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Abstract: In this paper, a current-error-based iterative learning controller (ILC) with a nonlinear
controller is proposed to improve the position-tracking performance in permanent-magnet (PM)
stepper motors. Our proposed method comprises a current-error-based ILC for mechanical dynamics
and a nonlinear controller for current dynamics. A nonlinear controller using a variable structure
is designed to obtain the field-oriented control. This nonlinear controller can cause the PM stepper
motor become a single-input single-output linear system after finite time. The add-on-type ILC
with proportional–integral control is designed to improve the position-tracking performance as the
systems repeatedly perform the same operation. To increase the rate of error convergence, the current-
error-based ILC is designed using the plant inversion method. The condition that the error converges
to zero is mathematically derived. Thus, the proposed method can reduce the position-tracking
error as the systems repeatedly perform the same operation. Furthermore, the proposed method
can be easily plugged into the pre-designed controller. The performance of our proposed method
was evaluated via simulations. In simulations, it is observed that the proposed method reduces the
position-tracking error compared to the previous methods.

Keywords: permanent-magnet stepper motor; position control

1. Introduction

Permanent-magnet (PM) stepper motors have been widely used for positioning appli-
cations owing to their power density, high efficiency, durability, high torque-to-inertia ratio,
and the absence of rotor winding in industrial applications such as antennae, lasers, video
cameras, rotary tables, wrapping machines, and robots [1,2]. In industrial applications,
microstepping is widely used with a closed-loop in current loops; thus, proportional–
integral (PI) controllers are embedded in the motor drives for current regulation [3].
However, as the microstepping-based control method with the current controller only
considered the electrical dynamics in the PM stepper motor, a position-tracking error
during the nonzero velocity period cannot be avoided [4].

With the increase in power and decrease in the cost of embedded processors in re-
cent years, driving and control systems for PM stepper motors have become increasingly
sophisticated. Thus, for positioning applications, the PM stepper motor can be substituted
for expensive servomotors, such as PM synchronous motors, as a cheaper replacement
for closed-loop operation. Various control methods have been developed to improve the
position/velocity control performance in PM stepper motors [5–12]. A model-based control
law was proposed to improve position control in [5]. A simple and effective position
and velocity controller was proposed for field-weakening control (FWC) of PM stepper
motors [6]. In [7], a sensorless controller was proposed for the velocity control of PM
stepper motors. In [8], torque modulation-based microstepping was developed to realize
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field-oriented control (FOC) and FWC without direct-quadrature (DQ) transformation, and
an integrator reset control was designed in [9] to improve transient response with position
control of the PM stepper motor. An enhanced nonlinear damping controller was proposed
to reduce the position-tracking error [10]. Furthermore, a nonlinear H2 control with varying
linear parameters was developed to optimize control performance [11]. In [12], an effective
closed-loop control comprising motor parameter identification, closed-loop current control,
closed-loop position control, and damping control was proposed. A model predictive
controller was designed for external periodic disturbance attenuation in PM stepper mo-
tors [13]. Robust speed control using two-degrees-of-freedom control was developed to
guarantee the exponential stability for PM synchronous motors(PMSMs) [14]. A discrete-
time fast terminal sliding mode control was developed to improve the position tracking
performance in PM linear stepper motors [15]. In [16], a finite-time control algorithm was
designed to improve PMSM system’s dynamical performance and disturbance rejection
ability. An internal model principle-based controller was proposed to reduce sideband
harmonics for PM stepper motors with low-switching-frequency inverters in [17].

PM stepper motors are usually operated with a repetitive desired position trajectory.
This case was not considered in the previous methods, although previous methods im-
proved the position/velocity performance. Iterative learning controllers (ILCs) have been
applied to improve the performance of systems that repeat periodic movements [18], such
as hard disk drives and scanners [19–21]. In previous methods, past-error-based ILCs
were used; thus, the convergence of the tracking errors was slow. Several ILC methods
were developed for the PM stepper motors and the PMSMs [22,23]. However, the current
dynamics were not considered in those methods.

In this paper, a current-error-based ILC with a nonlinear controller is proposed to im-
prove the position-tracking performance of the PM stepper motors. The proposed method
consists of the current-error-based ILC for mechanical dynamics and a nonlinear controller
for current dynamics. A nonlinear controller using a variable structure is designed to
obtain FOC. This nonlinear controller can make the PM stepper motor become a single-
input single-output (SISO) linear system after a finite time. The add-on-type ILC with
PI is designed to improve the position-tracking performance as the systems perform the
same operation repeatedly. To fasten the error convergence, the current-error-based ILC is
designed using the plant inversion method. The condition that the error converges to zero
is mathematically derived. Thus, the proposed method can reduce the position-tracking
error as the systems repeatedly perform the same operation. Furthermore, the proposed
method can be easily plugged into the pre-designed controller. The performance of our
proposed method was evaluated via simulations. In simulations, it is observed that the
proposed method reduces the position-tracking error compared to the previous methods.

The remainder of this paper is organized as follows. In Section 2, a mathematical
model of the PM stepper motor is presented, and the controller design is developed.
Simulation results are discussed in Section 3, and concluding statements are presented in
Section 4.

2. Controller Design

The PM stepper motor comprises a slotted stator with two phases and a permanent-
magnet rotors having both north and south poles. Its detailed information can be found
in [2,24,25]. With DQ transformation, the mathematical model of the PM stepper motor
can be represented in state space form as [2,5,24,25]

θ̇ = ω

ω̇ = 1
J (−Bω + Kmiq + d)

i̇d = 1
L (vd − Rid + NrLωiq)

i̇q = 1
L (vq − Riq − NrLωid − Kmω),

(1)
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where vd, vq and id, id denote the direct and quadrature voltages and the direct and
quadrature currents, respectively, ω is the rotor (angular) speed, θ is the rotor (angular)
position, B is the viscous friction coefficient, J is the inertia of the motor, Km is the motor
torque constant, R is the resistance of the phase winding, L is the inductance of the phase
winding, Nr is the number of the rotor teeth, and d is the periodic disturbance.

The proposed method comprises an ILC and a nonlinear controller. First, a nonlinear
controller is designed for the finite convergence of the current tracking errors to zeros.
Subsequently, the ILC is designed for position tracking.

2.1. Nonlinear Controller for Current Dynamics

The current tracking errors are defined as

ed =edd
− ed

eq =eqd − eq,
(2)

where edd
is the desired direct current and is set to 0 for the FOC and eqd is the desired

quadrature current that is yet to be defined. The current tracking error dynamics are

ėd =ėdd
− 1

L
(vd − Rid + NrLωiq)

ėq =ėqd −
1
L
(vq − Riq − NrLωid − Kmω)

(3)

Theorem 1. Suppose the current tracking error dynamics (3). If the electrical controller (4) is
applied to the current tracking error dynamics (3)

vd =Lkded + Lρdsgn(ed) + Rid − NrLωiq + Lėdd

vq =Lkqeq + Lρqsgn(eq) + Riq + NrLωid + Kmω + Lėqd

(4)

where kd, kq, and ρd, ρq are control gains and positive constants, respectively, then the current
tracking errors edd

and eqd converge to zeros in finite time.

Proof. Lyapunov candidate function Ve is defined as

Ve =
1
2

e2
d +

1
2

e2
q. (5)

The derivative of Ve is

V̇e = ed(ėdd
− 1

L
(vd − Rid + NrLωiq)) + eq(ėqd −

1
L
(vq − Riq − NrLωid − Kmω)). (6)

Using the electrical controller (4), V̇e becomes

V̇e = −kde2
d − kqe2

q − ρdsgn(ed)− ρqsgn(eq). (7)

Thus, the current tracking errors edd
and eqd converge to zero in finite time.

After the current tracking errors edd
and eqd converge to zeros in finite time, the PM

stepper motor model (8) becomes a second-order model as

θ̇ =ω

ω̇ =
1
J
(−Bω + Kmiqd + d).

(8)
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2.2. Add-on-Type ILC for Mechanical Dynamics

The PM stepper motor model (1) with the electrical controller (4) is shown in Figure 1.
In Figure 1, the transfer function P(s) from iq to θ is defined as

Θ(s) =
Km

s(Js + B)︸ ︷︷ ︸
P(s)

(Iqd(s) + D(s)) (9)

where Θ(s), Iqd(s), and D(s) are the Laplace transforms of θ, iqd , and d, respectively. For the
position tracking control in (9), the PI controller C(s) is designed as

iqd = C(s)eθ

= (kp + ki
1
s )eθ ,

(10)

where eθ = θd − θ is the position tracking error, θd is the desired position, kp is the
proportional gain, ki is the integral gain, and PI controller gains are designed to stabilize
the closed-loop system.

The add-on-type ILC is designed to improve the position tracking performance.
For the ILC design, the desired position is the periodic signal used in the systems which
operate repeatedly. For a fast convergence rate, the current-error-based ILC is designed as
shown in Figure 2. From Figure 2, we have

uj+1 = Q(s)[uj + L(s)eθj ] + C(s)eθj+1 , (11)

where j is the iteration index, L(s) is the learning function, and Q(s) is the Q-filter.PM steppermotor θ,
a b
v v ,θ ωInverse DQ transformation,

d q
v vNonlinear controller , ,

a b
i iθDQ transformation,

d q
i i

qd
i

P(s)d

+
+

Figure 1. Permanent-magnet (PM) stepper motor with the electrical controller (4).

P(s)
θ

C(s)
qd
i

d
θ Q(s)

MemoryL(s)Memory

eθ + +

+
++

−

d

+
+

Figure 2. Current error-based iterative learning controller (ILC).
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Theorem 2. Suppose that the ILC (11) is applied to P(s) (9) with the condition

‖((1 + CP)−1Q(1− LP))‖ < 1. (12)

Then, uj converges to u∗ = (1 + CP)−1(QL + C)(ωd − Pd).

Proof. As θd and d are repetitive signals, θd and d can be regarded as constant in the view
point of the iteration domain. In Figure 2, eθj = θd − P(uj + d). Thus,

uj+1 =Quj + QLeθj + Ceθj+1

=Quj + QL(θd − P(uj + d))

+ C(θd − P(uj+1 + d)).

(13)

From (13),

uj+1 = (1 + CP)−1Q(1− LP)uj
+(1 + CP)−1(QL + C)(ωd − Pd)

(14)

Therefore if condition (12) is satisfied,

limj→∞ uj = (1 + CP)−1(QL + C)(ωd − Pd)
= u∗.

(15)

L is designed to satisfy condition (12) via the plant inversion method such that L(s) ≈
P−1(s) for the operation frequency area. Ideally, if L(s) = P−1(s), the convergence rate
(1 + CP)−1Q(1− LP) in (12) becomes 0. Thus, uj converges to u∗ in just one iteration.

Theorem 3. If uj converges to u∗ and L(s) ≈ P−1(s) for the operation frequency area, then

‖e∗‖2 ≤ ‖1− P(1 + CP)−1(QL + C)‖2‖(ωd − Pd)‖2. (16)

Proof. After uj converges to u∗, (14) can be rewritten as

u∗ = (1 + CP)−1Q(1− LP)u∗ + (1 + CP)−1(QL + C)(ωd − Pd). (17)

Thus,

u∗ =(1− (1 + CP)−1Q(1− LP))−1(1 + CP)−1(QL + C)(ωd − Pd)

=(1 + CP−Q + QLP)(QL + C)(ωd − Pd).
(18)

As L is the inverse plant,

u∗ = (1 + CP)−1(QL + C)(ωd − Pd). (19)

The steady state error e∗ is ωd − P(u∗ + d). Therefore,

‖e∗‖2 =‖ωd − P(u∗ + d)‖2

=‖ωd − P((I + CP)−1(QL + C)(ωd − Pd) + d)‖2

≤‖1− P(1 + CP)−1(QL + C)‖2‖(ωd − Pd)‖2.

(20)
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Remark 1. If Q(s) = 1, L(s) = P−1(s), and the system is asymptotically stable, e∗ becomes zero
as follows:

‖e∗‖2 ≤‖1− P(1 + CP)−1(QL + C)‖2‖(ωd − Pd)‖2

=0.
(21)

Generally, Q(s) is designed to be in the low-pass filter. Thus, it is guaranteed that Q(s) ≈ 1
for the bandwidth frequency. The bandwidth of Q(s) must be wider than the frequency of the main
component of the references.

The structure of the proposed method is shown in Figure 3. The nonlinear controller (4)
makes the PM stepper motor become a SISO linear system after finite time. Subsequently,
the add-on type ILC (11) with PI improves the position tracking performance as the systems
repeatedly performed the same operation. PM steppermotor θ,

a b
v v ,θ ωInverse DQ transformation,

d q
v vNonlinear controller , ,

a b
i iθDQ transformation,

d q
i i

P(s)d

+

C(s) qd
i

d
θ

Q(s) MemoryL(s)Memory
e
θ

+ +

+
++

-

+

Add-on type ILC
Figure 3. Structure of the proposed method.

3. Simulation Results

Simulations were performed to evaluate the performance of our proposed method
using MATLAB/Simulink as shown in Figure 4a. The PM stepper motor model consisting
of SimScape model and PWM drivers as shown in Figure 4b was used. The parameters of
the PM stepper motor are listed in Table 1. The PM stepper motor’s parameters listed in
Catalog (PK266-01A) [26] were used in the simulations. The nominal and actual parameters
may be different, thus, the simulations were tested with the parameter uncertainties, at least,
10 %. The control gains listed in Table 2 were used. L(s) and Q(s) were designed such that
Q(s) ≈ 1, L(s) ≈ P−1(s) for the frequency period (0–100 rad/s). The desired position and
velocity shown in Figure 5 were used. To validate the performance of our proposed method,
three cases were tested: (1) only PI controller; (2) PI controller with past-error-based ILC,
as shown in Figure 6; and (3) a PI controller with current-error-based ILC. For the three
cases, the electrical controller (6) was used in the current dynamics. The simulation results
for the three cases are shown in Figures 7–9. The tracking performance of Case 1 is shown
in Figure 7. As only the PI controller was used, both position- and velocity-tracking
errors were not reduced from the viewpoint of the iteration. In the steady-state response,
the average position and velocity tracking errors of the peak of the desired position were
0.125 rad and±0.502 rad/s. As the systems repeatedly performed the same operation, these
errors were not reduced. On the contrary, in Case 2, both position- and velocity-tracking
errors were reduced by the past error-based ILC, as the systems repeatedly performed the
same operation. As a result, in the steady-state response, the average position and velocity
tracking errors of the peak of the desired position were 0.062 rad and ±0.389 rad/s after
three iterations. The convergence rates of the position- and velocity-tracking errors from
the viewpoint of the iteration were slow. Both the position- and velocity-tracking errors of
Case 3 were rapidly reduced by the current-error-based ILC as compared to Case 2. In the
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steady-state response, the average position and velocity tracking errors of the peak of the
desired position were ±0.002 rad and ±0.275 rad/s after only one iteration.

(a) Overall simulation structure

(b) PM stepper motor model using Simscape model

Figure 4. Simulation structure.

Table 1. Parameters of the PM stepper motor.

Parameter Value Parameter Value

L 40 mH R 14.8 Ω
J 5× 10−5 kg·m2 Km 0.51 N·m/A

Nr 50 B 5× 10−3 N·m·s/rad

Table 2. Control gains.

Control Gain Value Control Gain Value

kd 200 kq 200
ρd 0.1 ρq 0.1
kp 20 ki 0.1
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Figure 5. Desired position and velocity.
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Figure 6. Past error-based ILC.
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Figure 7. Performance of Case 1 (proportional–integral (PI) controller).
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Figure 8. Performance of Case 2 (PI controller with past error-based ILC).
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Figure 9. Performance of Case 3 (PI controller with current error-based ILC).

4. Conclusions

We developed a current-error-based ILC with a nonlinear controller in the PM stepper
motors. A nonlinear controller using a variable structure was designed to obtain the FOC
and to convert the PM stepper motor into a SISO linear system after finite time. An add-on-
type ILC with PI was designed to improve the position-tracking performance as the systems
perform the same operation repeatedly. To increase the rate of error convergence, a current-
error-based ILC was developed using the plant inversion method. The performance of
our proposed method was evaluated via simulations. The simulations showed that our
proposed method improved the position-tracking performance as the systems performed
the same operation repeatedly. Furthermore, the error convergence rate of the proposed
method was faster than that of the past-error-based ILC. The main drawback of the
proposed method is the requirement of full state feedback. Thus, in future work, we will
study the ILC-based controller using only position feedback.
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