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Tensor-network computational fluid dynamics solvers, often termed quantum-inspired CFD (QIS-CFD), evolve
the incompressible Navier-Stokes equations in Tensor-Train (TT/MPS) form by repeatedly constructing nonlinear
operators via tensor contractions and then recompressing intermediate tensors to control the bond dimension. In
standard TT workflows, recompression is performed with deterministic truncated singular value decompositions
(SVDs); for bond dimension y and fixed local mode size, the per-bond O(y?) cost and limited GPU throughput
of SVD routines make truncation a primary bottleneck in GPU-resident time stepping at moderate-to-large y.
We introduce a GPU-accelerated randomized TT truncation scheme (RTTD) based on randomized subspace iter-
ation. RTTD replaces each deterministic truncated SVD with an oversampled randomized range finder and thin
QR factorizations on low-dimensional projected matrices, shifting the truncation workload toward GEMM- and
QR-dominated kernels while preserving the canonical constraints required by TT/MPS sweeps. We validate RTTD
against direct numerical simulation (DNS) and an SVD-based baseline on two 2D benchmarks: a decaying turbu-
lent jet (Re = 10° for short-run sweeps and Re = 2 x 10’ for long-horizon validation) and the Taylor-Green vortex
(Re = 10%). For y > 32, RTTD matches the SVD baseline and DNS in kinetic-energy evolution and divergence di-
agnostics. Computationally, RTTD accelerates the nonlinear Matrix-Product-Operator (MPO) construction phase
by up to 7.8x and reduces the end-to-end wall-clock time per step by up to 2.2x relative to the deterministic
baseline.
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1. Introduction accelerated DNS/LES solvers and databases still require substantial re-

sources despite significant speedups [13-17].

Direct Numerical Simulation (DNS) of the incompressible Navier—
Stokes equations provides the gold standard for analyzing turbulent
flows, resolving all relevant scales from the integral length scale # down
to the Kolmogorov dissipative scale 5 [1,2]. However, the computational
cost of DNS is prohibitive for high Reynolds numbers, as classical scal-
ing estimates suggest the ratio of scales grows as #/n ~ Re®/* [3,4].
This necessitates rapidly increasing grid resolution and smaller time
steps, making long-time integration for converged statistics extremely
expensive [5-7]. Even with modern GPU acceleration and highly opti-
mized solvers, large-scale DNS and finely resolved large eddy simula-
tions (LES) remain resource-intensive for engineering-relevant regimes.
Recent computational campaigns illustrate these demands across di-
verse regimes, from isotropic turbulence to wall-bounded and open-
channel flows [8-11], and analyses of grid/time-step requirements fur-
ther highlight the scaling burden [12]. Moreover, state-of-the-art GPU-
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These limitations have motivated model reduction and compression
strategies that exploit structure in the solution. Tensor-network meth-
ods, often termed quantum-inspired CFD (QIS-CFD), represent flow
fields in formats originally developed for quantum many-body sys-
tems [18,19]. Specifically, the Tensor-Train (TT) decomposition, also
known as the Matrix-Product State (MPS), can compactly encode high-
dimensional data when correlations decay sufficiently fast along a suit-
able ordering of degrees of freedom [20,21]. While originating in quan-
tum many-body physics, the TT/MPS format also admits a reduced-order
modeling interpretation: it can be viewed as a structured generalization
of projection-based ROMs (e.g., POD/Galerkin) that captures multiway
correlations through low-rank tensor factors rather than a single global
basis [22-24]. In QIS-CFD, this ordering is typically achieved via a
Quantics (QTT) mapping [25-27], where grid-based fields are reshaped
into higher-order tensors with small physical dimension (e.g., 2-4) that
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are amenable to TT/MPS compression (Section 2.3). Foundational work

by Gourianov et al. [28] demonstrated that local correlations in turbu-

lence exhibit structures analogous to quantum entanglement, enabling
velocity fields to be compressed significantly while retaining high vari-

ance at moderate TT bond dimension y.

Building on these observations, recent studies have implemented
end-to-end QIS-CFD solvers where the state evolves directly in the
compressed TT/MPS format. Holscher et al. [29] demonstrated a GPU-
accelerated pipeline via NVIDIA cuQuantum that reproduced key tur-
bulence diagnostics and reduced memory footprints, and related stud-
ies further explored end-to-end QIS-CFD workflows in the TT/MPS for-
mat [30,31]. Complementary work has developed high-performance
GPU TT primitives (e.g., tensor-core accelerated kernels) for TT/MPS
operations [32]. Beyond QIS-CFD, TT and QTT have been incorporated
into broader PDE solvers and discretizations, and surveys provide a uni-
fied perspective on low-rank tensor methods for PDEs [33,34]. Repre-
sentative applications include parabolic and elliptic PDE solvers and
discretizations in TT/QTT form [35-37], as well as compressible-flow
and hyperbolic discretizations such as TT-WENO [38]. A common algo-
rithmic dependency across these TT/QTT pipelines is repeated TT/MPO
truncation (rounding/recompression), which motivates kernel-level ac-
celeration of truncation routines.

Despite the massive parallelism of modern GPUs, current QIS-CFD
implementations suffer from a distinct performance bottleneck during
time-dependent nonlinear operator (MPO) construction. Nonlinear time
stepping repeatedly constructs and applies matrix-product operators
(MPOs) to the TT/MPS state. These contractions increase intermedi-
ate bond dimensions, necessitating repeated rank truncation to enforce
a prescribed maximum y. In standard cuQuantum-based implementa-
tions, this per-bond truncation is performed using deterministic SVD-
based routines. Although robust, the SVD scales as O(y>) and, in the
moderate-to-large y regime relevant to QIS-CFD, typically underuti-
lizes the GPU relative to GEMM/QR kernels due to higher synchroniza-
tion and memory-traffic demands. In contrast, the surrounding contrac-
tions are dominated by high-throughput GEMM-like operations. Profil-
ing the open-source 2D QIS baseline of Holscher et al. [29] on an NVIDIA
RTX 4090, we find that this nonlinear MPO construction region accounts
for approximately 75% of the total wall-clock time in typical regimes
(Re = 10, n = 10, y = 32), as shown in Table B.1. Consequently, accel-
erating this truncation-heavy region is a high-leverage path to practical
QIS-CFD.

To address this bottleneck, we propose a GPU-accelerated random-
ized TT truncation scheme (RTTD) designed for canonical TT/MPS
workflows. We formulate RTTD as a randomized truncation primitive,
based on randomized subspace iteration, that replaces the deterministic
per-bond SVD with an oversampled randomized range finder and sub-
sequent QR-based factorizations on projected matrices [39,40]. This ap-
proach shifts the dominant truncation workload from synchronization-
heavy SVD routines to high-throughput GEMM/QR kernels that bet-
ter match GPU execution characteristics. Crucially, our implementa-
tion outputs TT cores in canonical form compatible with the baseline
pipeline, making RTTD a drop-in replacement for deterministic trunca-
tion in existing QIS workflows.

We evaluate RTTD on two benchmarks: an anisotropic turbulent de-
caying jet (DJ) at Re € {103,2 x 10°} and a Taylor-Green vortex (TGV)
at Re = 10. Our results show that RTTD maintains agreement with the
deterministic baseline and DNS in the reported diagnostics, including
fidelity/overlap (defined in Section 4), kinetic-energy evolution, and in-
compressibility measures. Performance profiling reveals that RTTD ac-
celerates the nonlinear MPO construction region by 7.8x and reduces
total per-step wall-clock time by 2.2x for typical settings. The main con-
tributions of this work are:

1. Bottleneck characterization for GPU QIS-CFD. We identify that
nonlinear MPO construction is dominated by SVD-based truncation
due to the high cost of repeated per-bond SVDs in GPU-resident op-
erator construction.
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2. Randomized TT truncation for canonical workflows. We develop
RTTD by combining randomized subspace iteration with QR/RQ fac-
torizations, producing canonical TT cores compatible with standard
QIS solvers and left- and right-orthonormal (partition) output re-
quirements.

3. GPU implementation. We implement RTTD in C+ + /CUDA using
cuBLAS and cuSOLVER, exposing it via a pybind11/CuPy interface
as a drop-in replacement for cuQuantum’s contract_decompose.

4. Validation on turbulence benchmarks. On the 2D DJ and TGV
benchmarks, we demonstrate that RTTD matches baseline diagnos-
tics while delivering substantial end-to-end speedups.

The remainder of this paper is organized as follows: Section 2
presents the governing equations, the QTT/TT representation, MPO op-
erators, and the deterministic SVD-based truncation primitive used for
rank control; Section 3 describes the baseline QIS-CFD time-stepping
loop and introduces RTTD as a drop-in replacement for per-bond trun-
cation, including GPU implementation details and integration points;
Section 4 presents the accuracy and performance results; and Section 5
summarizes limitations and future directions.

2. Preliminaries: TT/MPS, QTT mapping, and baseline truncation
2.1. Tensor trains, canonical form, and deterministic truncation

A tensor-train (TT) representation expresses a d-way tensor as a
product of three-index cores with contracted bond indices [21,41].
Given X € RM>** the TT form is

X(ip,.onsig) = Z Gi(ag, i1, a)Go(ay,ip, ap) - Gylag_y,ig, og), (@)

where oy = a; =1 and a; € {1, ...,r,} are bond indices. Each core G, €
R -1XMXk js a 3-tensor with index ordering (left rank, physical, right
rank). The TT ranks (r, ..., r,_;) determine compression and the cost of
TT operations. We define the bond dimension as y := max; <y -

Canonical form. TT/MPS algorithms typically enforce orthogonality
(canonicalization) for numerical stability and well-posed truncation [18,
19]. A core G, is left-canonical if, after reshaping

G e ROk G (o, i) @] = Gyl iy ). @

it satisfies (GECL))TGZL) =1, . Similarly, G is right-canonical if, after re-
shaping

GiR) € RMe-1Xmrk), Gik)[ak—lv(ibak)] = Gy, igs a)s 3)
it satisfies GZR)(GZR))T =L _.ATT is in mixed-canonical form when
cores to the left of a chosen bond are left-canonical and cores to the right
are right-canonical; equivalently, an orthogonality center is placed at a
chosen site or bond.

Deterministic per-bond truncation (baseline). Per-bond truncation (TT
rounding/recompression) is required after contractions (e.g., TT-MPO
products) to control rank growth. At bond &, one merges adjacent cores
(or an intermediate contraction tensor) and reshapes to a matrix

A € RMXK M =r_n, K=nr, 4

up to the specific contraction pattern. The baseline truncation enforces
a prescribed maximum bond dimension y by choosing
r = min(y, min(M, K)), )

and computing the rank-r truncated SVD. Here, r denotes the truncated
rank at the active bond (distinct from the TT ranks r;). We use this hard
rank cap (without tolerance-based adaptation) to match the baseline
solver configuration and isolate truncation-kernel effects.

A=UzVT, A :=UZLV (6)
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The approximation A, is optimal in the Frobenius norm, i.e., it mini-
mizes ||A — A, || over all rank-r matrices. The factors are then reshaped
back into updated TT cores in a standard TT-rounding sweep, restoring
mixed-canonical form. Operationally, the truncation returns an isomet-
ric factor on one side of the split and transfers the remaining gauge
(scaling) to the neighboring core; this is the interface that our random-
ized routine preserves. In NVIDIA cuQuantum, this “contract + trun-
cate” pattern is exposed through contract_decompose, whose trunca-
tion step is SVD-based and typically delegates to GPU SVD routines (e.g.,
cuSOLVER).

2.2. Incompressible fluid dynamics

We consider the nondimensional two-dimensional incompressible
Navier-Stokes equations:

du+@u-Vyu= Lyzy_ Vp, )
Re
V-u=0. ®

Here, u = (u;,u,) is the velocity field, p is the pressure, and Re = UL /v is
the Reynolds number. We take a periodic square domain of side length
L =1 with periodic boundary conditions (endpoints identified).

2.3. QTT/MPS Representation and MPO operators

We discretize each velocity component on a uniform N x N grid with
N = 2", where n is the quantization depth, and periodic boundary condi-
tions on a square domain of side length 1. Following Holscher et al. [29],
the grid spacing is defined as

1

(We note that the standard periodic convention uses Ax = 1/N; the two
definitions differ by @(N~2), and we retain the former here to ensure
exact numerical comparability with the baseline study by Hoélscher et
al. [29]1.)

Writing the binary expansions of grid indices x, = (x% ... x|), and
X, = (x} ... x3), with bits x¥ & (0,1}, where x| denotes the most signifi-
cant bit and X} the least significant bit, we form the quantics index

o, = (xhxh), €10,1,2,3},  k=1,....n (10)
and reshape the grid tensor into the order-» tensor in‘ n [25,26,42].
We approximate U;”""*" in MPS/TT form,

Uttt Y U @)U

i Loy Lajay

(@) U™ (w,), 11

La,_y
[ ST A

where «, are bond indices and y denotes the maximum bond dimension.

We store u; and u, as two separate MPS/TT states using the same QTT

mapping (10)-(11).

Although the physical benchmark problems considered in this work
are two-dimensional, the computational state is not treated as a single
dense matrix. Through the QTT mapping, each N x N field is reshaped
into an order-n tensor with small local mode size and then represented in
TT/MPS form. Thus, the matrix unfolding used in the truncation step is
a local representation of one active bond, while the surrounding solver
workflow remains TT/QTT-structured even in the present 2D setting.

Finite-difference operators as MPOs. Spatial operators are represented as
matrix-product operators (MPOs) acting on the QTT/MPS state. For ex-
ample, a central finite-difference operator in x, yields

U.(XI-H)XZ _ UFxl—l)xz

XX,
an i ~ i (12)
0x, 2Ax ’

where indices are taken modulo N due to periodicity. Using the same
construction, we build MPOs for Oy, and the Laplacian V2 (and derived
operators such as divergence/gradient).
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Nonlinear term and recompression. The convection term requires prod-
ucts such as u; Oy - After MPO application, fields are multiplied point-
wise using a copy-tensor construction, which increases the effective
bond dimension (often up to y2). The result is recompressed back to
the target y by per-bond TT/MPO truncation (Section 2.1).

2.4. Randomized low-rank approximation building blocks

Randomized algorithms approximate the range of a matrix using
random test vectors and then factorize a much smaller projected prob-
lem [39]. Given A € RM*K and target rank r, one draws a Gaussian test
matrix Q € RKX+») and forms

Y = AQ € RMXU+p), 13)

where p is an oversampling parameter. Orthonormalizing Y yields O €
RMX(+p) " and one forms the projected matrix

B=Q0"A e RU+PXK as

When singular values decay slowly, subspace iteration improves accu-
racy by alternating multiplications with A and AT, with intermediate
orthonormalization after each multiplication to maintain numerical sta-
bility.

2.5. GPU Execution model for TT/MPO linear algebra

On GPUs, the dominant kernels in TT/MPO workflows are dense lin-
ear algebra operations (general matrix multiplication, GEMM) and fac-
torizations (QR/SVD) on moderate-sized matrices, together with data
movement and reshaping. In cuQuantum-based implementations, con-
tractions are typically expressed in terms of high-throughput GEMM-
like kernels, whereas SVD-based truncation introduces synchronization-
heavy factorizations whose performance and memory footprint can
become limiting at moderate-to-large y. This motivates truncation
schemes that emphasize GEMM/QR-dominated building blocks and
avoid repeated SVD-based truncations on large bond matrices when the
benchmark accuracy can be maintained (Section 4).

3. Methods
3.1. Baseline QIS—-CFD time stepping

We represent the discrete velocity components on an N X N peri-
odic grid using the QTT/MPS encoding described in Section 2.3. We
denote by |u;) the MPS state representing the i-th velocity component
(i € {1,2}) at physical time ¢,. Spatial operators (finite-difference deriva-
tives, Laplacian, and auxiliary contractions for the nonlinear term) are
represented as MPOs and applied via tensor-network contractions as
summarized in Section 2.3.

Time integration from ¢ to 7., ; employs a fourth-order Runge-Kutta
(RK4) scheme with Ar =t — .. The update for each velocity compo-
nent i is given by
lus*ty = Juf) + %(Ikm) +20kig) +21ki3) + 1kig)), i€ (1,2}, (15)
where |k;;),...,|k; 4) denote the RK4 stage increments. While (15) de-
fines the global update, the stage increments are computed sequentially
by interpreting the scheme as four Euler-like substeps. Each substep
computes an intermediate velocity by a variational minimization of the
form

(|MT> > |”§>) = arg)mi1>1 @(lv]), [v2).lay).lax) . 16y), |b2),h), (16)
[v1):l02

where |u}) denotes an intermediate velocity update in the RK4 proce-

dure, |v;) and |v,) are trial MPS states, (|a,),|a,)) are reference states

from the previous RK stage, (|b,),|b,)) are the states used to evaluate

the nonlinear term, and 4 is the stage time step. The functional is
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®(|ul>, 1029, lay). la) . 101) . 162) 1) = k[ Dy 1oy) + Dy o)
2

] 2 4 1By, 182)) a7
with
2 1
|Bi(Iby) . b)) = ¥ 5 (Ib;) © D; 1b,) + D, (1b;) © 1b,)))
Jj=1
1 A .
- R—eDflb[), ief{l1,2). (18)

Incompressibility is enforced by the quadratic penalty term with pa-
rameter u, fixed to u =25x 10* in all experiments for fair compari-
son across truncation kernels. The RK4 substeps correspond to different
stage-dependent choices of (|a;), |b;), h) following Hélscher et al. [29].

The minimization in (16) is carried out via a DMRG-like sweep that
updates one MPS core at a time while keeping the remaining cores
fixed. Each local update involves solving a linear system, followed by
shifting the canonical center along the chain. Concretely, each site up-
date solves the coupled normal equations for the mixed-canonical cen-
ter cores C; (i.e., the active three-index TT/MPS tensor at the canonical
center) obtained from 00/0C; = 0, using matrix-free conjugate gradi-
ents with tensor-network environment contractions. After each shift, the
MPS is recompressed to a maximum bond dimension y to control rank
growth. In the baseline implementation, these recompression steps uti-
lize cuQuantum’s contract_decompose API in deterministic SVD trun-
cation mode, i.e., deterministic truncated SVD-based TT/MPS truncation
at each active bond. All DMRG stopping tolerances and sweep budgets
(Table 1) are held fixed across all comparisons; the only modification
introduced in this work is the per-bond truncation kernel used inside
these contract-decompose-style recompression steps.

A TT/QTT projection formulation based on a pressure Poisson solve
is a valid alternative to the present penalty-based variational formula-
tion. Its main advantage is that incompressibility is enforced more di-
rectly at the discrete level by projecting the intermediate velocity onto
a divergence-free space, subject to the accuracy of the Poisson solve,
discretization, and tensor truncation. In the penalty formulation used
here, incompressibility is instead enforced approximately through the
quadratic penalty term in the variational objective. The advantage of
the penalty route in the present context is that it matches the estab-
lished QIS-CFD workflow inherited from Holscher et al. [29], where
the pressure variable is removed from the optimization problem and
the update is performed within the variational sweep. By contrast, a
projection-based TT/QTT formulation introduces an additional elliptic

Initial velocities

|ui(t = 0))
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subproblem, namely the pressure Poisson solve, inside each time step
or stage; existing tensor-network CFD work reports this Poisson stage as
the dominant computational cost in that solver family [31]. We there-
fore retain the baseline penalty formulation so that the effect of replac-
ing deterministic SVD truncation with RTTD can be assessed without
simultaneously changing the incompressibility solver.

Per-stage workflow and profiled regions. Fig. 1 summarizes the solver
workflow and defines the high-level code regions used for runtime at-
tribution (Table B.1). Starting from the current velocity MPSs, we (i)
precompute environment tensors for time-independent linear opera-
tors, (ii) construct state-dependent nonlinear MPOs by contracting op-
erator/state networks and recompressing intermediate bonds back to
the target bond dimension y, (iii) build the corresponding convection—
diffusion environments for the current stage operator, and (iv) solve the
variational RK stage by DMRG-like sweeps over the trial MPS tensors.
Each sweep alternates between assembling the local linear system, per-
forming CG updates, shifting the canonical center with recompression,
and updating the environments, until the stage residual meets the stop-
ping criterion or a maximum sweep/iteration budget is reached.

3.2. Randomized TT truncation (RTTD)

During QIS-CFD time stepping, intermediate TT/MPS tensors pro-
duced by MPO applications and Hadamard products may exceed the
prescribed maximum bond dimension y and must be recompressed. This
recompression is performed repeatedly inside the RK4/DMRG sweeps
of the baseline solver (Section 3.1), where cuTensorNet applies an SVD-
based truncation at each active bond. We replace only this truncation
primitive by a randomized subspace-iteration method applied to the sin-
gle unfolding matrix associated with the active bond, while keeping the
surrounding QIS-CFD workflow unchanged.

3.2.1. Single-bond truncation as a matrix approximation

At the local algorithmic level, RTTD is a randomized low-rank ap-
proximation of the unfolding matrix associated with one active TT bond.
However, the method is not used here as an isolated matrix approxima-
tion procedure, but as a truncation primitive inside a canonical TT/MPS
workflow, where the factors must be reshaped back into TT cores and
must preserve the partition-dependent orthogonality structure required
by the sweep.

Consider an active bond that separates indices (¢;_,.w,) from
(w41, 41), Where w; denotes the local physical multi-index at site k

Final velocities

[us(t = T))

-~

Single time step

Nonlinear MPO
construction

Env MPO contraction+ E?v i
precontraction decompose precon ra(; ion
(Ax/Ay) (cuQ/RTTD) (conv—diff)

RK stage solve (DMRG/CG)

DMRG sweep through tensors of |v;)

Build LS Shift center:
|terat|on Compres

Repeat until |AE/E| < €
or reach max sweeps

Update L/R

At At
i k)
tensors

At At
+?\k3> + ?m)
Repeat until residual < tol

or reach max iters

\

Repeat until final time T reached

Fig. 1. Schematic overview of the QIS-CFD algorithm and the profiled regions used for the runtime breakdown (Table B.1). RTTD targets the MPO contraction
+ decompose operations inside nonlinear MPO construction, where RTTD replaces deterministic SVD-based truncation while preserving the canonical constraints

required by the DMRG sweep.
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(with |w, | = 4 for 2D-QTT MPS states; for MPO cores we typically use a
fused input/output physical index so |w;| = 16) and a;_,, @), are bond
indices. The baseline truncation forms a local tensor X to be split across
this bond and reshapes it into a matrix

A = reshape(X, [M, K]), M =r_i|log], K=|ogq]|rr- (19)

The truncation problem is to compute a rank-r approximation with

r=min(y, min(M,K)), AxUV", (20

where the partition option determines whether the left factor (U)
or right factor (V'T) is returned orthonormal, matching cuTensorNet’s
contract_decompose semantics.

This fixed-rank choice is primarily a controlled benchmarking deci-
sion. In the present work, our goal is to isolate the effect of replacing
the deterministic SVD-based truncation kernel with RTTD while keeping
the surrounding PDE model, discretization, and RK4/DMRG workflow
unchanged. For this reason, we match the baseline solver configuration
and use a hard rank cap rather than tolerance-based adaptive ranks.

In practical TT/QTT solvers, adaptive rank selection is also important
because it balances accuracy and cost according to the local complexity
of the solution. In principle, RTTD can be extended to such settings by
selecting an effective rank from the projected low-dimensional problem
instead of imposing a fixed cap y in advance. However, unlike deter-
ministic SVD truncation, RTTD does not directly provide SVD-optimal
rank-r error control, so a tolerance-based RTTD variant would require
an additional rank-selection or residual-based stopping criterion. The
present paper therefore restricts attention to the fixed-rank setting used
for the controlled comparison of truncation kernels.

3.2.2. Randomized subspace iteration

We apply a randomized subspace-iteration (power-iteration) range
finder to the unfolding matrix A in (19). The method is summarized in
Algorithm 1. The oversampling parameter p and the number of power
iterations ¢ control the quality—cost trade-off of the randomized trunca-
tion.

First, p enlarges the sketch dimension from the target rank r to
¢ =r+ p. Its role is to provide a safety margin in the randomized range
finder: with a larger sketch, the sampled subspace is more likely to cap-
ture the dominant singular directions of A. Thus, increasing p mainly
improves reliability, at the price of a modest increase in the size of the
projected problem and hence in runtime and memory use.

Second, ¢ controls subspace iteration. In effect, the range finder is
applied not only to A, but to a spectrally filtered form such as (AAT) A.
This suppresses trailing singular directions relative to dominant ones,
so increasing ¢ is most useful when the singular values decay slowly
or when the rank-r spectral gap is weak. However, each increment of
q requires additional passes over A and A', so its cost impact is more
substantial than that of a modest increase in p.

Accordingly, we treat p and ¢ differently in practice: p is chosen as
a small positive oversampling parameter, typically in the range 5-20,
while g is kept as small as possible. A practical default is therefore to
use modest oversampling together with g = 1: the oversampling pro-
vides a safety margin for the sketch, while one power iteration often
provides useful spectral refinement at relatively low extra cost. Larger
q is reserved for cases where g = 1 remains insufficient.

Maintaining TT/MPS canonical form requires preserving the appro-
priate left- or right-isometry condition while transferring the orthog-
onality center across the active bond. We therefore apply a QR-based
gauge transformation according to the selected orthogonality side, fol-
lowing our U/V side convention. Unlike the deterministic truncated-
SVD baseline, which provides the Frobenius-norm optimal rank-r ap-
proximation of the active unfolding, the present RTTD variant does not
provide SVD-optimal rank-r error control. We therefore evaluate RTTD
in a fixed-rank setting, where both methods use the same prescribed
bond-dimension cap y. In this setting, RTTD approximation quality is
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Algorithm 1: RTTD: Randomized TT Truncation.

Input: A € RM*K max rank y, oversampling p, power
iterations ¢, partitione {’U’,’V’}
Output: U € RM*" VT € R™*K such that A ~ UV"
1 r < min(y, min(M, K));
2 £ < min(r + p, min(M, K));

3 if partition == ’U’ then
// Return right-orthonormal factor V'
(row-orthonormal)

4 Generate Gaussian Q;; € RKX%;

5 Y, <« AQ;

6 Compute thin QR: Y, = Oy Ry;

7 for j < 1to g do

8 Z, « ATQy;

9 Compute thin QR: Z, = QU ﬁU;
10 Yy < AQU ;

11 Compute thin QR: Y, = O, Ry;
12 end

13 Oy, < Oy, 1)

14 B« QEJA € R™K,;

15 Compute thin QR: BT = V;, R;

16 U < Qu,R};

17 VT« I7UT ;

18 end

19 else

// partition == ’V’: return left-orthonormal
factor U (column-orthonormal)

20 Generate Gaussian Q,, € RM*7;

21 Y, « ATQ,;

22 Compute thin QR: Y, = O, Ry;

23 for j < 1to q do

24 Z, « AQy;

25 Compute thin QR: Z, = O, R, ;
26 Y, < ATQV;

27 Compute thin QR: Y, = Q, Ry;
28 end

29 Oy, <0y, 1:r);

30 L < AQ,, € RM;

31 Compute thin QR: L = Q; R;;
32 U«<Qy;;

33 VT« RLQIT,J;

34 end

35 return U, VT,

controlled indirectly through the rank cap and the quality of the ran-
domized subspace approximation, which is influenced by the oversam-
pling parameter p and the power-iteration count g. Accordingly, the
present study compares deterministic and randomized truncation under
the same fixed-rank budget, rather than claiming SVD-style tolerance
control for RTTD.

3.2.3. Canonical form and partition semantics

Algorithm 1 enforces orthonormality on the factor dictated by
partition. Here, partition specifies which output factor is returned
as an isometry (QR gauge), rather than explicitly partitioning singular
values as in an SVD-based decompose.

For partition="V’, we form L = AQ) , and compute a thin QR fac-
torization L = Q; R;; weset U = Q; so that UTU = I,, while the scaling
is carried by R; through VT = R LQIT,J and absorbed into the neighbor-
ing core.
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For partition=’U’, we compute B = Q{] A and perform a thin QR
of BT to obtain a right-orthonormal factor VT with VT(V'T)T = I,, while
the triangular factor is absorbed into U = QU,rRI; as a gauge transfor-
mation.

3.2.4. Computational cost and GPU realization

With £ = min(r + p, min(M, K)), RTTD is dominated by GEMMs and
thin QR factorizations on moderate-sized matrices. In our GPU imple-
mentation, all steps in Algorithm 1 are executed on GPU in double preci-
sion: cuRAND generates Q;; or Q,,, cuBLAS forms matrix products (e.g.,
AQy, ATQy, ATQy, AQy, AQy, A0y, and projections such as 0] ,A
or AQy ), and cuSOLVER computes thin QR factorizations. In the cur-
rent implementation we use p = 5 and ¢ = 1 unless stated otherwise, and
fix the RNG seed for reproducibility.

3.2.5. Integration into the baseline solver

RTTD replaces only the SVD-based truncation step inside
contract_decompose-style “contract + truncate” operations during
nonlinear MPO construction and canonical-center shifts. Inputs/outputs
(target bond dimension y, partition choice, and canonical constraints)
match the baseline API so RTTD can be used as a drop-in replacement.
The PDE model, discretization, and RK4/DMRG workflow remain
unchanged.

We additionally provide isolated kernel micro-benchmarks compar-
ing RTTD against existing GPU tensor libraries in Appendix A.

4. Results: accuracy and performance

The experiments in this section validate the proposed RTTD trun-
cation on the two-dimensional decaying jet (DJ) benchmark at Re €
{10, 2 x 10} and the Taylor-Green vortex (TGV) at Re = 10°. All runs
are performed on a single NVIDIA GeForce RTX 4090 GPU (24 GB device
memory), paired with an AMD Ryzen 9 7950X (16-core) and 64 GB of
host RAM. The software environment comprises CUDA 12.6, cuBLAS 12,
cuSOLVER 11, cuQuantum 24.08, CuPy 13.6, and Python 3.9.

We compare RTTD against two baselines following Holscher et
al. [29]: (i) the quantum-inspired CFD solver (QIS), which differs from
RTTD only in that it employs deterministic SVD-based truncation in the
decompose step; and (ii) a direct numerical simulation (DNS) using fi-
nite differences for spatial derivatives and Fast Fourier Transforms for
the periodic divergence-free projection. Unless stated otherwise, DNS,
QIS, and RTTD are run on the same N x N grid for the reported di-
agnostics. Common discretization and solver settings shared across all
runs are summarized in Table 1. Across the reported cases, RTTD yields
diagnostics that closely track the deterministic QIS baseline and agree
with DNS / analytical references up to the resolution and rank limits of
the underlying solver.

4.1. Diagnostics

All diagnostics are computed on the uniform N x N grid with spac-
ing Ax = 1/(N — 1). For grid functions a,b € R>*N*N  define

Table 1
Solver and parameters settings used in all experiments.
Parameter Value
Grid exponent n
Grid size N=2"
Domain length L=1
Grid spacing 1 ;

Time step (RK4)

Penalty weight

Stage solver

Max CG iterations

CG tolerance

Max sweeps per time step
Arithmetic

Ax = ——
%

n

At .

u=25x10°

Conjugate gradient (CG)
100

1075

20

Double precision
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@b)y,=Ax2 Y a; b, Jal}, = (@ a), 1)
ij

The kinetic energy is:

Ep() = %lluM(t)llix, M € {DNS, QIS,RTTD}. (22)

We monitor numerical stability and incompressibility via the maximum
and mean discrete divergence:

. 1
D@ = Va0l D0 = <5 3 [Varulf 0. (23)
ij

4.2. Verification: 2D Taylor-Green vortex

We use the 2D Taylor-Green vortex (TGV) as a benchmark to ver-
ify the accuracy, stability, and computational efficiency of the proposed
RTTD scheme. We fix the Reynolds number Re = 103, n = 10, and com-
pare bond dimensions y € {32,64}.

The initial velocity field is given by:
uy(x,y,0) = uysin(2zx) cos(2zy),

11X,y 0 . y (24)
uy(x,y,0) = —ug cos(2zx) sin(2xy),
with u, = 1, which corresponds to the exact analytical decay of kinetic
energy:

E,a(t) = E(0)exp(—167°vi). (25)

where v = 1/Re is the nondimensional kinematic viscosity.

We assess the solver performance using four quantitative metrics. En-
ergy E(t) and the divergence measure D™ (¢) are defined in Section 4.1.
To measure accuracy against the analytical solution u,, (¢), we define the
relative discrete L, error

||ll(t) - uana(’)”Ax
g (Ol ax

We quantify the computational efficiency via the wall-clock speedup
factor S:

e(t) = (26)

S = Tbasc]inc , 27)
TrrD
where T represents the average wall-clock time per time step.

Fig. 2 presents a quantitative comparison between the proposed
RTTD method and the deterministic QIS baseline.

As shown in Fig. 2(a), the relative error of RTTD is visually indistin-
guishable from the deterministic baseline at the plot resolution for both
x = 32and y = 64. The error increases over time due to accumulated dis-
cretization and truncation effects but remains bounded at (9(10~2) over
the shown window, indicating accuracy comparable to the SVD baseline
for this benchmark and the tested bond dimensions. In Fig. 2(b), the ki-
netic energy decay follows the analytical reference initially; deviations
at later times are comparable for RTTD and the baseline and are consis-
tent with numerical dissipation at fixed y and grid resolution. Fig. 2(c)
shows that the divergence diagnostic remains bounded (on the order of
10~1) and comparable to the baseline throughout the run.

Fig. 2(d) plots the energy decay against cumulative wall-clock time.
The RTTD curves exhibit a significantly steeper slope compared to the
baseline, indicating a faster time-to-solution. Quantitatively, the RTTD
scheme achieves a speedup of ~ 2.15x for y = 32 and ~ 2.67x for y = 64.
This performance gain is attributed to the reduced complexity of the ran-
domized range finder compared to the deterministic SVD, particularly
as the bond dimension increases.

To further assess whether randomized truncation produces visually
apparent artifacts, Fig. 3 shows the RTTD flow field and correspond-
ing error fields at r = 0.3. A common concern with randomized range
finding is that the sampling step may introduce small-scale, noise-like
perturbations or disrupt flow symmetries. Panel (a) shows that the ex-
pected Taylor-Green vortex symmetry is qualitatively preserved, with
no obvious symmetry-breaking patterns or high-frequency jitter at the
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Fig. 2. Verification of the RTTD scheme against the deterministic QIS baseline and analytical solution for the 2D Taylor-Green vortex at Re = 10°. (a) Relative L,
error £(t). (b) Decay of total kinetic energy E(r) in physical time (c¢) Stability (D™*) (d) Kinetic energy decay versus wall-clock time.
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Fig. 3. Snapshot of the flow field and error distribution at r = 0.3 (y = 32, n = 10). (a) Vorticity field wgrrp (b) Pointwise velocity-magnitude error |ugrrp — u,,,| (€)

Vorticity error magnitude |wgrmp — @ynal-

resolution shown. Panel (b)-(c) show spatially structured errors, with
larger magnitudes localized near shear layers and vortex cores where
gradients are largest, consistent with errors dominated by discretization
and finite-rank truncation.

4.3. Decaying jet (DJ) benchmark

We consider the 2D decaying jet benchmark on the periodic unit
square of side length 1, which initializes a horizontal shear layer that
undergoes Kelvin—-Helmholtz roll-up and develops progressively smaller
scales, providing a demanding nonlinear test case.

The initial velocity is prescribed as

Wi (X1, Xp) = J(xp) + D(xy, x5), (28)

where the mean jet profile is
A u_O X2~ Xmin _ X2 — Xmax _
J(x,) =&, > [tanh(—h ) tanh(—h ) 1],

with uy = 1, xin = 0.4, X = 0.6, and A = 1/200. The disturbance is

(29)

D(x;,X;) = 6(&d; (x;, x3) + &dy(x1, X,)), (30)
with 6 = u,/(40A) and
A= (XII’r}g(EQ \/dl(xl,xz)z +dy(x1,%,)2, (3D
where A is evaluated on the discrete N x N grid.

Define &, = (x, — x;)/h for k € {min, max} and
X, = sin(8zx|) + sin(24xx,) + sin(6xx ), (32)
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Fig. 4. DJ at Re = 2 X 10°: comparison of RTTD against the deterministic QIS baseline and DNS. (a) Fidelity F,,(r) relative to DNS. (b) Kinetic energy E,,(#). (¢)
Stability indicator: Maximum and mean discrete divergence, Dyi*(r) and Dy*(¢).

2. = 8cos(87mx|) + 24 cos(24xx ) + 6 cos(bxx ). (33)
Then

dy(x), %) = % [ 602 = D50+ 5y = e~ |2, (34)
dy(xy,Xy) = Jc[e_égm + e_fﬁlin]Zc. (35)

This specification is deterministic and fully reproducible, and matches
the DJ setup used in [29].

Let uPN5(¢) denote the discrete DNS velocity field at time ¢, and u™ (¢)
the corresponding field obtained with method M € {QI.S, RTT D}. Us-
ing the discrete inner product in Eq. (21), the fidelity of method M
is

|V (0, uM 1),

M € {QIS,RTTD). (36)

Fy ()
“uDNS(t)

7
Ax

u (o)

2
Ax

We also report the energy E,, () and divergence measures Dy (t)
and DY@ as defined in Section 4.1.

4.3.1. Long-term accuracy and stability (Re = 2 x 10°)

To validate robustness in a turbulent-like regime, we perform a long-
time integration for # € [0,2.0] at Re = 2 x 10°.

Fig. 4 summarizes the long-term behavior. The fidelity (Fig. 4a) re-
mains high throughout the transition to turbulence, and the kinetic en-
ergy decay (Fig. 4b) closely tracks the DNS dissipation trend. Fig. 4(c)
confirms that both the maximum and mean divergence remain bounded
over the full horizon.

Qualitative validation is provided in Fig. 5. The randomized solver
successfully captures the formation of large-scale coherent structures
(r = 1.0) and their subsequent breakdown into fine-scale turbulence (1 =
2.0).

To verify scale-wise accuracy, we examine the instantaneous
isotropic kinetic energy spectrum computed from the velocity snapshot
at time ¢. Let di(k, 1) be the discrete Fourier transform of the velocity field
at time ¢. The 2D spectral energy density is defined as:

2
1w
E(ky.ky) = 5 > | (ky Ky 1))

i=1

37)
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Z
a
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e
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Fig. 5. DJ at Re = 2 x 10°. Snapshots of scalar vorticity o (colors) and velocity field u (arrows) at ¢ = 1.0, 1.5, 2.0. Top: DNS. Bottom: RTTD.
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Fig. 6. Instantaneous isotropic kinetic energy spectrum E(k) at ¢ = 2.0 compar-
ing RTTD and DNS.

The isotropic spectrum E(k) is obtained by summing over annuli of con-

stant wavenumber magnitude k = 4/ k% + k%:

E(k) = y
(91-92): k—%<@sk+%

Fig. 6 presents E(k) at the final time ¢ =2.0. RTTD matches the
DNS spectrum closely across the energy-containing and intermediate
wavenumbers. A slight deviation is visible only at the highest wavenum-
bers, consistent with the implicit small-scale filtering expected from
fixed-rank tensor truncation.

E(q;, qp). (38)

4.3.2. Algorithmic sensitivity

We fix Re = 10° and vary (n, y). All results in this subsection use
the same simulation horizon, integrating the decaying jet over r €
[0,0.25]. The velocity field is represented in tensor-train form with
quantization depth n € {10, 11, 12} and maximum bond dimensions y €
{16,32, 64,100, 128}. For each (n, ) configuration, we

¢ execute 20 warm-up time steps to amortize initialization and just-in-
time compilation overheads,

¢ measure wall-clock runtimes over the subsequent 100 time steps, and

e report the mean wall-clock time per time step.

We compare QIS and RTTD against DNS using the diagnostics defined
in Egs. (23)—(36). Fig. 7 shows the resulting time histories for several
bond dimensions.

Fig. 7(a) reports the fidelity F(r). For the lowest rank y = 16, both
QIS and RTTD exhibit a gradual loss of overlap with DNS, reflecting an

(b) Energy
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under-resolved TT representation. In contrast, for y > 32 the RTTD and
deterministic curves are visually indistinguishable and remain above
F ~0.999 throughout the simulation window. This indicates that, at
these ranks, the additional approximation introduced by RTTD is small
relative to the discretization and truncation errors already present in the
solver.

The energy evolution in Fig. 7(b) shows that RTTD preserves the en-
ergy decay curve. Across all tested ranks, the RTTD trajectories track the
DNS reference closely; for y > 64 the discrepancy is within line thickness
at the scale of the plot.

Fig. 7(c) shows the divergence norm D(t). As expected, D(¢) increases
slowly over time due to accumulated splitting and truncation errors.
Crucially, the RTTD curves remain of the same order as the deterministic
QIS curves for all y, and we observe no systematic drift or blow-up
attributable to the randomized truncation. Overall, the RTTD and QIS
trajectories remain closely aligned across the tested (n, y) settings.

We also analyze the effect of grid resolution by holding the bond di-
mension at y = 32 and varying the grid as n € {10, 11, 12} (Fig. 8). Across
all tested resolutions, the RTTD curves are visually indistinguishable
from the deterministic baseline in both fidelity and energy, and they
collapse onto the DNS reference at each n. Fidelity remains > 0.9995
throughout the window, while the divergence norm stays bounded with
no systematic drift attributable to RTTD, confirming robust physical fi-
delity for state spaces up to 22

4.3.3. Runtime scaling with n and y

Fig. 9 summarizes the impact of RTTD on wall-clock time per time
step. RTTD removes the dominant truncation bottleneck in nonlinear
MPO construction. On an RTX 4090, the nonlinear MPO construction
time decreases from 4.72 s to 0.61 s per step (7.8x), yielding a 2.2x reduc-
tion in end-to-end per-step runtime (from 6.33 s to 2.89s). The remain-
ing cost is dominated by contraction-heavy variational sweeps, consis-
tent with Amdahl-limited scaling. A detailed instrumented breakdown
is provided in Appendix B (Table B.1).

For fixed y = 32 and increasing » from 10 (1024% grid) to 12 (4096>
grid), see Fig. 9(a), the baseline QIS runtime grows from 7.42s to 8.90s
per time step, while RTTD scales from 4.35s to 5.08s. The end-to-
end speedup therefore increases slightly with problem size and reaches
S ~ 1.75 at n = 12, indicating that the QR-based randomized truncation
continues to mitigate the cost of large TT operators as the grid is refined.

At fixed n = 10 and varying y, Fig. 9(b) shows that both solvers be-
come more expensive as the bond dimension grows, but RTTD consis-
tently remains faster. For example, at y = 32 the mean step time drops
from 7.42s (QIS) to 4.35s (RTTD), a 1.7x speedup. Even at y = 100,
where the tensors are substantially less compressible, RTTD reduces
runtime from 44.42s to 33.23s (S ~ 1.3). Thus, the benefits of avoid-
ing large-scale SVDs persist across the practically relevant range of
ranks.

(c) Stability
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Fig. 7. Accuracy of RTTD compared to the deterministic QIS baseline for the decaying jet at Re = 10° and various bond dimensions y. (a) Fidelity. (b) Energy. (c)

Stability.
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Fig. 9. Runtime and speedup of RTTD versus the cuQuantum baseline (QIS). Bars (left axis) show mean wall-clock time per step; the red line (right axis) shows
the speedup S = Ty /Tyrrp- (a) Scaling with grid resolution: RTTD achieves up to 1.75x speedup at n = 12 (4096? grid). (b) Scaling with bond dimension: RTTD
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the references to colour in this figure legend, the reader is referred to the web version of this article.)

(a) Fidelity (b) Energy (c) Stability
1.00000
0.1227
0.99975 10!
20.99950 0.1226 Z
@ 3 10° o
2 0.99925 . It
0.1225 ¢ n
0.99900
101
0.99875 0.1224
0 20000 40000 0 20000 40000 0 20000 40000
Wall-Clock Time (s) Wall-Clock Time (s) Wall-Clock Time (s)
QIS, x=16 -=- QIS, =32 -+~ QIS, x=64 QIS, x=128

—— RTTD, x=16 —=— RTTD, x=32

—— RTTD, x =64 —e— RTTD, x =128

Fig. 10. Time-to-solution analysis for the decaying jet at Re = 10°, varying y. RTTD is compared to the deterministic QIS baseline. (a) Fidelity. (b) Energy. (c)

Stability.

We analyze time-to-solution by plotting key diagnostics against ac-
cumulated wall-clock time, rather than physical time. In this represen-
tation, a faster method reaches the same diagnostic values earlier, ap-
pearing as a left-shift of the trajectory.

Time-to-solution at fixed resolution. In Fig. 10, RTTD trajectories are con-
sistently left-shifted relative to the baseline across y. For y = 128, RTTD
reaches the final simulated state ( = 0.25) in ~ 3.0 x 10* s, compared to
~ 5.0 x 10* s for the baseline, while exhibiting comparable fidelity and
energy decay over the simulated interval.

10

Scaling with grid resolution. Fig. 11 shows the same effect for increas-
ing resolution at fixed y = 32: for each n € {10, 11,12}, RTTD reaches
comparable diagnostic levels with reduced wall-clock latency.

4.4. Memory usage

To verify that the runtime speedups of the RTTD kernel do not
come at the expense of excessive memory usage, we analyze the peak
GPU memory consumption of the solver. We instrument two criti-
cal phases: (i) the MPO construction phase, where the truncation is
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Fig. 11. Time-to-solution analysis for the decaying jet at Re = 10°, varying n (fixed y = 32). RTTD is compared to the deterministic QIS baseline. (a) Fidelity F(z).

(b) Energy E(¢). (¢) Maximum divergence norm D().
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Fig. 13. Memory scaling with » (fixed y = 32). (a) MPO construction phase (b) Steady-state memory footprint.

performed, and (ii) the steady-state memory footprint, representing the
GPU memory required to store the persistent simulation state (veloc-
ity tensors), operators, and environments during the time-stepping loop
(see Fig. 13).

Fig. 12 illustrates memory consumption as the bond dimension in-
creases from y = 16 to y = 300. Panel (a) shows that the peak VRAM

11

usage during the MPO construction phase is nearly identical for RTTD
and the deterministic baseline. This indicates that the auxiliary random
matrices used in the sketching procedure do not impose a prohibitive
memory overhead compared to the baseline truncation workspaces. In
the steady-state memory footprint (panel b), both methods converge to
the same memory usage at large y (approximately 21 GB at y = 300),
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Fig. 15. Sensitivity of RTTD performance to hyperparameters (oversampling p, power iterations ¢). Bars (left axis) show mean wall-clock time per step; the line

(right axis) shows the speedup relative to the deterministic QIS baseline.

which fits within the 24 GB device memory of the RTX 4090 used here.
RTTD exhibits a slightly higher baseline usage at small y, attributed
to pre-allocation of persistent workspace buffers for randomized linear-
algebra routines. This overhead becomes negligible in relative terms as
x increases.

Figure 13 further examines the memory scaling with grid size n
at fixed bond dimension y =32. For the MPO construction phase,
Fig. 13(a), RTTD and the deterministic baseline show nearly identical
peak VRAM usage, with only a modest increase as n grows. This sug-
gests that the randomized truncation does not add significant tempo-

12

rary memory overhead during construction. The steady-state footprint
in Fig. 13(b) is moderately higher for RTTD. This offset, on the order
of a few hundred megabytes, comes from persistent workspace buffers
used by the randomized linear-algebra routines. Since the offset remains
small relative to the 24 GB GPU memory budget, the memory results in-
dicate that RTTD preserves the practical memory profile of the baseline
while providing the runtime benefits reported above.

Overall, Figs. 12 and 13 show that RTTD preserves the memory scal-
ability of the deterministic baseline while adding only a modest fixed
workspace overhead.
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4.5. Hyperparameter study: oversampling and power iterations

The randomized RTTD algorithm introduces two key hyperparame-
ters: the oversampling parameter p and the number of power iterations
q. These parameters control the trade-off between the quality of the ran-
domized range approximation and the computational cost of the trunca-
tion step. To identify an effective configuration for turbulent flow sim-
ulations, we conducted a sensitivity analysis on the decaying-jet bench-
mark (N = 1024, y = 32).

Fig. 14 summarizes the evolution of the fidelity Fgyrp(f) and the

maximum divergence DR¥rp® for several (p, q) configurations.
Impact of power iterations (q). As shown in Fig. 14(b), the power-
iteration count ¢ plays a critical role in stability. The configuration with
q = 0 exhibits the fastest growth in the divergence diagnostic, reach-
ing D) = 9.2 at t = 0.21. Increasing to g = 1 significantly suppresses
this growth, reducing the final value to ~ 5.8, while a further increase
to ¢ = 2 yields only marginal improvement. Since each power iteration
requires additional applications of the MPOs to the sketch vectors, we
select ¢ = 1 as the best trade-off between improved stability and added
cost.

Impact of oversampling (p). Fig. 14(c,d) shows that the solver is largely
insensitive to the oversampling parameter p for this benchmark. For p €
{0,5, 10, 15} with fixed ¢q = 1, the trajectories of both the fidelity and the
divergence diagnostic remain tightly clustered, suggesting that modest
oversampling is adequate at the tested rank.

Fig. 15 reports per-step runtimes for several (p, q) settings. The run-
time is approximately invariant with respect to p: configurations with
p €{0,5,10,15} at fixed ¢ =1 cluster around ~ 3.2 s per step, corre-
sponding to a speedup of about 2.0x relative to the deterministic base-
line. In contrast, increasing ¢ from 1 to 2 increases the runtime to ~ 3.6 s
per step, reducing the speedup to about 1.8x.

Based on this trade-off, we select (p, ¢) = (5, 1) as the default config-
uration. The ¢ sweep in Fig. 14(a,b) uses p = 10 to reduce sensitivity to
undersampling while isolating the effect of ¢; in practice, performance
at fixed ¢ = 1 is similar for p = 5 (Fig. 15).

5. Conclusion

We addressed a key performance bottleneck in GPU-resident
quantum-inspired CFD: repeated SVD-based truncation during MPO
construction. To resolve this, we introduce RTTD, a randomized tensor-
train truncation scheme that replaces per-bond truncated SVD with over-
sampled randomized range finding followed by QR-based factorizations.
This redesign shifts the dominant truncation work toward GEMM- and
QR-dominated kernels while preserving the orthogonality structure re-
quired by TT workflows.

Integrated into a cuTensorNet-compatible QIS-CFD pipeline, RTTD
delivers substantial acceleration. Across the 2D decaying jet and Taylor—
Green vortex benchmarks, the method preserves the physical diagnostics
reported in this work—including energy evolution, divergence control,
and state fidelity—while remaining consistent with DNS and the de-
terministic QIS baseline. On an RTX 4090, RTTD achieves up to 7.8x
acceleration in the dominant truncation kernel and a 2.2x reduction in
end-to-end wall-clock time. At practical bond dimensions (e.g., y > 32),
the additional approximation introduced by RTTD remains smaller than
the discretization error of the underlying Navier-Stokes scheme in our
experiments.

Discussion and future work. This study focused on single-GPU ex-
ecution of two-dimensional flows to isolate the impact of the trunca-
tion redesign. Future work will extend RTTD to three-dimensional tur-
bulence and higher Reynolds numbers, where rank growth and contrac-
tion costs are more pronounced, and will investigate adaptive truncation
control using online spectral indicators to adjust (p, ¢) without manual
tuning. Finally, extending RTTD to distributed multi-GPU settings and
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co-optimizing it with communication-aware contraction schedules is a
priority for scaling QIS-CFD workflows to larger state spaces.

As an additional stress test, we also evaluated a harder decaying-
turbulence (DT) initial condition following Hoélscher et al. [29]. Under
the same solver configuration, the deterministic SVD-based baseline and
RTTD showed comparable early-step behavior. Over subsequent steps,
both methods degraded rapidly, indicating that this case is not ade-
quately resolved by the present fixed-rank QIS-CFD configuration rather
than exposing an RTTD-specific failure. This behavior is consistent with
prior observations that decaying turbulence requires larger bond dimen-
sions than the decaying-jet case and that QIS-CFD can struggle to ac-
curately approximate the turbulent kinetic energy spectrum of DT un-
der highly turbulent conditions. These results further motivate adaptive-
rank RTTD, where the effective bond dimension is selected from a tol-
erance criterion rather than prescribed by a fixed hard cap.
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Appendix A. Kernel micro-benchmarks and stability

We evaluate the performance of the isolated RTTD truncation kernel
against state-of-the-art tensor libraries. Fig. A.1 compares the execution
time of RTTD against cuQuantum (deterministic SVD and randomized
SVD), TNTorch, and Tensorly for truncating matrices of size M X K,
where K = 23328 is fixed (typical for n = 10 simulations) and M varies.

Fig. A.1 compares the execution time of RTTD against NVIDIA
cuQuantum, TNTorch, and Tensorly. For fixed target bond dimension
x, the truncation step requires an orthonormal basis for projection and
a canonical (gauge-fixed) representation, and any residual scaling can
be absorbed into neighboring TT cores. Although cuTensorNet exposes
arandomized SVD option, in our setup it was not a practical baseline for
the matrix sizes and bond shapes arising in the QIS-CFD loop: it exhib-
ited excessive runtime and, in memory-stress regimes, failed with device
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Kernel Benchmark: RTTD vs. State-of-the-Art Libraries

10!

B RTTD (Ours) E= CuQuantum (SVD) B CuQuantum (rSVD)

10°

1071

Execution Time (s) [Log Scale]

512x 16

1034

512x 144

N TNTorch

512 x 1.5k

EEE Tensorly (rSVD)

oom

1.6k x 4.8k

512 x 500k

Fig. A.1. Kernel-level benchmark of RTTD vs. existing GPU-accelerated libraries.

out-of-memory errors. We therefore report cuQuantum rSVD only as a
kernel-level reference in Fig. A.1 and focus the end-to-end comparisons
on the deterministic cuQuantum contract-decompose path and DNS.

1. Adaptive Low-Rank Efficiency: For small boundary matrices (512 x
16), RTTD dispatches to a direct SVD routine (PyTorch svd_lowrank)
to avoid randomized sketching overhead; otherwise RTTD uses the
QR-based randomized path. This dispatch matches the performance
of lightweight wrappers like Tensorly and outperforms the standard
cuQuantum path. In the end-to-end QIS-CFD solver runs Section 4, we
use the QR-only RTTD path; the SVD dispatch is used only in the stan-
dalone microbenchmarks on very small matrices to remove sketching
overhead.

2. Dominance in Production Workloads: In the most frequent oper-
ating regime (512 x 144), the RTTD C+ + kernel becomes active and
highly efficient. It completes in 3.8 ms, achieving a 5x speedup over
cuQuantum and an 11x speedup over Tensorly, which suffers from
framework overheads at this scale.

3. Extreme Scalability: For high-fidelity simulations (1.6k x 4.8k),
RTTD exhibits near-constant scaling, delivering a 6.5x speedup
over the deterministic baseline. Furthermore, in the extreme mem-
ory stress test (512 x500k), RTTD is the most robust randomized
method; while cuQuantum’s randomized SVD and TNTorch fail with
OOM errors, RTTD finishes 1.59x faster than the surviving Tensorly
implementation.

This kernel-level efficiency directly translates to the application-level
speedups discussed in Section 4.

Appendix B. Performance analysis

We examine how RTTD changes the runtime distribution of the QIS-
CFD time-stepping loop. We instrument wall-clock timers for the fou

Table B.1

high-level regions defined in Fig. 1 and report per-step averages for the
decaying-jet benchmark (n = 10, Re = 10°). Table B.1 summarizes tim-
ings averaged over 100 steps.

In the cuQuantum baseline, nonlinear MPO construction dominates
the per-step runtime (x 75%), reflecting the cost of repeated SVD-
based truncations inside contract-decompose. Replacing these trunca-
tions with RTTD reduces this region from 4.72 s to 0.61 s (7.8%), yielding
a 2.2x end-to-end speedup per time step.

With RTTD, the cost of the nonlinear construction phase is reduced
from 4.72s to 0.61 s, corresponding to a local speedup of 7.8x. This op-
timization reduces the share of MPO construction to roughly 29% of
the per-step runtime. Consequently, the relative cost of DMRG sweeps
increases to 58%, even though the solver achieves an end-to-end wall-
clock speedup of 2.2x.

After this bottleneck is reduced, the DMRG sweep phase becomes the
dominant cost (~ 58%). We observe that sweep time increases from 1.03 s
(SVD) to 1.68 s (RTTD). A likely contributor is truncation optimality at
fixed rank: truncated SVD yields the Frobenius-optimal rank-y approx-
imation, whereas RTTD produces an approximate rank- y subspace. At
the same cap y, this can yield slightly less compressible intermediates
(e.g., less favorable effective-rank profiles after canonicalization), in-
creasing contraction work during sweeps. Despite this shift, the overall
runtime decreases due to the large reduction in nonlinear MPO construc-
tion.

Finally, once MPO construction is accelerated, the achievable
end-to-end speedup is limited by the remaining contraction- and
solve-dominated regions; additional gains would require reducing
DMRG sweep cost (e.g., fewer sweeps/iterations or cheaper contrac-
tions), rather than further optimizing the already-shortened truncation
kernel.

Per-step runtime breakdown for the decaying-jet case (n = 10, Re = 10°), averaged over 100 time steps. RTTD replaces cuQuan-
tum’s deterministic SVD-based truncation in contract-decompose operations during nonlinear MPO construction.

Region cuQ [s] RTTD [s] Speedup [x] cuQ [%] RTTD [%]
Env precontraction (Ax/Ay) 0.002 0.003 0.67 0.07 0.12
Nonlinear MPO construction (contract + decompose) 4.715 0.608 7.75 74.54 29.36
Env precontraction (conv—diff) 0.579 0.602 0.96 9.05 20.69
DMRG sweeps (total) 1.034 1.677 0.62 16.34 57.83
TOTAL 6.330 2.890 2.19 100.0 100.0
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