise calculations for related processes

for dark matter possible.
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A Derivation of the Bethe-Salpeter equation

Here we provide the details for the derivation of the Bethe-Salpeter(BS) equation given in
eq. (3.7) in the text, for a pair of dark matter components with different masses. We focus
on the elastic scattering process, ¢1(q)d2(p) = ¢1(¢")P2(p’), at non-perturbative level, and
the same results are applicable to ¢jg2 — @] ¢a.

Summing up the ladder diagrams for ¢¢p2 — ¢1¢2 with the triple interactions between
dark matter components, we obtain the recursive relation for the non-perturbative four-
point function I'(p, ¢; p’, ¢') for the scattering process, as follows,

iT(p,q;p',q) = il(p, g9, q) (A1)

d*k ~

Q

dk ~
- / 2 L(p,¢;p+q—k,k)G1(k)Ga(p+q—k)L(p+q—k, k;p'.q')

where G 2(p) are Feynman propagators for ¢1 2, given by

i

Gi2(p) = (A.2)

p?— m%z’
and k is the loop momentum, and we ignored the perturbative contributions in the ap-

proximation. Then, defining the following product of the four-point function and the



propagators,

x(p a9, d) = G2(p)GL(QT (p, 47", ¢) = X(p, 0), (A.3)
and multiplying both sides of eq. (A.1) by Ga2(p)Gi(q), we rewrite eq. (A.1) in momen-
tum space,

. d*k ~
X(p.0) = ~Cop)Gr(0) [ i Tapta =k Rx@Ha— kK. (A

We now make a change of variables by

P:1@+% Q-u(

3 q), (A.5)

p
mo My
with g = mymg/(m1 + m2) being the reduced mass for the ¢ — ¢o system, or

2 2

mi ma

Here, P, () are proportional to the velocity of the center of mass and the relative velocity,
respectively. Then, noting

x(p,q) = X(P,Q), (A7)
~ 2u
(p+q—k k) = X(P, mQPk). (A.8)

where X is a function of P and @, eq. (A.4) becomes

. 2u 2u

W(PQ) = ~Ga(Q+ L P)Gi( -+ 2 )
mi ma

d*k ~ _ 2u
21 21
=-G|Q+—P|Gi| —Q+—P

mi ma

d*k
i L PGP a—kk X(P K A.
X/ (271')4 (p:C.va—'_q ) )‘k—k’—&-i‘;PX( ) ) ( 9)
where we made a shift in loop momentum by &’ = —k + %P in the second equality, and

the tree-level four-point function given in eq. (3.2) becomes

T 4g9°m?
F(p’ Grra=k, k)‘szkﬁ*%P N my > m2E 2 2 2
’ ( maP T\ ) + ma(2my — mo) k=—k/+ 2 p
4ng%

0/%@’ + %E’f + mo(2m1 — my)

UQV&ZQ+ ZZQ). (A.10)




Using the BS wave function in momentum space,

Ins(@ = [ spQ) (A11)
and multiplying eq. (A.9) by [dQo/(27), we get

ivps(Q) = ‘WOGQ(Q+ P)Gl(— Q-+ fn’:p)

d3l<:’ (‘\/7@ + \/7 ') Ups(K)
:_%mm@_g) [ st (Vo

Here, we chose the center of mass coordinates for which P = (m1 + mg + E,0) and
Q = (Qo, Q) with F being the total kinetic energy. Therefore, we get

(& )i~ | 2 (e e

with V; = —U /(4mimsz). Then, using the BS wave function in position space,

)%a><Am

) Ies(¥)  (A13)

3
’(ﬁgs(f) :/((;732 zQ $wBS(Q) (A.14)

and multiplying both sides of the above equation by f

T , we get

3 - 3./ R o ~ o
= _/ d Q3 QT / dk /d3:n' exp [ ( @Q + m2k3/> 'f/] Vl(f/)¢BS(k/)
3 1./ - o
— —/d?’:?’ 53 (a?— ml:ﬁ”) /é&)eXp (—i %k'-f' Vi(2)yms (k)
3/2 31/
__(m M) [ Ak S22 P (R
— <m1> Vl( - x) / @n)? exp < i mlk 33) Yps(k’)

= —(mQ)S/QW( :Zf> wBs< - ng) = _V(f)wBS( - :?f> (A.15)

mq 1

Therefore, we obtain the BS equation in the following form,

—Qlu Vs (7) + V(F) Uss ( - m%) — Bips(@) (A.16)

mi
_ ma 3/2 mo _,
W‘):(ml) Vl( mﬁ)

e R
dmimo \'my mi

with

~10 -



1 (m2>3/2/ d3q ( g 4) 4g2m?
= — _— — X €X 1 T
dmime \my (2m)3 P mi 4 G2 + m2(2myq — ma)

«
= ——e Mr (A.17)
,
where a = % and the effective mass for the u-channel propagator is given by

Mzm2,/2—%. (A.18)
a3

Here, use is made of [ PR e /(@ +m?) = e~™ /(47r). The above discussion completes

the derivation of eq. (3.7), which is the key equation for our discussion on the Sommerfeld
enhancement and the non-perturbative self-scattering for dark matter in our model.
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any medium, provided the original author(s) and source are credited.
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