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ABSTRACT This paper proposes a gradient-descent-based learning (GL) gain for backstepping controller
and disturbance observer (DOB) of nonlinear system. The proposed method consists of the GL gain update
law, controller, and DOB. The GL gain update law is proposed to adapt the control gain and DOB gain
according to the direction that minimizes the cost function. The mathematical analysis reveals that the GL
gain always has a positive sign and upper bound. The controller is designed via a backstepping procedure
to track the desired output with GL control gain. The DOB is designed to estimate the unknown external
disturbance with the GL DOB gain. Because the control and DOB gains are simultaneously tuned to
achieve improved performance, the time consumption for tuning can be reduced. In addition, the peaking
phenomenon can be avoided initially by a small initial value of GL gains. The stability of the closed-loop
system is guaranteed using the input-to-state stability property. The performance of the proposed method
was validated via simulations and experiments using a DC motor.

INDEX TERMS
stability (ISS).

Learning control, disturbance observer (DOB), gradient-descent, input-to-state

I. INTRODUCTION

Significant attention concerning the control of nonlinear
dynamics has been increasing because applications with non-
linear characteristics, such as energy, flight, robotic, and
mechatronics systems, have increased [1], [2], [3], [4], [5],
[6]. With the advancement of the nonlinear stability theory,
various control techniques have been developed to improve
the control performance for nonlinear systems [6], [7], [8],
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[9], [10], [11], [12], [13]. Feedback linearization has been
presented to remove nonlinear dynamics using feedback [6].
Sliding mode control methods have been developed to
achieve robust stabilization in a finite time [7], [8]. Lyapunov
redesign methods have been suggested to guarantee the sta-
bility of nonlinear systems [9]. Recursive backstepping tech-
niques have been proposed to compensate for an uncertain
disturbance that does not satisfy matching conditions [10],
[11]. The disturbance observer (DOB)-based control methods
have been developed to compensate for unknown external
disturbances [12], [13], [14]. Further, neural-network-based
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adaptive control algorithms have been proposed to achieve
robustness against system uncertainties using a neural net-
work to approximate unknown complex nonlinear dynam-
ics [15], [16]. These methods improved control performance
and robustness for various nonlinear applications.

Detailed guidelines for gain selection are unclear in terms
of the implementation. Therefore, tuning the gain is an
unavoidable and sometimes very time-consuming process.
Generally, to achieve precise and robust control performance,
high control gain is required [17], [18]. Likewise, a high
observer gain is necessary to obtain precise estimation per-
formance [13], [19]. However, a high gain may induce the
peaking phenomenon due to the multiplication of the high
gain and the initial error. The peaking phenomenon may make
the finite time escape of system state, which can lead to
system instability [19], [20], [27]. And the high gain in the
controller and/or the observer may result in amplifying high
frequency measurement noise.

Various gain-tuning methods have been proposed to deter-
mine the proper gain for the controller and observer [21],
[22], [23], [24], [25], [26]. A proportional-integral-derivative
(PID) gain self-tuning methods have been developed based on
gradient-descent using sliding-mode dynamics [21]. A self-
tuning PID with supervisory control based on the Lyapunov
approach has been reported [22]. A variable PID tuning
method has been proposed using the relationship between the
PID and backstepping control [23]. In [25], a backstepping
control gain-tuning method was designed to adjust for the
desired transient performance using a combination of nomi-
nal and variation gain. Regarding the observer gain selection,
the disturbance observer gain-tuning method was devel-
oped based on a cut-off frequency of the disturbance [26].
Although these methods intuitively resolved the gain-tuning
problem, the mathematical analysis of the adaptive tuning
gain for the desired performance is insufficient.

In this paper, the control problem in nonlinear systems with
disturbance of the following strict-feedback canonical form is
considered as follows:

Xi = fik) + gi(xi)xip1 + i, i€[l,---,n—1]
Jn = fu(n) + ga()u + wp ()

where X; = [x1,x2,---,x;]7 € R is state variables, u €
R denotes the system input, and w; € R represents the
external disturbance. The proposed method consists of the
gradient-descent-based learning (GL) gain update law, con-
troller, and DOB. The GL gain update law is proposed to
adapt the control and observer gain according to the direction
that minimizes the cost function. The mathematical analysis
reveals that the GL gain always has a positive sign and upper
bound to guarantee stability. The controller is designed via
a backstepping procedure to track the desired output for (1)
with the GL control gain. The DOB is designed to estimate
the unknown external disturbance with the GL DOB gain.
The proposed method can avoid the peaking phenomenon
using the GL gain and suppress the tracking error within the
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desired bound. Control and DOB gain values are simulta-
neously tuned to achieve improved performance; thus, the
time consumption for tuning can be reduced. The stability of
the closed-loop system is guaranteed using the input-to-state
stability (ISS) property. The performance of the proposed
method is validated via simulations and experiments using
a DC motor.

The main contributions are as follows:

« The GL gain update law is proposed to adapt the control
and observer gain according to the direction that mini-
mizes the cost function.

o The time consumption for tuning can be reduced to
obtain satisfactory performance.

o The proposed method can avoid the peaking phe-
nomenon and suppress the error within the desired
bound.

Il. GRADIENT-DESCENT BASED LEARNING GAIN
A GL gain is proposed to suppress the state within the desired

upper bound. A simple example system is used for illustration
purposes before designing the DOB and backstepping con-
troller for (1). Stable first-order dynamics with a perturbation
term [27] are considered:

6= —he+ P
—he + Pmax 2)

IA

where e denotes the state, A represents the GL gain, p indi-
cates the perturbation term, and pmax is the upper bound of
the perturbation term (i.e., pmax= sup |p|.) Integrating (2)

0<t<o0
over [0, t], the following solution can be obtained:

le(t)] < e(0) exp™ +2 = 3)

Therefore, the state can not converge to zero but enters the
bound, which is determined by the GL gain.

A. GL GAIN UPDATE LAW

Gradient descent is an optimization method to minimize the
cost function [28], [29], [30]. When the cost function is
convex, all local minima solutions become global minima
solutions, and the cost function can converge to the global
solution. Therefore, the selection of the cost function is
important. The cost function [31] is proposed as follows:

CA) =é+ Al —y)e

1,
10y =3¢ )

where y is designed as follows:

0, lel>e
Y= el ©)

I, lel<e¢

where A > 0 is the weight constant for error, ¢ denotes
a small positive constant for the magnitude of the desired
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bound. In addition, A(1 — y)e in the cost function is elim-
inated using y when the state enters the desired bound. The
gradient-descent-based update rule is designed as follows:

A nx (6)
where 1 represents the running rate chosen as a positive
constant. The partial derivative of the cost function can be
obtained using the chain rule:

aJ
= =C¥% = C(-e). 7
YN oA

Therefore, (6) can be rewritten as
A = nCe. (8)

The initial value is chosen as the positive constant, ):(0) > 0.
In addition, existence of (1 — y) does not affect the convex-
ity of (4). To demonstrate the convexity of (4), the second
derivative of the cost function, J (i), can be rewritten using
chain rule as follows:

92J 9 aC
— = —% <C = ) = (—e)(—e)
A2 9 RN

2

= >0. )

From (9), because the cost function is convex regardless of
(1 — y), the cost function converges to the global minimum.

Theorem 1: We consider the stable first-order dynamics
with perturbation (2). If the cost function and update rule are
chosen by (4) and (8), the state is bounded by

lim |e(t)| < ¢ (10)
11— 00

after some time, T}. Further, the GL gain always has a positive
sign and upper bound to guarantee stability:

N A 1
Amas = 4(0) + Sne? + nAE?T, (11)
where E = sup |e(?)|.
0<t<Tp
O

Proof: From (3), the upper bound of state is
el = 5. (12)

The magnitude of the GL gain determines the upper bound of
the state. When |e(?)| > ¢, and y = 0, the GL gain can be
obtained by integrating (8) as follows:

t
i(t):/ nCedt
0

t
= 2(0) + %r)e(t)z + / nAe(x)’dr.  (13)
0

Therefore, if the initial value of the gain is positive, the GL
gain is always positive. Moreover, the GL gain is increased
by the time integration of nAe?. Simultaneously, the upper
bound of the state is deceased as much as the increment of the
GL gain until the upper bound of the state (12) is smaller than
the desired bound, ¢. Define some time 7; when |e(?)| < &,
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and y = 1. After T}, because the cost function is changed by
y, the GL gain can be obtained as follows:

t

T
i(t):f bn(é+A(1—y)e)edt+/ n@edr
0

Ty
T,
= A(0) + %ne(t)z + / ’ nAe(t)’dr. (14)
0

Therefore, because the time integration term has an upper
bound, the GL gain also has an upper bound:

R R 1 Ty
*(00) < A(0) + 577824- / nAE®dt
0

~ 1 ~
< M0) + 57782 +NAE Ty = hmax (15)

where E is a constant that satisfies this condition, such that
E = sup le(?)|. O

0<t<Tp
Remark 1: The function of (1—y) is essential to obtain the

upper bound of the GL gain in the implementation aspect. The
GL gain becomes infinity without (1 — y). By integrating (8)
with cost function without (1 — y), the GL gain can be
obtained as follows:

t
i(t):/ nCedt
0

t
= 20) + %ne(z‘)z +/ nAe(r) d. (16)
0

Because the state can never converge to zero for various
reasons, such as disturbances and noise, in practice, the GL
gain is continually increased by the time integration of nAe?,
Therefore, the GL gain becomes ):(oo) = 00. O

Remark 2: The purpose of the GL gain update law is dif-
ferent from the existing adaptive control method for parame-
ter optimization. The GL gain is designed to obtain the control
or DOB gain, which obtains the desired performance using
gradient descent with a cost function based on closed-loop
dynamics. The existing adaptive control method for param-
eter optimization is designed to overcome the parametric
uncertainties of the system dynamics [10], [15], [16]. The
proposed method can avoid the peaking phenomenon and
suppress the tracking error within the desired bound using
the GL gain. The control and DOB gains are simultaneously
updated to achieve the desired performance; thus, the time
consumption for tuning can be reduced in practice. O

Ill. DESIGN OF GRADIENT-DESCENT BASED
DISTURBANCE OBSERVER
The disturbance observer is designed to estimate the
disturbance for the system in (1) with the following
assumption.

Assumption 1: : The sign of g;(x;) is known, |gi(x;)] >
0, and an upper positive bound of g;(x;) exist such that

sup |gi(x)| = gi O
0<t<c©
Assumption 2: A disturbance, w;, i € [l,---,n] and

the derivative of disturbances, 8;, i € [1,---,n] are
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bounded. Therefore, an upper positive bound of |§;| such that
sup |81(t)| = (Simax . O

0<t<o0o
The disturbances in (1) can be rewritten as follows:

w; = X — fi(x)) — gi&)xip1, 1<i<n-—1,

wp = Xp — fu(Xn) — gn(Xy)u. (17)
The estimated disturbances, ®;, i € [1, ..., n] and estimation
error of disturbances, @;, i € [1,...,n], are defined as

follows to design the DOB:
d)i=a),-—(f),-. (18)
The disturbance observer [32] is designed as follows:

& = Ly — &), iell,--,n—1]

X = fi(x) + gi(%i)xiv1 + @

wp = Li(x, — X)

Xn = FnGin) + gn(Xn)u + N (19)
where ?,- > 0, i € [1,---,n] are the GL DOB gains. The
dynamics of @; with (19) are obtained as follows:

@ = —li; + 8 (20)

where §;, i € [1, ---, n] are derivative of the disturbances.
The upper bound of the estimation error is determined for the
GL DOB gain I;. Inthe frequency aspect, the transfer function
w; to @; can be defined from (20) as a high-pass filter H;(s)
with a cut-off frequency I; as follows:

Qi(s) s
B Qi(s) B s+ ii

2n

where s denotes the Laplace operator, Q,-(s) and 2;(s) rep-
resent the Laplace transform of w; and @;, respectively.
Therefore, the DOB gain is designed by maximum frequency
of disturbance. The maximum frequency of the disturbance
is unknown and different for each case. Generally, the proper
DOB gain is selected by trial and error. However, the GL gain
can be resolved using this consumption process.

A. GL DOB GAIN UPDATE LAW

This section proposes the GL DOB gain to suppress the esti-
mation error within the desired bound. Based on Theorem 1,
the cost function is proposed as follows:

Cai(ly) = @i + Lai(1 — ya)ai
R 1 )
Jaily) = EC,%,», iell,--,n] (22)

where y,; is designed as follows:

0’ |d)l| > cT)Idmax (23)

S ~d
1, |wl| =< Wi hax

Ydi =

where Ly; > 0 represents the weight for the estimation error,

~d o . .
and o . denotes a small positive constant as the magnitude
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of the desired bound. From (6), the GL DOB gain update rule
is designed as follows:
A 0Jgi
li = —nai—~ (24)
al;
where 14; is running rate which is chosen positive constant.
Using similar manner in (7), (24) can be rewritten as

A

li = n4iCai®;. (25)

The initial value is chosen as the positive constant, i,-(O) > 0.

Corollary 1: From Theorem 1, we consider the distur-
bance estimation error dynamics (20). If the cost function
and updated rule are chosen by (22) and (25), the disturbance
estimation error is bounded by

: ~ ~d
im0 = &fpax (26)
after TP, i € [1, -+, n] when |&(t)| < &%, and yz = 1.

In addition, the GL DOB gains always have a positive sign
and upper bound to guarantee the stability:

R N 1
limax = 1:(0) + Endmwf’maxf +nLaBTE @27

where Q; = sup |@;(t)]. O

D
0=<t<Ty;

IV. GRADIENT-DESCENT BASED CONTROL FOR
STRICT-FEEDBACK SYSTEMS

The controller is designed for (1) using the backstepping tech-
nique. In addition, the GL control gain update law is proposed
to suppress the tracking error within the desired upper bound.
We define the tracking error variables as follows:

<1 =xi_xjd’ ]e[l9sn] (28)
The tracking error dynamics become

zi = fi(x) + i) (zip1 + xit1,) + i — Xiy,
iell,---,n—1]
Zn = Ju(Xn) + gn(Gn)u + w, — )'Cnd- (29)

We propose the following control laws:

Xit1, = ﬁ(fcid — fi&) — & — kizi)
iell,---,n—1]
1 ) _ R ~
u = m(xnd — Ja(Xn) — wn — kpzy). (30)

With the control law (30), the closed-loop tracking error
dynamics (29) can be obtained as follows:

5 = —kizi + giG)zig1 + @, i€l -, n—1]
in = —Knin +C’Z)n‘ (31)

Theorem 2: We consider the closed-loop tracking error
system (29). By the control input in (30), the closed-loop
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Virtual controller for z;

2ka

Z2

Virtual control
law for z, (30)

Virtual control  |*2d
law for z; (30)

Ak
1, 3@

A A

GL control gain
update law (41)

lp
Disturbance
observer (19)

GL control gain
update law (41)

b1
Disturbance <
observer (19)

iwi ¢ @,

Xn,

Strict-feedback
nonlinear systems
4 with disturbance (1)

GL control gain
update law (41)

Aly
Disturbance
observer (19)

v On

Virtual
controller
forz;, i €
Bn—1]

GL DOB gain GL DOB gain
update law (41) update law (41)

X1 X2

A GL DOB gain
update law (41)

Xn

Xi,
i€3n—1]

FIGURE 1. Block diagram of proposed method.
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Output z;
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FIGURE 2. Simulation results: Control performance.

tracking error system is a serial interconnected ISS system
with the following properties:

l2i(0)] < b,
i < X —_—
Z p 3

2
zi(0) + = sup Ai(ziv1(7)),

i 0<t<t
iell,---,n—1]
e 2 .
|za(2)] < exp ! zn(0) + = sup |wx(7)]  (32)
n0<t=<t
where
Ai(zig1 (1) = |gil lzits1 (D] + |@i(D)] - (33)
R O
Proof: By (31), the derivative of %” becomes
d zﬁ .
()
< —kn22 + |zl |@n]
kn 5 2 .
< =52, V |z = = |l (34)

2
Using [ [10], Th. C. 2], the result can be obtained:

lza(t)| < e ]g”t
n = X -
Z p )

From (35), the relationship between z,,, and |, | satisfies the
2

n

)+ 2 sup [an(@)]. (39)

n0<t<t

ISS property. Similarly, the derivative of %’ can be obtained
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as follows:

dz,-z_
da\2]

< —kiz? + 1zil (gl lzig1| + 1@i])

2iZi

< —Elzi Volzil > ]g—iAlw (36)
Then
ki 2
|zi()] < exp _Et 7i(0) + = sup Ai(zi+1(7)),
i0<t<t
iell,---,n—1]. (37)

In addition, (37) indicates that the relationship between z; and
Ajhas the ISS property. The boundedness of A; is determined
by |zit+1(¢)| from (33), because |g;| and |@;(¢)| are bounded
from the Assumption 1 and (20). Therefore, the ISS property
between z; and A; is equivalent to the ISS property between z;
and z;41. From (35) and (37), the ISS property of the overall
closed-loop system is represented by (32). Therefore, the
closed-loop system in (31) is the serial interconnected system
of the ISS system. O

A. GL CONTROL GAIN UPDATE LAW
Based on Theorem 1, the cost function is selected for GL
control gain as follows:

k) = 3 + K;(1 — vz

A 1
Jithy = 5¢} (38)
where y; is designed as
0, |zj| > &
Y= | | J| - / (39)
gl =g

where K; > 0 denotes the weight for tracking error, ¢; is a
small positive constant as the magnitude of the desired bound.
The GL control gain update rule is designed as follows:

A aJ;
ki = —n;j—2 (40)
ok;
2747
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FIGURE 3. Simulation results: Tracking errors and GL control gain.
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(a) Control input

FIGURE 4. Simulation results: Control input.

where 7; indicates the running rate chosen as the positive
constant. Similarly to (7), (40) can be rewritten as follows:

A

kj = 77jCij- (41)

The initial value is chosen as the positive constant, /2,»(0) > 0.
Corollary 2: From Theorem 1, we consider the tracking

error dynamics (31). If the cost function and updated rule are

chosen by (38) and (41), the tracking error is bounded by

[Jim 7| < & (42)
after T%, j € [1,---,n] when |zj| < g, and y; = 1.

In addition, In addition, the GL control gain always has a
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positive sign and the upper bound to guarantee the stability:

kimax = kj(0) + §nje? + nKik?Tf 43)
where kj = sup |zl O
0<t<Tf

Fig. 1 presents a block diagram of the proposed method for
indicating the details of the control procedure and signals.
Each virtual controller for z;,i € [l,n — 1] comprises a
controller via backstepping with the GL control gain update
law and DOB with the GL DOB gain update law.

Remark 3: Suggestions are provided to select the pri-
mary design parameters for the proposed method. In the GL
gain update law, a large K; and n; help improve transient
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FIGURE 5. Simulation results: DOB performance and estimation error of Case 3.

performance because a GL gain rapidly can be varying.
However, an excessively large value of C may induce an
unnecessarily large variation; thus, the proper selection of K;
and 7; is recommended according to the scale of the tracking
error for each state. Moreover, if the desired upper bound of
the tracking error €; is too small, the GL gain may converge
to an unnecessarily large control gain. Additionally, €; is also
recommended according to the scale of the tracking error for
each state. O

Remark 4: A high control gain cannot be used initially
because the peaking phenomenon occurs due to the multipli-
cation of the high control gain and the initial error. However,
the peaking phenomenon can be avoided in the GL gain at the
outset because the initial values of the GL gains are selected
as suitably small values. However, the minimal initial values
of the GL gains may resultin a poor transient response. There-
fore, the initial values of the GL gains are selected by trial
and error, considering both the transient response and peaking
phenomenon. In addition, the GL gain is increased until the
tracking error is sufficiently suppressed in the desired bound
‘Zj| < ¢j. However, an increase in the GL gain does not affect
the control input because the tracking error simultaneously
decreases. O

V. SIMULATION AND EXPERIMENTAL RESULTS
A. SIMULATION RESULTS

We consider the third-order system with disturbance pre-
sented in [33] as the example

X1 = 2sin(xy) + 1.5x + w1 (x1, 1)
X2 = 0.8x1x + x3 + war(xp, 1)
X3 = —x32 + 2u + w3(x3, t) 44)

where
wi(xy,t) = 0.1sin(#) + 0.1x; + 0.12
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FIGURE 6. Simulation results: Gradient-descent based learning DOB gain
of Case 3.

w2(Xx2, 1) = 0.3sin(2¢) + 0.2x; + 0.2xp — 0.4
w3(x3,t) = 0.2sin(2¢) + 0.2x; + 0.3x + 0.2x3 + 0.3.
The desired output shown in Fig. 2 was used as follows:
x14 = 2sin(0.15¢) + 4 cos(0.1¢) — 3.9. (45)
The DOBs (46) are designed as follows:
G1(xr, 1) = Li(x) — &)
X1(x1, 1) = 2sin(xy) + 1.5x0 + @1 (x1, 1)
D2(F2, 1) = hxy — &1)
Xo(x2, 1) = 0.8x1x + x3 + @2(X2, 1)
w3(x3, 1) = B3(x3 — X1)
X33, 1) = —xF 4 2u + @3 (%3, 1). (46)

The initial GL DOB gains, weights, and desired bound
were selected as [;(0) = 100, 1(0) = 10, ;3(0) = 10,
Lgi = 2000, ng; = 1000, and &¢, .. = 0.005 di € [1,2,3].
The tracking controller is designed as follows:

1 . N . A
X4 = E(—2 sin(xy) — @1(x1, 1) + X194 — k121)
x3qg = —0.8x1x0 — 2(X2, 1) + X2y — /2222
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FIGURE 8. Experimental results: Control performance.

1 o . n
u= §<x§ — 333, 1) + F30 — k3z3) (47)

where z; = x; — x4, i € [1, 2, 3].
Three cases were evaluated to assess the performance of the
proposed method.

Case 1: [Constant gain backstepping control with GL

DOB]
The controller (47) and DOB (46) are applied in Case 1.
However, the constant control gains were selected as k1 =
ko = k3 = 30. The control gains was selected by considering
the peak at the initial input.

Case 2: [GL gain backstepping control without GL DOB]
As the disturbances are not compensated for, the estimated
disturbances are set to zero such that @; = 0, i € [1,2, 3]
in (47). The initial control gains, and weights were set as
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k1(0) = ka(0) = k3(0) = 0.1, K} = n = 250, K, =
n = 30, and K3 = n3 = 1. The desired bounds were set
as ey = 0.01, e, = 0.1, and g3 = 0.03.

Case 3: [GL gain backstepping control with GL DOB:
proposed method]

The controller (47) and DOB (46) are applied in Case 3.
The initial control gains, weights, and desired bound were
selected the same as about Case 2.

The tracking control performance is illustrated in Fig. 2.
In all cases, the output tracked the desired output trajectory
well. The tracking errors and GL control gains are depicted
in Fig. 3. The dashed-dotted line represents the desired upper
bound of the error. The tracking error in Case 2 was lower
than in Case 1. In Case 2, although the disturbances were not
compensated for, the tracking errors were suppressed in the
desired bound by the increased GL control gains. When the
output tracking error, |z1|, becomes larger than the desired
upper bound at, r=25s, in Fig. 3 (a), the GL control gain in
Case 2 increased until |z1| was smaller than desired upper
bound in Fig. 3 (b). In Case 3, as the disturbance was compen-
sated for in control input (47), GL control gains were updated
to a small value than in Case 2. The proposed method (Case 3)
improved control performance as compared to Case 2. The
control inputs of Cases 1 to 3 are presented in Fig. 4. Despite
the control gains in Case 1 was selected by considering the
peaking phenomenon, a higher peaking of input in Case 1 can
be observed compared with Cases 2 and 3 at 7=0s. Although
the GL control gains become larger than the constant gain,
the same effort of control input can be observed in all of
cases in Fig. 4. Increased GL gain dose not affect the control
input because the tracking error simultaneously decreases.
The DOB performance and estimation error in Case 3 are
presented in Fig. 5. The DOB estimated external disturbance
well. The GL DOB gains of proposed method (Case 3) are
displayed in Fig. 6. Likewise, the GL DOB gains are updated
to suppress the estimation error within the desired bound.
We can observe that the disturbance estimation performance
was successfully suppressed in the desired bound by the
increased GL DOB gains.

B. EXPERIMENTAL RESULTS

Experiments were conducted to validate the position tracking
performance of the proposed method. A DC servo motor
system manufactured by Quanser Corp. was used for the
experiment. An incremental encoder with a resolution of
2048 pulses/revs was used. A host computer implemented
the controller using MATLAB/Simulink and uploaded the
executable output code to the QUARC real-time system. The
control sampling rate was 1 kHz. Fig. 7 presents the experi-
mental configuration of the DC motor testing set. DC motor
dynamics can be expressed as

6 =w

; k"+1( Bw)

w = —1 —(—Dw
J T

. 1
-~ L (kew—Ri
i L( N0 i+v)
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where 6 denotes the angular position [rad], w represents
the angular velocity [rad/s], i indicates the current [mA], v
denotes the control input [V] J = 2.09 x 1073 is iner-
tia [kg~m2], ki = 0.042 is torque constant [N-m/A], L =
1.16 x 1073 is inductance [H], k, = 0.042 is electromotive
force constant [V-s/rad], R = 8.4 is resistance [$2], and B
is an unknown viscous friction coefficient. The tracing error
variable, e, = x — x4, x € [f,w,i], and disturbance,
dy = —Bw, are defined. The desired position illustrated in
Fig. 8 was used:

d . 8w
¢ = 2sm(?t) -2 (48)

The tracking controller are designed as follows:
a)d = —/2160 + éd

. J 1~ & .

i = k—t(—jdl — ey, + o)

k R . .
v = L(wa + i —hae; +Lid)

(49)
The DOB are designed as follows:
4y =L(Jo—d)
& = ki+d (50)
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The same GL DOB is applied to Cases 1 and 3. The initial
GL DOB gains, weights, and desired bound were selected as
21 (0) = 10, and L1 = n; = 10000. The desired bound of the
estimation error was set as cbf =1.5x 1073

The three cases were evaluated to assess the performance of
the proposed method.

Case 1: [Constant gain backstepping control with GL

DOB]
The controller (49) and DOB (50) are applied in Case 3.
However, constant control gains were selected: k1 = 20,
ko = 7, and k3 = 60. The control gains were selected by
considering the peaking at the initial input.

Case 2: [GL gain backstepping control without GL DOB]
As the disturbances are not compensated for, the estimated
disturbances were set to zero (e.g., le = 0in (49)). The
initial control gains, initial DOB gains, and design factors
were set as k1(0) = k»(0) = k3(0) = 0.1, K; = 5 = 15,
Ky = np = 0.2, and K3 = n3 = 30 in Case 2. The desired
bounds of tracking error were set as 1 = 0.05, &, = 3, and
e3 = 0.04.

Case 3: [GL gain backstepping control with GL DOB:
proposed method]

The controller (49) and DOB (50) are applied in Case 3.
The initial control gains, weights, and desired bound were
selected the same as in Case 2.
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The position tracking control performance is presented in
Fig. 8. In all cases, the position tracked the desired position
trajectory well. The tracking errors and GL control gains
are displayed in Fig. 9. The dash-dotted line represents the
desired upper bound of the error. The tracking errors in
Cases 2 and 3 were lower than in Case 1. In Case 2, although
the disturbances were not compensated for, the tracking errors
were suppressed in the desired bound by the GL control gains.
In Case 3, as the disturbance was considered in the control
input (49), the GL control gains were updated to a smaller
value than in Case 2. The proposed method (Case 3) improved
control performance compared to Case 2. The control inputs
of Cases 1 to 3 are presented in Fig. 10. In common with
simulation results, the higher peaking of the input in Case 1
can be observed than Cases 2 and 3 at r=0s. Although the
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GL control gains become larger than the constant gain in a
steady-state, the same effort of control input can be observed
in all cases in Fig. 10. The control input comprised the multi-
plication between the tracking error and GL gain. Therefore,
an increased GL gain does not affect the control input because
the tracking error simultaneously decreases. The disturbance
estimation error and GL DOB gains are presented in Fig. 11.
We can observe that the GL DOB gains were updated to
suppress the estimation error in the desired bound. From
experimental results, the desired control and disturbance esti-
mation performance were successfully obtained using the GL
gains, which are automatically tuned to achieve the desired
performance.

VI. CONCLUSION

This paper proposed the GL gain for a backstepping con-
troller and a DOB for nonlinear systems. The GL gain update
law was proposed to adapt the control and observer gain
according to the direction that minimizes the cost func-
tion. The theoretical analysis were demonstrate from simu-
lation and experiment results. The control and DOB gains
were simultaneously tuned to achieve improved performance;
thus, the time consumption for tuning was reduced in the
experiment. The proposed method can avoid the peaking
phenomenon in the control input through the GL gain.
In addition, the tracking error of the proposed method was
reduced compared with the conventional method. In a future
study, the reinforcement-learning-based varying control gain
for achieving the desired performance with a stability guar-
antee will be investigated for various applications in real-time
industrial practice.
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