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Abstract: We propose a nonlinear position control using a differential flatness concept with a load
torque observer to compensate for the sinusoidal load torque in electro-hydraulic actuators (EHAs)
EHAs. In an EHA with a rotational joint, the load torque is a sinusoidal disturbance, whose magnitude
can be estimated via a load torque observer. In the proposed load torque observer, the load torque can
be estimated without requiring its maximum frequency to be known. The position controller tracks
position and comprises an inner-loop load pressure controller and an outer-loop position controller.
The former tracks the desired pressure via near input–output linearization. The desired pressure
is developed using the differential flatness of the mechanical system in the EHA. The feedback
plus feedforward outer-loop position controller is designed to track the desired position and to
compensate for the load torque. The stability of the closed-loop system is mathematically proven
using the input-to-state stability property.

Keywords: electro hydraulic actuator; load torque observer; position tracking

1. Introduction

Electro-hydraulic actuators (EHAs) have been widely used for various positioning and force
generation applications e.g., in robots, rolling mills, aircraft actuators, etc. EHAs are advantageous over
their electrical counterparts owing to their high power-to-weight ratio [1]. Moreover, EHAs can rapidly
generate considerably large forces. However, the control of EHAs is difficult owing to nonlinearities in
their dynamic behavior.

Various methods have been developed aimed at controlling the position or the force of
an EHA. A linear controller using local linearization of nonlinearities has been applied to EHAs [1].
Variable structure control (VSC) methods were studied to obtain robust control of EHAs in [2–5].
A control method using input–output (IO) linearization has been developed for the control of EHAs
without considering servo valve dynamics [6–9]. Since EHA dynamics are in strict feedback form,
controllers based on the backstepping procedure have been designed [10–16].

Although the aforementioned approaches enhanced control performance, load torque remains
unconsidered. The load torque must be compensated for because it significantly affects EHAs.
Practically, it is difficult to directly measure the load torque, so it must be estimated.

Machine learning and statistical framework based methods were proposed to solve the disturbance
estimation problem [17–19]. However, these methods require large memory and large calculating
time. Control methods based on disturbance observers (DOBs) have been designed to estimate the
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load torque [20–23]. In DOB-based control methods, data regarding the frequency spectrum of the
load torque are required to determine the DOB bandwidth; that is, the observer gain. To estimate the
load torque, the DOB bandwidth should be wider than the maximum frequency of the load torque.
Unfortunately, it may be difficult to know the maximum frequency of the load torque at all times.
Utilizing a large observer gain to increase the DOB bandwidth might lead to measurement noise
amplification. Consequently, the DOB-based control methods may suffer from the measurement noise
amplification. Thus, the observer that does not require the information of the load torque frequency
should be designed.

We propose a nonlinear position control using a differential flatness concept with a load torque
observer to compensate for the sinusoidal load torque in EHAs where a rotational joint is used
as shown in Figure 1. In EHAs with rotational joints, the load torque is a sinusoidal disturbance,
whose magnitude can be estimated by a load torque observer. The proposed load torque observer
can estimate the load torque without considering its maximum frequency. The position controller is
proposed to track position, and comprises an inner-loop load pressure controller and an outer-loop
position controller. The inner-loop load pressure controller tracks the desired pressure via near IO
linearization. The desired pressure is developed using the differential flatness of the mechanical system
in the EHA. The feedback plus feedforward outer-loop position controller tracks the desired position,
thus compensating for the load torque. The closed-loop system stability is mathematically proven
using the input-to-state stability (ISS) property. The performance of the proposed method is evaluated
via simulations. The main contributions of the proposed method are summarized as follows:

• The proposed method improves the position tracking performance under the sinusoidal load
torque in EHAs.

• The proposed position controller is designed with the consideration of the EHS dynamics.
• The proposed load torque observer is designed to estimate the load torque without considering

its maximum frequency.

Servo valve

Actuator

Rotational

joint

Figure 1. EHA with a rotational joint.

2. Modeling

A structure of the EHA is shown in Figure 2. A servo valve is used to control the position of the
actuator in the EHA. Generally, servo valve dynamics is sufficiently fast so that we can ignore the
servo valve dynamics for the control of the EHA. Therefore,

xv = kvi (1)

where xv is the spool position of the servo-valve [m], i is the input current of the torque motor [mA],
and kv is the torque motor gain [m/mA]. The cylinder chambers are connected to the servo valve
through cylinder ports, and the flow rate of hydraulic fluid in the chambers is controlled by the
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servo valve. The actuator force is generated by the load pressure which is the difference between the
pressures at two ports: A and B. The control flow equation of the hydraulic valve for the load flow rate
can be expressed [1] as

QL = Cdwxv

√
1
ρ
(Ps − sgn(xv)PL) (2)

where PL is the differential pressure between PA and PB [N/m2], QL is the load flow rate [m3/s], Cd is
the discharge coefficient, w is the area gradient of the servo-valve spool [m], Ps is the supply pressure
of the pump [N/m2], and ρ is the density of hydraulic oil [kg/m3]. By applying the law of continuity
to each actuator chamber [1], the load flow rate continuity equation is expressed by (3)

QL = Aẋp + Ctl PL +
Vt

4βe
ṖL (3)

where xp is the piston position [m], Ctl = Cil +
Cel
2 is the total leakage coefficient [m5/Ns], Cil is the

internal leakage coefficient [m5/Ns], Cel is the external leakage coefficient [m5/Ns], A is the pressure
area of the piston [m2], Vt is the total actuator volume [m3], and βe is the effective bulk modulus of the
system [N/m2]. From (2) and (3), the fluid dynamic equation of the actuator is given by

ṖL = −4βe A
Vt

ẋp −
4βeCtl

Vt
PL +

4βeCdw
Vt
√

ρ

√
(Ps − sgn(xv)PL)xv. (4)

CilPLVA

PA
CelPA CelPBPB

VB

qBA

xp

qA

b

Ps
PrPr

i

Ps Ps

xv

m

Figure 2. Structure of EHA.

The actuator’s force balance equation is expressed as

mẍp = −kxp − bẋp + APL (5)

where m is the piston mass [kg], k is the load spring constant [N/m], and b is viscous damping
coefficient [N/(m/s)].

From (1) to (5), the dynamics of the EHA can be obtained as a state-space representation:

Mechanical system

{
ẋ1 = x2

ẋ2 = 1
m (−kx1 − bx2 + Ax3 − τL)

Hydraulic system
{

ẋ3 = −αx2 − βx3 + γ
√

Ps − sgn(u)x3u

System output
{

y = x1

(6)
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where x1 is the position of the piston [m], x2 is the velocity of the piston [m/s], x3 is the load
pressure [N/m2], τL is the load torque, u is the current input [mA], and α := 4βe A

Vt
, β := 4βeCtl

Vt
,

γ := 4βeCdwkv
Vt
√

ρ .
Figure 1 depicts the problem dealt in this study. In the system, the load torque is in the form of

a sinusoidal signal. Thus, τL is defined as

τL = mL sin(dx1) (7)

where mL is the magnitude of the load torque and d is the angular speed of the pendulum. In this
study, we assume that mL is an unknown constant.

3. Controller Design

3.1. Position Controller

In EHA, the piston’s movement is generated by the load pressure, implying the desired load
pressure design can obtain the desired piston motion. With respect to the mechanical system, the load
pressure x3 and the position x1 can be regarded as the input and the output, respectively. In the
mechanical system, all state variables can be parameterized in terms of differential functions of the
position except for the load torque. Thus, the mechanical system is clearly differentially flat [24], as the
following shows:

mẍ1 + bẋ1 + kx1 = Ax3. (8)

The desired load pressure using flatness is obtained by

xd
3 =

mẍd
1 + bẋd

1 + kxd
1

A
. (9)

The tracking error e = [e1, e2, e3]
T is defined as

e1 = x1 − xd
1

e2 = x2 − x∗2
e3 = x3 − x∗3

(10)

where x∗2 = ẋd
1 − K1(x1 − xd

1), k1 > 0, x∗3 = xd
3 + h(e1, e2, τL), and h(e1, e2, τL) is yet to be defined.

Remark 1. In the previous methods [8,9], e2 was defined as e2 = x2 − ẋd
1 . Thus, the previous control

methods were developed to reduce the position tracking error e1 and the velocity tracking error e2 to zero.
However, converging e1 and e2 simultaneously to zero in physical systems can be challenging. Therefore, in order
to enhance position tracking performance, e2 = x2 − x∗2 is used instead of e2 = x2 − ẋd

1 .

Proposition 1. If the near IO linearizing inner-loop controller designed as

u =
1

γ
√

Ps − sgn(u)x3
[αx2 + βx3 − K3(x3 − x∗3) + ẋ∗3 ] (11)

where K3 > 0 is applied to the load pressure x3 dynamics (6), then e3 converges to zero exponentially

Proof. In the EHA (6), x3 dynamics are

ẋ3 = −αx2 − βx3 + γ
√

Ps − sgn(u)x3u (12)
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With the near IO linearizing inner-loop controller (11), e3 dynamics become

ė3 = ẋ3 − ẋ∗3

= −αx2 − βx3 + γ
√

Ps − sgn(u)x3u− x∗3

= −k3e3.

(13)

Therefore, e3 converges to zero exponentially.

Remark 2. Due to the presence of control variable u on both sides of the equality, the control law (11) cannot be
solved in its present condition. However, in the digital implementation of the control law, the sign of the value of
u at the previous time step can be used to compute the control law (11) at the current time step, provided that u
does not change sign at a rate faster than the sampling rate; thus, the approximated value can be obtained.

Next, for position tracking with load torque compensation, the feedback plus feedforward
outer-loop position tracking controller h(e1, e2, τL) is designed to compensate for the load torque as

h(e1, e2, τL) =
1
A
[(k− bK1 −mK2

1)e1 + (b + mK1 −mK2)e2 + τL]. (14)

where K1 and K2 are control gains.

Theorem 1. Suppose that the control laws (11) and (14) are applied to the EHA, if the control gains K1, K2,
and K3 are positive constants, then e converges to zero exponentially.

Proof. The mechanical system can be rewritten by

mẍ1 + bẋ1 + kx1 + τL = A(e3 + x∗3). (15)

With the control laws (11), (14), and (15), we obtain

mė2 + mK2e2 = Ae3. (16)

With x∗2 = ẋd
1 − K1(x1 − xd

1), (13), and (16), the tracking error dynamics areė1

ė2

ė3

 =

−K1 1 0
0 −K2

A
m

0 0 −K3


︸ ︷︷ ︸

Ae

e1

e2

e3

 . (17)

If the control gains K1, K2, and K3 are positive constant, e converges to zero exponentially.

3.2. Load Torque Observer

In the load torque (7), mL is an unknown constant. To estimate mL, m̂L is defined as the estimation
of mL. In this paper, we assume that full state variables are measurable. Thus, the load torque observer
to estimate mL is designed as follows:

m̂L = z− Kax1xµ
2

ż =
Kaµxµ−1

2 x1

m
(−kx1 − bx2 + Ax3 − m̂L sin(dx1)) + Kaxµ+1

2

(18)

where Ka is a positive constant and µ is a positive odd integer. In order to study the stability of the
load torque observer (18), the estimation error m̃L is defined as
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m̃L = mL − m̂L. (19)

Theorem 2. If the load torque observer (18) is applied to the EHA, then m̃L locally and asymptotically converges
to zero.

Proof. The estimation error dynamics are

˙̃mL = − ˙̂mL

= −ż + Ka ẋ1xµ
2 + µKax1xµ−1

2 ẋ2

= −
µKaxµ−1

2
m

x1 sin(dx1)m̃L.

(20)

Therefore, m̃L locally and asymptotically converges to zero.

Consequently, the estimated load torque can be obtained as

τ̂L = m̂L sin(dx1). (21)

3.3. Stability Analysis of the Closed-Loop System

The position controller (11) and (14) and the load torque observer (18) are designed separately.
In fact, the estimated load torque is used in the position controller instead of the load torque.
Therefore, from now on, the stability of the closed-loop including both the position controller (11)
and (14) and the load torque observer (18) are mathematically proven.

Theorem 3. Suppose that the position controller (11) and (14) and the load torque observer (18) are applied
to the EHA. If Ae is Hurwitz, Ka is a positive constant and µ is a positive odd integer; then, e locally and
asymptotically converges to zero.

Proof. Because m̂L is used in the position controller, ê3, x̂∗3 , and ĥ(e1, ė1, τ̂L) are defined as

ê3 = x3 − x̂∗3
x̂∗3 = xd

3 + ĥ(e1, ė1, τ̂L)

ĥ(e1, e2, τ̂L) =
1
A
[(k− bK1 −mK2

1)e1 + (b + mK1 −mK2)e2 + τ̂L].

(22)

We define ê = [e1, e2, ê3]
T . Then, the closed-loop system is obtained asė1

ė2
˙̂e3

 =

−K1 1 0
0 −K2

A
m

0 0 −K3


︸ ︷︷ ︸

Ae

e1

e2

ê3

−
 0

sin(dx1)

0


︸ ︷︷ ︸

Be(x1)

m̃L

˙̃mL =−
µKaxµ−1

2
m

x1 sin(dx1)m̃L

(23)

Be(x1) is ultimately bounded. Thus, if Ae is Hurwitz, then the dynamics of ê have the ISS property.
m̃L converges locally and asymptotically to zero unless Ka is a positive constant and µ is a positive
odd integer. Therefore, ê converges locally and asymptotically to zero. Because e3 = ê3 − m̃L sin(dx1),
e3 also converges locally and asymptotically to zero.

The block diagram of the overall control system for the EHA is shown in Figure 3. The desired load
pressure xd

3 is derived using (9) according to the desired position. The load torque observer (18) and (21)
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estimates the load torque. Then, x∗3 is obtained using the outer-loop controller (14). Finally, the control
input u is obtained by the inner-loop controller (11).

Electro 

hydraulic 

actuator (6)

Desired

load pressure 

generator (9)

d
x
1

u
x
1

Inner-loop 

controller 

(11)

d
x
3

Load torque 

observer 

(18), (21)

, ,x x x
1 2 3

ˆ
L
τ

Outer-loop 

controller 

(14)

*
x
3

L
τ

, ,x x x
1 2 3

Figure 3. Block diagram of the overall control system for the EHA.

4. Simulations

Simulations were conducted to validate the proposed method using MATLAB/Simulink.
The EHA system model used in this simulations was designed using the SimHydraulic model.
The measurement noises that were 0.035% and 0.15% of the maximum ranges in the position sensor
and the pressure sensor, respectively, were used. The parameters of the EHA used, including control
and observer gains, are as follows: m = 0.5, A = 5.058 × 10−4, k = 0, b = 0, α = 3.2569 × 1010,
β = 2.1456, γ = 7.1693× 109 = kv = 1.3333× 10−5, K1 = 200, K2 = 3000, K3 = 10,000, µ = 1. Ka = 30,000, and
d = 62.8319. xd

1 = 0.015(1− e−10t) sin(2πt) was used as the desired position. Simulations were tested
for the following two cases: (1) mL is constant, i.e., the load torque is τL = 98 sin(62.8x1); (2) mL is
time-varying, i.e., the load torque is τL = 98(1 + sin(6πt)) sin(62.8x1).

4.1. Case 1

Figure 4 shows the simulation results for case 1. Because µ = 1, the convergence rate of the load
torque observer (18) depends only on x1. At the beginning, because x1 was near zero, the convergence
rate of the estimation was low. However, the estimated magnitude converged to the actual magnitude
as soon as x1 moved away from zero. The position tracking error was relatively large at the beginning
due to the failure of load torque estimation. After 0.1 s, because the load torque was compensated,
x1 tracked xd

1 well as shown in Figure 4a,b.
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Figure 4. Simulation results for Case 1: position tracking performance (x1 and xd
1) (a), position tracking

error (e1) (b), current (u) (c), magnitude of the load torque (mL) (d) and Load torque (τL) (e).

4.2. Case 2

In Case 2, the estimation performance for the time-varying magnitude of the load torque, i.e.,
mL = 98(1 + sin(6πt)) was tested. Figure 5 shows the simulation results of case 2 are shown.
Estimation of the load torque magnitude failed because x1 was near zero at the outset, as shown
in Figure 5d. However, the estimated magnitude of the load torque converged to the actual magnitude
again once x1 was far from zero. Because the desired position xd

1 is a sinusoidal signal, this situation
occurred repeatedly. Although estimation of load torque magnitude failed near x1 = 0, its estimation
error was relatively small since sin(dx1) is minute near x1 = 0. Therefore, the failure to estimate the
load torque magnitude did not significantly affect position tracking performance.
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(d) Magnitude of the load torque (mL)
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Figure 5. Simulation results for Case 2: position tracking performance (x1 and xd
1) (a), position tracking

error (e1) (b), current (u) (c), magnitude of the load torque (mL) (d) and Load torque (τL) (e).

5. Conclusions

This study proposed a nonlinear position control using the differential flatness concept with
a load torque observer for EHAs. The load torque observer estimates the sinusoidal load torque
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magnitude. The proposed load torque observer does not require maximum frequency of the load
torque to estimate the load torque. The position controller tracks position and comprises an inner-loop
load pressure controller and an outer-loop position controller. The former tracks the desired pressure
via near IO linearization. The desired pressure was developed using the differential flatness of the
mechanical system of the EHA. Simulations confirmed performance of load torque estimation and
position tracking using the proposed method. It was observed that the load torque was estimated well
under the measurement noise and the good position tracking performance was obtained.
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